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Academician Igor’ Evgen’evich Tamm 


(On the occasion of his 60th birthday) 
J. Exper. Theoret. Phys. USSR 29, 3-5 ( July, 1955) 


fh HE outstanding Soviet theoretical physicist, 

Igor’ Evgen’evich Tamm, whose 60th birthday 
was celebrated last July 8, is among the number of 
scientists who played an exceedingly important 
role in the development of Soviet science. 

Igor’ Evgen’evich was born in 1895 in Vladivos- 
tok. From 1899 through 1913 he lived in Elizavet- 
grad (now Kiroverad ), where he was graduated 
from the gymnasium. Fe studied one year at the 
University of Edinburgh, but at the start of the 
First World War he transferred to the Moscow Uni- 
versity, from which he was graduated in 1918 
(Mathematics-Physics Department). Subsequently 
he carried on educational work in universities. 

Igor’ Evgen’evich has been working in Moscow 
since 1922. In 1925 L. I. Mandel’shtam invited 
him to the Moscow University, where he later 
headed the Theoretical Physics Department for 
many years. After the removal of the USSR 
Academy of Sciences to Moscow, Igor’ Evgen’- 
evich has been continuously in charge of the 
theoretical division of the P. N. Lebedev Institute 
of the Academy since 1934. 

I. E. Tamm’s versatile scientific creativeness 
covered many problems in quantum theory and its 
applications (to optics, physics of metals, cosmic- 
ray physics, radiation of fast particles, etc. ), 
the problem of nuclear forces, and generally the 
principle problems of the theory of interaction of 
elementary particles, important application 
problems in theoretical physics, and many others. 

In the early years of his scientific activity, I. E. 
Tamm published material on the electrodynamics 
of anisotropic media and on crystal optics, as 
well as on problems that led directly to the 
foundation of wave mechanics (correspondence 
principle, para-magnetism, etc. ). Igor’ Evgen’- 


evich next applied himself actively to the develop- 
ment of the most pressing problems of quantum 
mechanics. Among them is the investigation 
(1930) of scattering of light in crystals, including 
the theory of combination scattering in crystals. 
These are outstanding for containing the first 
quantization of elastic waves in a solid body and 
the first introduction of the concept of elastic 
quanta (phonons), which was later to play such 
an important role in solid-state physics. Also 
dating to the same period are important investiga- 


tions (1930) in Dirac’s theory which at that time was 
in a very complicated state. Igor’ Evgen’evich 
first systematically investigated quantum-mechani- 
cally the scattering of light by a free electron and 
confirmed the correctness of the Kline-Nishina 
equation derived earlier by using the correspondence 
principle, 

In the same investigation he reached the funda- 
mentally important conclusion that the Dirac 
equation for scattering of light of limitingly small 
frequency can be reconciled with Thomson’s clas- 
sic equation (this correspondence being of course 
essential) only if electron levels having a nega- 
tive energy are taken into account. He also 
proved the inadmissibility of excluding from the 
theory these levels, which were so difficult to 
visualize at that time. It was here that Igor’ 
Evgen’evich calculated the annihilation cross sec- 
tion of an electron with a ‘‘hole”’ in the back- 
ground. For these calculations he employed a con- 
venient method, which was later to receive wide 
application under the name of the Casimir 
method. 

Also dating back to the early 30’s is the re- 
search done by I. E. Tamm and his students in the 
quantum theory of metals. Outstanding among these 
are two important investigations. First was the 
investigation (1931-1933, together with S. P. 
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Shubin ) that laid the foundation for the theory of 
the photo-effect in metals. Second was the in- 
vestigation (1933) in which he predicted 
theoretically the existence of a special bound state 
of an electron on the surfaces of crystals. These 
‘“‘Tamm levels” later played a very important role 
in the theory of a great variety of surface effects 
in metals and semi-conductors, and now again play 
a part in the study of contact properties. 

At the same time Igor’ Evgen’evich started his 
research in nuclear theory. 

In 1934 I. E. Tamm (together with S. A. Al’- 
tshuler) analyzed experimental data obtained 
jointly with experimenters Becher and Shiuler and 
concluded that the neutron has a negative magnetic 
moment. 

In 1934 J. E. Tamm published one of his most 
important works in which he derived the first 
equation for the |potential of nuclear forces, based on 
a concrete model, and founded on the hypothesis 
that the nuclear forces are due to the interchange 
of electron-neutrino pairs. He also noted in the 
same communication that these ‘‘beta forces’’ are 
too weak to account for the observed nuclear 
interactions. As is well known, the situation was 
cleared up only a few years later, when mesons 
were discovered and when it became clear that it 
was the mesons that carried the nuclear forces. 
But even later the structure of the theory of 
nuclear forces was based on Tamm’s work. 

The study of nuclear and of elementary particles 
remains central in]. E. Tamm’s scientific creativ- 
ity for many years. However, along with this he 
carried out many other important investigations. In 
1937 Igor’ Evgen’evich (together with I. M. Frank) 
explained and devised a theory for the interesting 
phenomenon discovered by P. A. Cerenkov in S. I. 
Vasilov’s laboratory; namely , the emission of 
radiation by a charged particle moving uniformly 
in a medium at a velocity exceeding the phase 
velocity of light. 

In 1939 I. E. Tamm (together with S. Z. Belen’ko) 
developed a theory of the electron-photon shower, 
correctly accounting for the ionization losses of 
the particles. This was the first to disclose a 
possibility of accurate quantitative study of the 
process of cascade multiplication. 

During the years of World War II and later, Igor’ 
Evgen’evich performed many extremely valuable 
investigations of applied character. Among these 
we can mention, for example, the work on iono- 
sphere currents, on electromagnetic processes in a 
laminated core, etc. 

In 1945 I. E. Tamm returned to the interaction of 
elementary particles. He investigated the problem 
of stability of a deuteron, using a method which is 
now known as the ‘*Tamm method’’. This method 


is based on the concept suggested in the theory of 
elementary particles by V. A. Fok in1933 ( “‘the 
Fok functional method’’). More than 100 scien- 
tific investigations have already been performed 
over the entire world with the ‘‘Tamm method’’. 

In the same year I. E. Tamm published the work 
‘On the Uncertainty Relationships forTime and 
Energy’’, written jointly with L. I. Mandel’shtam. 
This work is essential for the understanding of 
the principal problems in quantum mechanics. Of 
considerable interest is an investigation (performed 
together with V. L. Ginzburg) on the possibility 
of the existence of particles, which can be ina 
state with different spins. 

We cannot even list all of I. E. Tamm’s numerous 
works, covering a great variety of subjects. At 
the present time he carries on, together with a 
staff of theoreticians under his guidance, exceedingly 
active research principally in the region of the 
central problem of modern physics, namely , the 
theory of interaction of elementary particles. 

Here Igor’ Evgen’evich is developing simultane- 
ously two methods: a semi-phenomenological 
method,taking into account the possibility of 
‘‘Isobar’’ state of the nucleons, and a new im- 
proved form of the ‘“Tamm method’’. 

Together with his research, I. E. Tamm contin- 
ues to carry out considerable pedagogical and 
scientific-organizational work. For many years he 
has been in charge, and actually newly created the 
department of theoretical physics of the physical 
faculty of the Moscow University and of the 
Moscow Engineering-Physics Institute. He wrote 
one of the best university texts in the world, 
‘Fundamentals of the Theory of Electricity ’’, 
several editions of which were published. Among 
his students are more than ten doctors of science 
(including an academician and an asso ciate member 
of the academy ) and many candidates for science 
degrees. 

I. E. Tamm’s scientific activity is well recog- 
nized. He was elected an associate member of 
the Academy of Science of the USSR in 1933, and 
a full member in 1953. He was awarded the Stalin 
prize of first degree; he was given two Orders of 
Lenin, the Order of the Labor Red Banner and 
many other state awards. 

I. E. Tamm enters his 60th birthday performing 
intense and fruitful work, in a period of new uplift 
of his creative work and in an atmosphere of recog- 
nition of his services and of general respect. The 
editor of the Journal of Experimental and Theoreti- 
cal Physics extendsto Igor’ Evgen’evich warm 
wishes for health and new successes for the good 
of Soviet science. 

Translated by J. G. Adashko 
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Method of Terminated Field Equations and Its Applications to 
Scattering of Mesons by Nucleons 


V. P. Sittin, I. E. Tamm anp V. JA. FAINBERG 
P. N. Lebedev Institute of Physics, Academy of Sciences, USSR 
(Submitted to JETP editor April 15, 1955) 
J. Exper. Theoret. Phys. USSR 29, 6-19 (July, 1955) 


ee eon of several general pcploms involved in the use of a new method of 


terminated equations are reported. 


his method is applied to the problem of scattering of 


mesons by nucleons with a higher degree of approximation than formerly. 


1. INTRODUCTION 


ie spite of the known shortcomings of modern 
quantum field theory, all the derivations of 
quantum electrodynamics that are capable of experi- 
mental verification have been fully corroborated 
experimentally. However, the same cannot be said 
of meson theory, principally because in meson 
theory, unlike in electrodynamics, it is impossible 
to expand the interaction constant in powers. 
Nevertheless, this does not exclude the possi- 
bility that modern meson theory agrees with exper- 
ience even though in a certain limited energy re- 
gion only. To resolve this problem it is necessary 
to solve the field equations by a method other 

than the conventional perturbation theory. Among 
the several such methods, the one that is being 
most intensely developed in recent times is the 
method of terminating the field equations in ac- 
cordance with the number of virtual particles (we 
shall call this for brevity the method of terminated 
equations ). 

Its advantages over the so-called four-dimen- 
sional methods (for example, the Bethe--Salpeter 
method!) are first that the physical sense of all 
quantities employed in this method is quite clear, 
and second, that it permits obtaining directly from 
the system of four-dimensional covariant equations 
a relatively easily solvable system of equations in 
three-dimensional momentum space. 

However, the value of this method will, inthe 
final analysis, be determined by whether it is e- 
nough, when solving physical problems, even in a 
limited energy region, to take into account only a 
relatively small number of virtual particles in the 
sense that consideration of a larger number of 
particles will not affect substantially the result of 
calculations, and that this result will agree with 
experiment. So far it has not been possible to 


1 &, E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 
(1951); J. Schwinger, Proc. Nat. Acad. Sci. 37, 455 
(1951); M. Gell-Mann and F.. Low, Phys. Rev. 84, 350 
(1951) 


find a method for the general solution of this 
problem analytically, so that an answer to this 
question can apparently be obtained only by 
direct computation of various effects. 

In our opinion, the principal hope for the pos- 
sible success of this method is based on the fact 
that its application to the scattering of mesons by 
nucleons has led to a considerable theoretical 
success in explaining the experimentally observed 
resonance of a pi-meson + nucleon system in a 
| = J =3/2 state at an energy on the order of 
180 mev2, 

The method of terminated equations for meson 
dynamics was independently suggested by Tamm 


in 1945 and Dancoff* in 1950; the latter, however, 
did not know that an analogous method was em- 
ployed by Fok® in electrodynamics as early as 


1934. 

Without dwelling on the history of the develop- 
ment of the method, let us note only two of the 
most important recent investigations that con- 
tributed substantially to its perfection. Cini® 
proposed a covariant formulation of the method and 
first investigated the question of renormalization in 
this method. Dyson’ suggested that the actual 
physical system be described by parameters that 
characterize the difference between this systemand 
a physical rather than a mathematical vacuum; this 
enabled him particularly to eliminate from con- 
sideration vacuum loops, the treatment of which 
involves specific difficulties in the old method. 


3 


2S. Fubini, Nuovo Cimento 10, 564 (1953); M. J. 
Dyson, M. Ross, E. E. Salpeter, S. S. Schweber, M. K. 
Sundaresan, W. M. Wirschera and H. A. Bethe, Phys. 
Rev. 95, 1644 (1954) 

31. E. Tamm, J. Phys. USSR 9, 445 (1945) 

4S. M. Dancoff, Phys. Rev. 78, 382 (1950) 

5 Vy. A. Fok, Phys. Z. Sowjetunion 6, 425 (1934) 

6 M. Cini, Nuovo Cimento 10, 526, 624 (1953) 

7 F, Dyson, Phys. Rev. 90, 994; 91, 421, 1543 (1953) 
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We shall call the variant of the method as sug- 
gested by Dyson the ‘‘new method” of terminated 
equations. 

This article first considers several general 
problems, arising when the ‘‘new method”’ is 
used, and then applies this method to meson 
scattering by nucleons, employing a much closer 
approximation than used in the past. Section 2 
contains a formulation of the general rules for 
obtaining the system of covariant equations by 
the new method of terminated equations. The 
essential difference is emphasized between the 
above formulation of the method and the so called 
Levy-Klein method®, which, generally speaking, 
results in a divergent series in powers of the 
coupling constant for the unknown amplitude in the 
kernel. Section 3 discusses the transformation of 
the covariant equations into the three-dimensional 
momentum space. Section 4 is devoted principally 
to the selection of the correct boundary equations 
when solving various problems by the new method 
of terminated equations. It is shown that the 
boundary conditions can be formulated in the new 
method by using the connection between the 
amplitudes obtained by the old and new methods. 

In Sec. 5, the new method is used to investigate 
the scattering of pi-mesons by nucleons. An ap- 
proximation is discussed in which the contribution 
of the so-called ‘‘minus-particles’’ to the amplitude 
of the scattering is taken into account. Section 6 
contains a report on the basic results of the analy- 
sis of the self-energy terms arising in the equations 
for the meson + nucleon system. 

It is quite difficult to eliminate successively the 
divergent terms in the equation for the meson 
+ nucleon system in the approximation considered in 
this article. First af all, two renormalized charges? 


result from the renormalization of the self-energy 
kernel; second, calculation of the finite additions 
due to these kernels leads to additional poles in 

these equations (see also reference 10); finally, 

unlike the solution for the interaction of two 


<0 (x1))o == Vo (3) 9 (ms) ¥ 0), 
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nucleons, the solution for the meson + nucleon 
system with / = 1/2 contains singularities, which 
must be eliminated by additional renormalization}. 
These problems are not considered in this article. 

We have carried out numerical calculations for 
the case / = 3/2 without taking into account the 
self-energy terms, but taking into account the 
‘‘minus particles’’, 


2. GENERAL FORMULATION OF THE 
“NEW? METHOD 


We shall employ the interaction representation. 
Let Y(c) be the state vector of the system under 
consideration on a space-like three-dimensional 
surface o; let Wy (a) be the corresponding physical- 
vacuum vector. 

Let H (x) be the Hamiltonian of the interaction 
at the four-dimensional point x lying on the surface 
o. The wave functions satisfy the well-known 


equations: oY 
: iG = H(x)¥@), 
3¥"(o) (2.1) 
° 0 * 
—! 35m = Fol) 7 (x). 


Let wr (x) and Y A(x) be the nucleon-field oper- 
ators in the interaction representation and let 

* (x) be the meson-field operators. Here « is the 
spinor index (« = ], 2, 3, 4), A the isotopic-spin 
index of the nucleon (A = 1, 2), and s the isotopic- 
spin index of the meson (s = 1, 2, 3). We shall 


frequently drop these indices. Operators y, 


wy , and ¢ obey the usual commutation rules: 


[ut (ey), Oo ea) = PS a ee 


[e° (xi), 9° (X2)]- = — BssA (x, — xy). 


We shall term the quantities of the following type: 


(2.3) 


CY (41) $ (X2)o == Vo (2) 9 (x1) 9 (x2) ¥ (2), 


Ce Tae et pe at henry Ie re he A a 


ee eo sm ney oo tol yey Cope oh wpere mre 


Cb (1)... P(e) P (Vi) --- P(Ym) 9 (21) --- 9 (Zr) o = 
= Fo (2) Nb (x1)... Pen) O(n). O(n) 9 (Zi). -- (2) FO), 


8 A. Klein, Phys. rev. 90, 1101 (1953) 


9 
V. P. Silin, J. Exper. Theoret. Phys. USSR 27, 754 
(1954) 


10. M.Viescher,Phys. Rev. 96, 788 (1954) 


a: S. Fubini, Nuovo Cimento 10, 851 (1953); M. Levy, 
Phys. Rev. 94, 460 (1954); D. Ito and H. Tanaka,Progr. 
Theor. Phys. 11, 501 (1954); S. Chiba, Progr. Theor. 
Phys. 11, 494 (1954); T. Joshimura, Progr. Theor. Phys. 
11, 224 (1954) 
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the “‘n + m+r partial amplitudes”’. The four- 


dimensional points x_, x, etc. are quite arbitrary 


and do not have to lie on the surface g. In Eqs. 
(2.3), N denotes an ordered operator product, that 
is, each field operator y , W , or ¢ is represented 
in the form of a sum of the particle absorption and 
creation operators, while all absorption operators 
lie to the right of the creation operators in the NV 
product. The following very simple examples 
show the difference between the N-ordered product 
and the conventional one: 


Ga (41) 98 (%2) = NYE (x1) OF (x9) 
eS ere saixs)s 

Ps (X1) Pst (Xz) = Nos (X1) 9s" (XQ) 
AC) (x, — i) 


where the tindices denote the positive- and 
negative-frequency portions of the permutation 
functions S and A. To transform analogously more 
complicated operator products it is necessary to 
employ the well-known theorem by Wick12, 

It is easy to obtain for Eq. (2.1) an equation for 
the amplitudes 


isp SP OCo = <P), He (2-4) 


and analogous equations for the multiple-particle 
amplit: tes. 

If the type of Hamiltonian is made more specific 
and if we assume 


H (x) = igtind” (x) 8 4" (x) $5 (~), (2.5) 


where Th p is the matrix of the isotopic spin of 
the nucleon, and y5 =~ jy! y?,3y4 = p, (we use 
the Feynman form of the Dirac matrix y* ), we can 


transform Eq. (2.4) with the aid of Eq. (2.2) into: 


i Se Cb. (41)e (2.6) 


= 28S (x1 — x) 1° C0" (2) 95 (Do. 


Analogously, we can also obtain equations for the 
other amplitudes. In general, several amplitudes 


12.6. Wick, Phys. Rev. 80, 268 (1950); A. I. 
Akhiezer and V. B. Berestetskii, Kvantovaia elektro- 
dinamika (Quantum Electrodynamics ), GITTI, Moscow, 


1953 


appear in the right half. The infinite system of 
equations that generally results is a rigorous co- 
variant field-equation system. It can be sub- 
divided into independent sub-systems in accord- 
ance with the magnitude of the nuclear charge — 
the number of operators W and the number of ad- 
joint operators Y in each of the sub-systems is 
constant. 

To obtain an approximate ‘‘terminated’’ system 
of equations, it is necessary to discard fromthe 
rigorous system of equations all amplitudes for 
a number of particles exceeding a certain number 
ny: Asa result we obtain a complete, and as can 
be shown also a common “‘terminated’’ system of 
equations for determining the ordered amplitudes, 
with the number of particles not exceeding the 
number no. 

When performing the calculations, it is conveni- 
ent to select the three-dimensional surfaces o 
such that ¢ is constant. Integrating the differ- 
ential equations for the amplitudes of the type 
(2.4) over the three-dimensional space, we obtain 
equations of the type. 


i569 (x)= Sar (eC), HOOD, (2.7 


where x = (fF, t). 


e428 working with the so- 


Many investigators 
called Tamm-Dancoff equations understand this 
term to mean one equation for one amplitude, cor- 
responding to the actual particle system specified 
for the given problem ( for example, nucleon 
+ meson in scattering theory or two nucleons in 
deuteron theory ), with this equation being obtained 
from the above-described system of coupled equa- 
tions for n various amplitudes by approximate 
elimination of all amplitudes but one single one. 

In practice this elimination reduces to the fact 

that the kernel of the rigorous integral equation for 
the separated amplitude is expanded in powers of 
the interaction constant g and is terminated at a 
certain power of this constant. However, since it 
is known® that the expansion of the kernel in 
powers of g is generally divergent, such a 
simplification of the system of terminated equations 
may lead to incorrect results. 

Let us note that approximately half of the 


13M, Levy, Phys. Rev. 88, 72, 725 (1952); F. Macke, 
Z. Naturforsch 8a, 594 (1954); W. Zimmerman, Suppl. 
Nuovo Cimento 11, 43 (1954); J. C. Taylor, Phys. Rev. 
95, 1313 (1954) 
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amplitudes contained in these equations can always 
be eliminated. In fact, as follows from the above dis- 


cussion, the derivatives of the amplitudes with odd 
number of particles are expressible in terms of ampli- 
tudes with even number of particles, and vice versa. 
Therefore, integration of equations of the type 
(2.7) with respect to time always permits expres- 
sing, say, all odd-particle amplitudes in terms of even- 
particle ones, thus completely eliminating the odd 
amplitudes from the system of equations. 


3. TRANSFORMATION TO 
MOMENTUM REPRESENTA TION 


Let us choose the surface o such that tis 
constant. Let us restrict our discussion to the 
stationary states of the physical systems. The 
state vector of such states has the following form 
in the interaction representation: 


Y (t) = exp (¢(H) — 6) 4} ¥". (3.1) 


The physical-vacuum vector has an analogous form 


W, (t) = exp {i (Ho — Go) t} Yo, (3.2) 


where H, is the Hamiltonian of the free, non- 
interacting nucleon and meson fields, € isthe 
energy of the given system, oe is the energy of the 
physical vacuum, and finally ¥’ and Y> are 
constant vectors in the functional space. 

Let us expand operators ¥, Y, and ¢ in a three- 
dimensional Fourier series, using the known equa- 


. (3.3) 


tions 


4 
1 —ipx pa 
(x)= saa D) De Bn (p) 42 (p), 
n=1 p 
with corresponding expressions for % = ¥* y,. 
Here 


kx =o,pt —kr, O,= V p2 + k?, (3.4) 


* . 
Q, and Q° are respectively the absorption and 
emission operators for mesons of the s type, where- 


by 


[Qs k), OF k’ R= 0500 his 
(k), Qs (k’)] kk eo) 


un(p) are four bi-spinors (n = 1, 2, 3, 4) satisfy- 
ing the Dirac equation for the given p and satisfy- 
ing the orthogonality conditions 
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Sal (p) 4a (p) = ban, (3.6) 


with the indices n = 1, 2 corresponding to solu- 
tions with positive energy, and n = 3, 4 correspond- 
ing to solutions with negative energy. Furthermore, 


px = Pot —pr, P= OnE p; 


E,=V M+ p’, 


where 3. =+1 forn=1, 2 and De =-1] forn 
=3,4. Finally BA (p) and BA (p) are the absorp- 


tion operators for nucleons of the A type (A= 1 


(3.7) 


for a proton and A = 2 for a neutron ) with momentum 
p, while BA (p) and BA (p) are the emission oper 


ators for anti-nucleons with momentum-p, whereby 


[Br (p), Br(p’)].= b228nnepp- (3.8) 
With the aid of Eqs. (3.1) and (3.3) it is possible 

to express the time-dependent amplitudes of the 

<w (x) > type introduced in Sec. 2 in terms of 

the time-independent amplitudes of the type 


(Bi (p)> = Ve Bt (p) ¥". (3.9) 
Thus, for example, taking into account the 

usual commutation rule of the free-field Hamilton- 

ian H with the operators BA we obtain from Eqs. 

(2.7), (3.1) and (3.3) 


<b (x1) = >> 4 (P) (3.10) 
Us) 


exp {— ipx, +i (ps — W)t} <Ba(p)>, 


where W = © — €, is the difference between the 
energy © of the system under consideration and 
the energy oF of physical vacuum. Thus VW is 
equal to the observed energy of the system. 

To change over to momentum representation it is 
also necessary to employ the well-known expres- 
sions for the permutation functions: 


NO ney \ dtkei**6 (k? —p*)e (Ro), (3.9) 
S (x) = aba dtpe-vsa(p? — MP) (p.) (6 + M), 


where p = Puy? and 
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¢(Ro)=1 npn kyo >0, 
€ (Ro) ee 1 NpHu Rox 0. 


With the aid of Eqs. (3.1), (3.3) and (3.11), it is 
possible to transform the system of covariant 
terminated equations in four-dimensional co- 
ordinate space, described in Sec. 2, into a system 
of equations for stationary amplitudes of the 
< Bey p) > type in three-dimensional momentum 
space. Thus, for example, if this transformation is 
carried out for Eq. (2.7),we obtain two equations, one for the 


2 
quantity > uz (p)<Br(p)> and the other for 


n=1 
4 


>) 22 (p) <B> (p)> 


n=8 
of the functions u” (p) [Eq. (3.6) ] we can reduce 
both equations into the following form 


. Using the orthogonality 


(W —8,Ep) <Bn (p)> (3.13) 


=f <f3,u" (p)(M+ 9) 


4 4 
d 1 ie q I 
x \ q 2 ( V 2p-4 


x {<Bi: (q) Qs(p — 4)> + <Ba (a) Q5 (4 — p)>}; 


x 
where p = OEY, —py. 

Let us remark that general transformations of the 
equations, particularly the elimination of a portion 
of the amplitudes from the system of equations and 
their renormalization, is best carried out in the co- 
variant equations written in the coordinate space. 
On the other hand, elimination of angles and numeri- 
cal solutions to the equations must be performed in 
the momentum representation. 


4. ‘‘MINUS PARTICLES”’. 
BOUNDARY CONDITIONS 


Let us return to the question of the meaning of 
the stationary amplitudes of the <B (p) > type, 
which we shall call the Dyson amplitudes. 

In the old method of terminated equations, the 
state of the system V’ was characterized by the 
aggregate of amplitudes of the following type: 


BB Up) os Oase> (4.1) 


(3.12) 


=, B(p)...Q(k)...¥"., 


where > is the state vector of mathematical 
vacuum. These amplitudes have the sense of 
amplitudes of the probability that the state VY’ has 
a prescribed number of particles with definite 
momenta. From the definition of mathematical 
vacuum it follows that all ordered amplitudes of 
the type of Eq. (4.1), in which the particle-emis- 
sion operators are encountered, equal zero. 

The Dyson amplitudes (3.9) differ from the old 
amplitudes (4.1) in that the state vector ®/ of the 
mathematical vacuum is replaced in them by the 
state vector VY) of the physical vacuum. There- 
fore, the Dyson amplitudes, generally speaking, 
also differ from zero in that case when they con- 
tain particle-emission operators. Thus, for ex- 
ample, the amplitude < Q* (k) >= Ew) *(k) WW’ 
describes the probability that the state W “differs 
from physical vacuum by the fact that it is short one 
meson having a momentum — k contained in the 
state YO, i.e., in vacuum. In this case we shall 
say that the state V’ contains one ‘‘minus-meson”’ 
(or correspondingly, a ‘‘minus nucleon”’ or a 
“‘minus-antinucleon’’). Let us note the important 
fact that if the Dyson amplitudes are found for a 
given state, it is possible to determine from them 
both the ‘‘old’’ amplitudes of the (4.1) type, of 
state VW’, as well as the vacuum amplitudes * 

OABi(p)e 20 (Kya tie: (4.2) 

Thus the solution of any physical problem ob- 
tained by the new method is equivalent to the solu- 
tion of the same problem by the old method and is 
simultaneously equivalent to the solution of the 
problem of determining the amplitudes (4.2) that 
characterize the state of physical vacuum. 

The system of equations, satisfied by the 
Dyson amplitudes, has the following form: 


(W —8,Ep —S8yEp — +++ — Ener) (4.3) 
<B" (p) B"(p’). ..F* (k) 
wa De (p, Pp’, a k), 


* See reference 7, Eq. (26), from which we can de- 
termine the ratio of any two “‘old’’ amplitudes for 
bothstates V’ and Las 


8 Veo Rees TEIN el 


in which we introduce the notation ee =+] 
Q**(k)=Q(k), if &=+1, 
Q**(k)=Q*(k), if &=—], 

and where X(p,p% . 

functions of the Dyson amplitudes. 


If the factor in the left half of Eq. (4.3) does not 


vanish, this equation has a unique solution 


(4.4) 


, k) are definite linear 


<B" (p) B” (p’) ... .Q°* (k)> (4.5) 
= Sanus (ps ped Kine 
~ W—8,E,— Sipe — SO 


On the other hand, if the factor in the left half of 
Eq. (4.3) vanishes, then it is possible to add the 
quantity 5 (W - DI om AD rat eo CRO), 
multiplied by an arbitrary factor , to the right half 
of the solution (4.5), which for definiteness we 
shall always take in this case to be the principal 
value. To eliminate such indeterminacy it is 
necessary, as is customary, to take into account 
the boundary conditions, without which any physi- 
cal problem is indeterminate. To formulate correct 
boundary conditions, we employ the connection be- 
tween the Dyson amplitudes and the amplitudes of 
the old method. Namely, we employ Eq. (26) of 
reference 7: 


a(N, N’) (D) 
= Sie (N+ M)x(N' + M)C(N, N'; M), 
M 


where a is the new-method amplitude, « is the old- 
method amplitude for the same state, § the vacuum- 
state amplitude, the C’s are numerical coefficients, 
and N and N’ denote respectively the number of 
plus and minus particles. Let us remark first of 
all that the vacuum amplitudes 6 (NV) should not 
contain delta-functions (if for no other reason 

than relativistic considerations of the invariance 


of the energy he of the vacuum state after re- 


normalization, which should be zero). This leads 
to the fact that in Eq. (D) delta-functions can 
occur only because of the amplitudes 5(V’ + M) 
(since E =W when E,=0). In fact, in the case 
of the amplitudes « (V’+M) it is possible to ob- 
tain delta-functions in the form 6 (W ~ ES --Ey y; 
Consequently, when NV 40, af N, N’) cannot con- 
tain 6 (W +En = En -), and when N =0 it can 
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contain 6.(W - Ey). However, this appearance 
of delta-functions for amplitudes of states con- 
taining only plus particles is determined by the 
usual boundary conditions. On the other hand, if 


singularities of the type (W + Us -Ey 7} occur 


for the amplitudes of states containing at least 
one minus particle , they must be considered in 
the sense of being principle values’. 

Let us make two remarks. First, when dealing 
with the stationary state, as we are doing at all 
times, we do not encounter any questions concern- 
ing the manner in which the interaction is “‘turned 
on’’. Second, in the method of terminated equa- 
tions, the equation of a collision between a meson 
and a nucleon corresponds to the question of col- 
lisions in three-dimensional space between real 
particles (in the given approximation) rather than 
“*bare’’ ones. To explain the latter, let us con- 
sider the amplitudes that are coupled in the 
system of terminated equations with the zero- 
approximation amplitudes 


<B* (p) Q (—p)> = 3 (p — Po) Xn, (4.6) 


where X, =O when n=3, 4), describing the mo- 
tion of the “‘bare’’ non-interacting nucleons and 
meson in terms of their center-of-inertia coordin- 
ates. These amplitudes describe not only the col- 
lision of the meson with the nucleon, but also the 
accumulation of a cloud of virtual particles about 
the ‘‘bare’’ nucleon and “‘bare’’ meson. It must be 
emphasized that such an accumulation takes place 
also for a meson and nucleon that are in- 
finitely remote from each other (in three-dimensional 
space, corresponding to momentum space). Thus, 
for example, substitution of (4.6) into the equation 
for the amplitude < 8 (p) Q (k) Q (I) > discloses 
that the expression for this amplitude contains a 
term proportionalto 5(1 + Po) 5(p +k - p,) and 
describing a state in which the primary “‘bare”’ 
electron moves with a momentum —~ Pp, and the 
primary nucleon is dissociated into a nucleon p and 
a meson k with a total momentum p,. What is sig- 
nificant is that here the amplitude <B ) Q(k) Q (I) > 
is expressed in terms of the amplitude <B (p) 
x Q(—p) > by an equation similar to Eq. (4.5), 
containing no delta-function whatever in its right 
half. 

Having established the boundary conditions for 
the equations in momentum space, it is possible 
to formulate the corresponding conditions for the 
covariant equation in coordinatespace. As we have 
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seen in Sec. 3, equations of the (2.6) type trans- 
formed into momentum space have the following 


form: (4.7) 

Oy ' aur 

ia, OG evaneauet) —\dr CR a ae aL t) 
= \ar\avf(x, Xo, mre 


mle ee 


where A denotes any amplitude of the (2.6) type. 
The solution of this equation is 


DAS iag Magcepos t) 


(4.8) 


=\ar\ Coes ee 


r ; vy) eat 


+ @(X1, X2,...), 


where a Ce Lae . ) is an arbitrary time- 


independent function, and the integral with respect 
to v must be understood in the principal-value 
sense (v vanishes within the integration region). 
It is convenient to rewrite Eq. (4.8) as follows: 


DAMON REX, Sak L) (4.9) 


SP a \ eile (6 — tat), 24.90’) 


= 1608] Oat eee 


where the integration is performed over the entire 
four-dimensional space. However, such a repre- 
sentation must be understood to imply the condition 
that the value of the integral for ¢ = + ~ must be 
dropped from the resultant expression. The func- 
tion a(x, as ) in momentum space cor- 
responds to a delta-function describing plane and 
spherical waves with an energy W. From the 
boundary conditions formulated above for the 
momentum space, it follows that for all states in 
which there is at least one minus particle the 
function a (x1, Xo, ) must be set equal to 
zero. For states containing only plus particles, 
this function must also be set equal to zero if the 
freqeuncy v does not vanish within the integration 
region, otherwise the function a does vanish 
and should not be so selected that the functionA 
corresponds to plane and outgoing plus-particle 
waves with a total energy W, corresponding to the 
conditions of the problem. 

In particular, in the scattering of a meson by a 
nucleon at energies W that are insufficient for the 
formation of a second free meson, it follows from 
the above that the function vanishes for all 
amplitudes except for the state amplitude 


<B(p)Q(- p. ) (one ‘‘bare’’ meson and one 
“‘bare’’ nucleon), 


5. EQUATIONS FOR THE 
MESON + NUCLEON SYSTEM 


Let us restrict ourselves to consideration of the 
states of a system having not more than three 
virtual particles. Accordingly, we write down 
equations similar to Eq. (2.6) for the principal 
amplitude of the problem < (x1) x (x,) >, and 
for the amplitudes that couple with it 


<U(x%)>1, <Y(x)e (Xa) 9(X3) ¢ 


and 
< v (<1) (x2) Y (X35) De. 


(nucleon, nucleon + two mesons and nucleon 
+pair). The right halves of the equations for the 
latter two amplitudes contain the principal 
amplitude < w(x, )d.(x.) >, and the four-dimen- 
sional amplitudes < f (x,)w (x. ) Wie, )d (x,), 


and < p(x, )(x,)b6(x,)6(x,) >,; the latter 
will be omitted in our approximation. 

Integrating the differential equations for the 
single-particle and three-particle amplitudes, we 
express them in accordance with Eq. (4.9) * in 
terms of their right halves, i.e., in terms of the 
amplitude < wy (x ) pix, ) >, The resultant ex- 
pressions for the single-particle and three- 
particle amplitudes are inserted into the right half 
of the equation for the amplitude <x (,) d &4) > 
to obtain the final equation for this amplitude: 


ix <9" (4) Os (Xz) >¢ (5.1) 
4 A : 
= 5 g%(drdx's (tt) (MY, 
+N, Ye+ NaN + ait 
where the following notation is used: (5.2) 


Yi =SX1— x) P (ZS (x — x) A(X! — 22) 7? 


x < O° (0') 2s (X) Dr 


* Following the argument in Sec. 4, it 1s unnecessary 
to*introduce into this equation additional terms of the 


type a(x), . . . ) if the energy of the system is in- 
sufficient for emission of a second free meson. 


10 ViGiPerSIUIN eo! 


—A(x— x) (ZS (*1 


Y, =(ZS (x, — x) A(x — %)) PS (4— a) kas 
Yn = 3S (x, — x) (ZS (x — x') A(x’ — x) 7 
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— x')5S (x! — x) 7B <9" (X) os (4) 0 


CO (x!) os: (X')e5 
<i” (acs Cea) es 


Yn = 2A (x — x2) Tr (ZS (x — x')4°S (x' — x) te) aS Y* (x1) 25 (x!) e. 


The symbol Z has the following meaning: 


(ZS (x!) A(x’) = S™ (x!) A (2) (5.3) 


Se Cae) 


with analogous consideration when A (x”’) is re- 
placed by S(x*’); the symbol Tr denotes the trace 
of the matrix relative to the spin indices. Finally, 
N, and N, are operators in the isotopic-spin 

space 


1 a Tt vp? N, = a 1 ie (5.4) 
The eigenvalues of these operators are: 
N,=—1,N,=3, if J=/2, (5.5) 
Ne 2; Naa 0: if f=); 


where / denotes the total isotopic spin of the 
meson + nucleon system. From now on we shall 
no longer write down the isotopic indices A and 
s, and will take the operators NV, and N, to mean 
their eigenvalues (5.5). 

Diagrams representing the kernel Y, of Eq. (5.1) 
are given in the Figure. 


Yy Ys Vn 


The first two kernels correspond to the scattering 
of a meson by a nucleon, whereby kernel Y, 
corresponds to scattering with the initial emission 
of a meson (‘‘chain with emission’’) and Y, cor- 
responds to the initial absorption of the meson 
(‘*‘chain with absorption’’). These kernels are 
finite while the kernels as and Y m corresponding 
to the self energy of the nucleon and meson, 
respectively, are infinite and must be renormal- 
ized (as incidentally must be the finite kernel 
Y,, see below). The renormalization of the self- 
energy terms will be considered separately; in 


this section we shall not consider these terms at 
all and will examine only the finite kernels x 
and Y_. Let us note that Eq. (5.1) takes into ac- 
count all the processes corresponding to all pos- 
sible iterations of the diagrams in the Figure. 
The transition from Eg. (5.1) to the momentum 
representation is carried out quite analogously 
with that performed in Sec. 3. We shall use a sys- 
tem of coordinates with the origin ot the center of 
inertia of the meson and nucleon. Let Py be the 
momentum of the falling nucleon, and- p that of 


the falling meson, so that the energy of the 
system is 
(5.6) 


W = E, +o, =V M+ p2 + Vp? + pe. 


It is convenient to introduce the following desig- 
nations for the amplitudes 


b. (p) =< Bip) 02 (=p) =) eG 


where ¢, like & assumes the values + 1(e = +] 
for n = 1, 2, i.e., for plus nucleons and ¢ =— ] for 
n = 3, 4, i.e., for minus antinucleons ); the index 
« =], 2 differentiates among the possible (mech- 
anical ) spin directions of the nucleons and anti- 
nucleons. Let us also introduce the Pauli matri- 
ces o acting on the spin index «, and finally also 
the designation 


ak (p)=(2)"o%(p) 6.8) 


(we omit the spin indices). Using these designa- 
tions, Eq. (5.1) ( without the Y , and i= Reis. 
assumes the following form in the momentum 
representation: 


(W — cE — §w) a (p) (5.9) 
= ie DNA RE(P, Pi) ae* (), 
fe (p, p')=o(p, p’){N Si (p, p’) (5-10) 


+ N.Tv(p, p')}; 
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where 
2 
=H, °(p, P)=s5 


See (p, p') = ee't (=P a" ( 


+ meg (CE +E! bho + Bo! — M— wy]t(E SOE eine 


x ‘op ‘op’ 


fv (p, P)=@+ 9) ley (“* 


{ ie +M ita € + M\Q—e')/2 op 


W—M 


P 


Mee = {Eq (cE, + cE + 2/F’ — W)}7, 


Fam Fam Vv + M) mee’ + (cE + e'E' 4+ 6w + coy + M— W) nize’), 


Ne = {E, (GF, + bo 4 ao’ — W)}7, 


and E, EF’, w, and w’ denote the energies of the 


14/(E+M(E +m) (5.11) 
EE’ wo!’ 2 
p \GQ-®’)/2 
TBE i) ((W ie M) Mee! 
P 
M — E\Q—=)/2 /M — E’\(—«')/2 
Pp ( py T 
‘op’ } 
E+M E’'+M!’ 
(5.12) 
Li (n, n')=(1+ 1) P,(cos 6) (5.16) 


nucleon and the meson with momentum P and 


momentum Pp’, and E,=\ (p+p’) +M . 

In accordance with what was said in Sec. 4, the 
asymptotic behavior of the function att (p) in the 
scattering problems under consideration should 
correspond to the incident and outgoing waves. 
We accordingly put 


a’ (p)=38(p— py) (5.13) 


+f" (p)i-(E+o— W), 


where, as usual, 5 (x) =in8(x)—(1/x) and for 
the remaining functions 
+ 


oe) = ee i : (p). (5.14) 


Inserting Eqs. (5.13) and (5.14) into (5.9), we ob- 


tain 


f2(p) =e Re (P, Po) (5.15) 


+i4( dp'RE (pp) PVE +e —W) 


x Map, PYF > (P) 
aoa a \ dp’ -yo—vF Fe 


es 


To separate the angular variables, we employ the 
system of invariant functions L, for the spin and 
angles, as discussed in reference 14: 


es a ob Tamm, Iu. A. Gol’fand and V. la. Fainberg, J. 
Exper. Theoret. Phys. USSR 26, 649 (1954) 


— fon] P) (cos 6). for fl 
ey (il, Wl TF (cose) 
oe is (nn’] P;(cos®) for j=1—3)>. 


Thanks to the transformation (5.8) introduced 
above, all that is needed to separate the angle 
variables is to expand the functions f€¢ and the 
kernels R&S, - in polynomials of L 


into Kg. (5.15) the expansion of the functions 


Fe (p) = Det (SP) AO, 


Introducing 
(5.17) 


we obtain, after eliminating the angle and spin 
variables, a system of equations for the scattering 
amplitudes fi? corresponding to the prescribed 
values of the total and orbital momentum, and de- 
pending only on the modulus of p: 


fir P) (5.18) 


A jl pe ., AT Poko et 
a REY (Pp; Po) {1 + ih Seen Fit (p.)} 


Lov yee , 
p “dp Ro (P, P’) cee 
+22 WV 2h es fit (p’). 


Here the kernels //R are related to the functions 
ils and /'T by the earlier Eq. (5.10), whereby, un- 
like Eq. (5.11), we have 


12 Vis 12> SMELT, We 


WBZ afie Pp 
Seu (ce 6 Ges E+M 
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yr? (Ba) [e(W — M) Jn, (E + 2'£' —2W) 
/ 
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(5.19) 


LECCE +e'E' +to+%o!' —M— W) J, (o + &o' —§W)] 


[7m ap rial p’ \atey/2 
ab e(z P-) E+ i) 


[e(W + M) Je, (E + ee'E' —eW) 


+§(sE+e'E’ +o + eo’ + M— W) Jr, (o + &'0' —EW)]. 


We do not need the expression for 1/7, and we will 
not write it down. Equation (5.19) employs the 
notation 
cP, (x)d 
4 A(X) ax 
Iu => ( 


2 EU (E, + 2) * 


(5.20) 


a= V ME p+ p®+ Ipp'x, 


where a (%) are the Legendre polynomials. For the 
state oT (j = 1/2, 1 =0) it is necessary to put in 
(5.18) k, = 0 and ko =]; for the Py state we have 
ky =] and k. = 0, and for the Le state we have 


k =landk, =2. 

Equations (5.18) for the functions faa contain 
imaginary coefficients. However, with the aid of 
the transformation 


Uji (p) 


oe _, © 20) 
= fit (p) [1+ ae fit (po) 


Eo + oo 
it is possible to obtain an equatign with real coef- 
ficients for the real functions Ut . These equa- 


tions differ from Eq. (5.18) only by the substitution 
of U for f and by the absence of an imaginary com- 
ponent in the brackets. 

It is easy to verify that the phase of the scat- 
tering of the pi-mesons by nucleons for the waves 
j,/ and / is given by the equation 


uf Ar? py Eva! / 
to O51 a a=, a ey laps (Do): 
> J Eo + ay je 


(5:22) 
The numerical values of the coefficients N, and N 
in Eq. (5.10), relating R with S and T, depend on 


the isotopic spin / of the state, as shown in Eq. 


(5.5). 

Let us note that according to Eq. (5.5) the 
coefficient ING in the function T differs from zero 
only when / = 4, and moreover, the coefficients 
LT themselves, obtained by expanding T in poly- 

A aE : "4 
nomials of L 1? differ from zero only for the S, 
and P,, states. This is explained by the fact that 
the kernel T corresponds to a ‘‘chain with absorp- 


tion” Yo i.e., in the intermediate state we have 
only one nucleon at rest in the center-of-inertia 
system, and consequently having spins J =/ = %. 
Unlike the kernel S, the isotopic behavior of the 
kernel 7 at large momenta is such, that those of 
Eqs. (5.18) containing the kernel T (that is, the 
equations for “Sy and *P,,) have no finite solu- 


tions. This is due to the fact that iteration of the 


diagrams Y, and Y,, corresponding to the kernels 


GA 
S and T and therefore taken into account in our 
integral equations, leads to diagrams containing 
peaks and overlapped by singularities of the self- 


energy type. Thus the equations for the states 
250 and ie must be subjected, in addition to 
renormalization of the self-energy terms, to an ad- 
ditional renormalization that eliminates the above 
singularities!! Since we have not yet performed 
this additional renormalization, we are restricitng 
ourselves, like the authors of reference 2, to 
consideration of those Eqs. (5.18) that do not con- 
tain the kernel 7. Let us note that all the equa- 
tions considered in this section agree fully with 
the results of reference 2, provided we neglect all 
amplitudes and kernels for which ¢€ and € differ 
from + 1. 

When the energies W are not too large, only S$ 
and P waves play a considerable part in the scat- 
tering. At the present time we are engaged in 
solving numerically the system of Eq. (5.18) for 
the four states 5/28 , Sap ee ore 4p 3/2 at 
various energies (up to the energy corresponding 
to the kinetic energy of mesons in a laboratory 
system of the order of 300 mev). The results of 


the calculatian will be published separately. 
6. RESULTS OF RENORMALIZATION 
Because of lack of space we cannot consider in detail 
the question of renormalization, and we shall therefore re- 
strict ourselves to a brief statement of the results. 
Inclusion of terms Y and Y inEq. (5.1) leads to the ap- 
pearance of additional Tinite after renormalization terms 
pee Oe nae of Eqs. (5.9),(5.15) a 18). As are- 
sult, for ex e, itis necessary toreplace f€Si 
halfof Fg, (5-18) by S ee piace fee eee 
2 As, f% 
Ave = bike (W--sE—fa)’, (6.1) 


TERMINATED FIELD EQUATIONS 18} 


where 


Ai) = $fau —U){In 


B@=Sa( duu in| 


0 


aI 
C(e) = — 42 \ du { [392 (U — U2) + MP} In 
0 


OF. = GeerOze7 (Ww — sE — &) [1 + A(é)] — — B(é) (6.2) 
ECC) Deedee C () beet, oO) B 

ye? (i — U) + MU? 2Me2U? 6.3 
uw (1 —U) + 2 (U — U?) + Um? T(t — 0) BCE? (6.3) 
v2 (1 —U) + v2 (U — U2) + UME |? (6.4) 

Mee er U =) 
M? — w O — 0) (6.5) 

ee Ue ee) 
MP — u2(U — U*) ie 

(6.6) 


y= ee — (Wi 50)?. 


For large values of p and for sufficiently small 
values of A, the determinant of the matrix AS &’ 
has the following form 


A=(1—-ZAInp) (1 Sa soiah p), (6.7) 


that is, it can vanish. A can also vanish for 
large values of A. Here, as A increases, the value 
p for which the determinant vanishes decreases. 
The vanishing of A is closely related to the results 
of the investigations described in reference 15, 
where it is shown that both in electrodynamics and 
in meson dynamics the solution of the approximate 
_ equations for the Green’s function leads to the ap- 
pearance in the corresponding functions of addi- 
tional poles that have no direct physical meaning 


> L. D. Landau, A. A. Abrikosov and I. M. Khalatni- 
kov, Dokl. Akad. Nauk SSSR 95, 497, 773, 1177 (1954); 
96, 261 (1954); A. A. Abrikosov, A. D. Galanin and I. M. 
Khalatnikov, Dokl. Akad. Nauk SSSR 97, 793 (1954) 


e = p?—(W—cE).? 


(see also reference 10). All this points out the 
limited applicability of the approximate equations- 
In general, however, taking the higher approxi- 
mations into account can lead to a radical change 

in theasymptotic behavior of Green’s function, 

or in our case, to a corresponding substantial 
change in the behavior of A. Let us remark that 
if we limit ourselves to consideration of the 
functions Ut*+ and U~*, and if we also ignore the 
polarization of the meson vacuum, we obtain 


MB (+) \" 


Piceay lee (Sa) tae es (6.8) 


pee (We 8)? 
+ B (+) yor BE 


This expression does not vanish if A is not too 
large. 


Translated by J. G. Adashko 
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The collisions of high,energy nucleons with nuclei are examined in a statistical theory 
of the multiple production of particles. The relation is calculated between the entropy of 
the nucleon-nucleus system (as determined by the initial stage of the collision), and the 
number of particles resulting when the system flies apart into individual particles. The 
entropy of the system is calculated using relativistic hydrodynamics. The dependence of 
the number of produced particles on the energy of the incident nucleon and on the atomic 


weight of the nucleus is found. 


IN the work of Fermi! and subsequently Landau? 
1. a statistical theory was developed forthe multiple 
production of particles in collisions of nucleons of 
very high energy. Cnly the collisions of nucleons 
with nucleons were examined, while the collisions 
of nucleons with nuclei were not investigated. In 
experiments, it is precisely collisions with nuclei 
that are observed, and without a theoretical study 
(of this subject) it is, strictly speaking, impossible 
to compare theory and experiment. The aim of this 
paper is to clarify some problems connected with 
the interaction of nucleons with nuclei at very high 
energies. 

Let us note at first that Landau’s2 theoretical 
treatment of nucleon-nucleon collisions can be 
divided into two parts: In the first part the depend- 
ence of the total number of produced particles on 
the energy of the initial nucleons is calculated. In 
the second part, the angular and energy distribution 
of particles is obtained. The calculation of the 
total number of particles, using general thermo- 
dynamic relations, is relatively easy. The second 
part of the problem requires the complex methods of 
relativistic hydrodynamics. The results obtained for 
the total number of particles are much more accur- 
ate than for the angular and energy distributions. 
Because of approximations in the solutions, only 
the order of magnitude of the latter can be obtained. 

In this paper we will limit ourselves to the first 
part of the nucleon-nucleus problem --- the calcula- 
tion of the total number of produced particles as a 
function of the incident nucleon energy and the 
atomic number of the struck nucleus. 

Consider the derivation of the energy dependence 
of the total number of particles in the nucleon- 


nucleon problem2, The following considerations are 


1 &, Fermi, Progr. Theor. Phys. 5, 570 (1950) 
2 L. D. Landau, Izv. Akad. Nauk SSSR 17, 51 (1953) 
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used. At the moment of nucleon collision, a 
system arises in which the mean free path is 

small compared to the dimensions. Thus the ex- 
pansion is hy drodynamic in nature; the number of 
particles in the system remains undetermined dur- 
ing the expansion process, and becomes fixed only 
at the moment the system flies apart into separate 
particles. 

Since during the whole expansion the motion is 
adiabatic, the system entropy remains constant 
until the system flies apart into separate particles. 
Atthemoment the system falls apart, the entropy 
of each small region is proportional to the number 
of particles in it. Summing over all such regions 
we have for the entire system: 


N=const-S, (1)) 
where N is the total number of particles, and S is 
the total system entropy. Since the entropy re- 
mains constant until the moment of disruption, it is: 
sufficient to calculate it at the beginning of the 
collision, immediately after the condensation of th 
system. It follows that in the center of mass 
frame, all matter is at rest immediately after the 
collision. Let E”be the energy of the nucleons | 
in the center of mass frame. The total system en- 
tropy is proportional to e°/4 V, where ¢ is the 
energy density and V the volume in which the 
energy is distributed (this, if the equation of 

state for the system is p = «/3). Since V, due to 
the Lorentz contraction, transforms back proportion 
to E’, and since the energy E in the laboratory 
system is proportional to E ’?, we finally obtain: 


Ste Els. 
Taking account of Eq. (1), we have 


Naw Be. si 
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Let us now consider the collision of a nucleon 
with a nucleus. Since the distance between 
nucleons in the nucleus is of the order of the 
nuclear force range, it is necessary to examine 
the process of particle production in the entire 
nuclear volume traversed by the incident nucleon. 


It is not difficult to see that both assumptions used 


to derive Eq. (3) need modification in the nucleon- 
nucleus case. In the first place, due to the 
presence of the nucleons participating in the pro- 
cess it is impossible to consider the number of 
particles proportional to the entropy S. Secondly, 
the calculation of the entropy change must be 
modified, since the asymmetry of the collision 
makes it impossible to indicate a time after the 
collision when all matter is at rest. 

2. We begin by finding the dependence of the 
number of particles produced on the entropy. Let 
the disruption of the system into single particles 
take place at a temperature 7,, of the order 
m_c*, where m_ is the mass of a 7-meson, and c 
the velocity of light. Particles at this temperature 
can be considered to form a perfect gas. Since the 
temperature at disruption is unknown, it may be a 
relativistic gas. We shall present expressions for 
the number of particles and for the entropy of a 
Bose gas (z-mesons) and a Fermi gas (nucleons). 
We shall not consider other particles, since their 
contribution is relatively small. 

For the density of nucleons, we have 


tn = (2) BAG wWtier wh  & 


he) 277 
where 
Mc? Uy _ Ue 
peer? yi py? eT 


Here &y is the statistical weight, in this case 
four (two spin states and two charge states), M 
the nucleon mass, p_ and es chemical potentials, 
respectively, of nucleons and antinucleons [the 
second term of (4) is for anti-nucleons ]. 

The density of 7-mesons is 


3 Lr 
hy = (=) oo Pe (20); (5) 
Here Cao 2 — Mc | RI, 


7 a [pall pes yr (6 
Se err) sae, 


Jitexp{—z2Vit #+ y} 


The plus sign ( corresponding to the function F’ ) 
is for fermions, the minus sign (corresponding to 
the function DA) for bosons?. 


3S. ¥%. Belen’kii, Dokl. Akad. Nauk SSSR 99, 523 
(1955) 


If z>y, then Fit y) may be put in series 
form: 


el Ca y) (7) 
AN ao rer Gre ee 
= 2 cr yp seiates tn 3 


where K, (z) is a modified Bessel function of the 
second kind. 

We now derive an expression for the particle 
entropy. For the density of entropy of nucleons 
and anti-nucleons, following from the relation 


OG -N,~Q)/T, we have 
Rig Nees 3 
Se = & (=) a2 KEG (23, y,) -+- Gr (ze Va) ( ) 


— ViFy (21, 91) —yeFs (Zi, Yo)]. 


For the density of meson entropy we obtain 


Se k (Gc) 


8x 
Fc) or Ga (z, 0), (9) 


272 


where 


Gia(2, 99) Or, (yey (2, y) (10) 
eV 14+ x2dx 


@, (2 oem ae ee 
1,2 ( ’ y) Ve {—y+ 2V1+x7} +14 


¥i2(Z, ¥) 
= + 28 \ In(1 t+exp {y —zV1+x3}) x2 dx. 
0 


The functions o 2 (2 y) * and Vf y) are 
related to the energy and thermodynamic potential 
© of the particles by the following: 


rae. ee fe ENG 
c= = kT Tela} 


®,,2 (2, y); (11) 


Q g (kT \3 
c= 1 =kT D2 Fr) T,2 (z, ); 
where ¢ and w are the energy density and thermo- 
dynamic potential density respectively. 
For the case z < y, G, 5 (z,/y) may be written 
as the following series: 


co 
Gres. Y) eee Seventy) (= 1)” 
m0 


(12) 


X 4K [zdtm)+2a + m) Ky |z (1 + m)] 
Gm 


? 
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a 


m,,c? 

LRT Fitz. oy | Filz, 0) | @(z, 0) | Siz OM) Ge, On | manzne) a(z) 

(m=mass of the 7-meswn) 

0 4,803 2.40 5,68 6.49 oul 8,69 Onze 
0,9 4.72 Pall 5.08 6,30 oad §,31 On 213 
0.7 SOS 2 OP eed 6,12 7,49 8.02 0,216 
0.9 4.56 1,86 Hoo 5,90 6,99 7,67 0.221 
fl 41 ta 4,78 15) Ak 5,78 6.84 7,48 02229 
Al PA 4 4) 4.62 5.05 Dead! 6,54 MeO 0,222 
od AWD Wats He 5.06 6,00 6,42 OR245 
2 0,982 ‘AN OB) 4,07 APA 5,07 Ono 0.198 
3) 0.546 0.561 DUP 2.78 Dall SOO 0.169 
6 0.0559 0.0599 0,471 0,474 0.534 0,531 Omlues 
7 0.0268 0.0268 ORZou On23v On263 0.263 0.102 
8 0.04117 0.0147 Oma 0.145 0,127 Omari 0,0927 


where i (z) is a modified Bessel function of the 


first kind. 
The functions ES Ae 0), 0, 4 (2 0), and 


Gr % (z, 0) which Acree se density of parti- 
cles, energy and entropy for fermions and bosons 
are given in the Table. 


Since nucleons and anti-nucleons annihilate in 
pairs, creating various particles with total chemi- 
cal potential of zero, it follows that the chemical 
potential of an anti-nucleon is equal and opposite 
to that of a nucleon. That is, bh =y and ye 


From Eqs. (4)-(9) we obtain the following expres- 
sion for the total entropy of the system: 


Ss G, (21, y) + Gaza. —y)—y FadZa ea) ; 
e F, oi y) + Fi (Zi, —¥) Nu (13) 
(z, 0) 
So ee re a (z, 0) Nes 


Here NV, is the total number of nucleons and anti- 
nucleons, and V_ the total number of 7-mesons in 
the system. We Tevommadelhe transition from 
particle density to the total number with the as- 
sumption that each region of the system at dis- 
ruption has the same average values of z and y. 
Furthermore, we take into account the conservation 
of nuclear charge, which implies that the difference 
between the number of nucleons NV, and anti- 
nucleons N, must be equal to chek number of ini- 
== JINE 


tial macloane) Nl 


—F,(%, — y)] VS NG 


heath» 
he 


Soar 


Qn? 


Non orn cey) a (14) 


Here V is the total volume of the system. 
Let us first examine the case N. =Q. It fol- 
lows from Eq. (14) that y=—y=0. From Eq. (13) 


we obtain 


Si 
rk 
Na, 0 
where (2) 28n Fi (41, 0) + 8, Fe (z, 0) (15) 


2g-Gi (21, 0) + g Ge (z, 0) 


and N* = + N_, i.e., N* is equal to the sum of 
particles produced with N, =0. The function 
«(z) is given in Table J. It is evident from the 
Table that «(z) is weakly dependent on z, i.e., 
the temperature. 

It is not difficult to show that when AT <« Hines, 
«(z) = 1/(2+5/2), ies, N* =[1/(2+5/2)1 
Shaye 

Let us now return to Eq. (13). Instead of S we 
use the ratio of the number of particles N* (pro- 
duced with N = 0) to Na . Multiplying both sides of 
Eq. (18) by «(z) and dade by N 9 We obtain 


-| 


ty 


on 


N® 


No 


Gy (21, ¥) + Gi (41, — y) 


(16) 
Fy (21, ¥)— Fy (21, — y) 


Sr: Gy (z, 0) 
&y Pitti ¥)— Fi (41, — 9) 


[> (2): 


On the other hand, it is not difficult to see that 
the total number of particles is 


Na+ Na 
No 
A Els (Z 9) + Sn [Fi (21, y) + Fi (21,—y)] 
&n [Fi (41, y) — Fi(zi, —y)] 


N 


ae (17) 
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The two equations (16) and (17), together with 
the parameter y, determine the dependence of 
N/N , on N*/N , (i.e., on the ratio of entropy to the 
initial number of nucleons). If we assume eS 
and therefore leave only the first terms of the 
Cz, y) and G, (az, y ) series expansions, the 
solution of the equations becomes materially 
easier. Physically this assumption means that we 
neglect the difference between a Fermi and Max- 
well distribution for the nucleons, which is 
allowable in this case. Since the quantity y then 
appears as an exponential in the distribution func- 
tion, it is not difficult to show that 


F, (21, y) — Fi, — y) = 2F, (2, 0) sh y, 
F, (21, y) + Fy (21, — y) = 2F, (21, 0) ch y, 


G, (2%, y) + Gila, — y) = 2G, (21, 0)chy. 
As a result, instead of Eqs. (16) and (17), we 
have 
NS = Gy (21, 0) 
No s Fy (21, 0) cin y (18) 
£,G2 (z, 0) 
= 2g, i(41) 9) “ai < 
N ais 
NG ER ENG +cthy, 
Eni 2 (z, 0) No 
y= Arsh | Fe 0 (Z;, 0) ml 5 
Wn 
MN, 
40 
30 
7 
y 
7. 


20 tt fo 
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From these equations the ratio N/N ) as a func- 
tion of NaN was found. This is shown in Fig. 1. 


If the number of initial nucleons is sufficiently 
large, and if the critical temperature r, is not too 
high, then sinh y= 8&2 (2) No. 

2g,F1 (Z) N, 


is much 


larger than unity. This condition means that the 
number of initial nucleons significantly surpasses 
the number of nucleons produced with N= 0, 


If sinh y and y > 1, then Eq. (18) becomes 


y¥=6+a(z)In(@—1)+ B(z2), (19) 
where SANE as EN 
— No ; No : 
a Gi(z1, 0) | Snl*2(z, 0) 
Ata x(2)| Fe eae hens )I 
With z > 1 
In (g,,/ &,)(M/ m)"!2 mc? 
cna ma semen Tk a 


If y > 1, then y = 6; with 6~1<1 


Biz) +1—y). 


5—1—=exp/ 5) ; 


= 


if also z > 1, then 


30 40 


2 is: 5. 2. 1.0; 3. 0.67; 4 0.5. 
-L. kT /me~ is: 1. 1.2; ; 7; 
Og The dotted line corresponds to y=0. 
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Figure 1 [calculated from Eq. (18) ] shows, for 
the various chosen temperatures of disruption 7’, , 
that N/N) is always less than N*/N, until the 
y ~2region. (Note that N includes the number of 
initial nucleons V,.) The difference between 
N/N , and N*/N , is larger, the lower the tempera- 
ture We Already at NEA = 3 and z = mc? /kT =2. 
NING = 2.54, i.e., the ratio N/N* =0.85. For 
y <2, the number of newly produced particles 
falls rapidly, and approaches unity. It is seen from 
this that the relation 


N =const: S 


is also valid for the collision of a nucleon with a 
nucleus until N*/N __ is of the order of two. N is 
the sum of particles produced during the collision 
and the initial nucleons. 

3. Let us now calculate the change in entropy. 
In the nucleon nucleon problem it was not neces- 
sary to examine the mechanism of compression, 
since the results could be obtained immediately 
from symmetry considerations. The situation is 
quite different for the nucleon-nucleus collision. 
Let us apply our model of nuclear matter as a con- 


tinuous medium to the first stage of the collision --- 


the compression. 

It will turn out from the following that the most 
convenient system of coordinates is that in which 
the nucleon and nucleus have equal and oppositely 
directed velocities. In this reference frame, due 
to the Lorentz contraction, both nucleon and nucl- 
eus look loke very thin disks. Thus, the problem can 
be considered one dimensional. In this case the 
collision of the nucleon with the nucleus appears 
as the collision of the nucleon with a tube cut from 
the nucleus‘, with a cross section equal to that 
of the nucleon and a length between the contracted 
diameters of nucleus and nucleon. With the close 
approach of the nucleon to the tube, impact waves 
propagate in both directions with velocity D 
through the nuclear and nucleon matter (Fig. 2). 
Of course, we can speak of the propagation of im- 
pact waves in the nucleon only provisionally. 
Hydrodynamic considerations are used in this 
case for orientation. 


4 
I.L.Rozental’ and D.S. Chemavskii, Usp. Fiz. Nauk 
52, 185 (1954) 


FIG. 3. The dotted line is the boundary of 
the rarefaction wave. 


Because of the equality of velocities v, of the 
approaching particles in the chosen reference 
frame, the matter between the impact waves is at 
rest. The impact wave traveling to the left will 
reach the edge sooner than the wave traveling to 
the right (in contrast to the nucleon-nucleon situa- 
tion where both waves reach an edge at the same 
time ). When the impact wave reaches the left 
edge, the compression ceases, and an outflow of 
matter begins (Fig. 3). This means that a 
wave of refraction travels to the right with a 
velocity equal to that of sound in the medium. At 
the same time, the impact wave continues travel- 
ing to the right, since it has not yet reached the 
right edge. The calculation of the entropy will be 
different depending on whether the rarefaction wave 
overtakes the impact wave before it reaches the 
right edge. It is known that the speed of sound in a 
medium (equation of state p = €/3) is5 

u=c/V3. (20) 

Let us now calculate the velocity of the impact 
wave. We change to a coordinate system in which 
the impact wave is stationary. Then (Fig. 2) the 
velocity of matter behind the impact wave is D, 
while ahead of the wave it is 


v. $s: U2 oe D 
2 4+ (WeD/c?) ° 


Because of the continuity of energy and momentum 
flows through the impact wave front, we hav e5>6 


Prt (D?/c?)e, — Pat (v2) c*) &5 


(21) 
4 — (D? / c?) y [es (Ug / c?) 


b] 


5 
L. D, Landau and E. M. Lifshitz, Mechanics of 
Continuous Media, 1954 
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(v, /'c) (Pa + 2 


eae ww A UI A (22) 
1 — (D?/c*) 1—(vZ/c2)  * 
Here P, and e, are the pressure and energy 


density behind the impact wave, and p_ and. 


the pressure and energy density ahead of the wave. 
Dividing the first equation by the second, we obtain 


Diet oe peeve Parr (vo? | c®) &» (23) 
(D/c) (pi + &1) (2, fe) (pst 23)” 

Since the velocity v_ of the colliding particles is 
very close to that of light, the velocity v} “will be 
also. Assuming v »’ = ¢ we see that the right 
side of Eq. (23) is unity, and consequenlty our 
results are independent of the equation of state for 
the matter ahead of the impact wave. 

Making use of the equation of state for the mat- 
ter behind the impact wave cP, =e, / 3), we obtain 


the following for D: 


4 D2 LB 
(+4+S)/44 ree 
from which it follows that 


Die 1/5 C. (24) 
It is now possible to find the minimum tube 

length 2, in which the rarefaction wave will ov er- 

take the impact wave. This is determined by the 

ratio 

(i, /d) —1 (l, /d) +4 4, ‘D+u4 


eee aiawimtan Sh be 8S P 


where d is the nucleon ‘‘diameter’’. 
Substituting the values of u and D, we obtain 


id = 2./. (25) 


Let us assume that the tube length / is smaller 
than J, i.e., that the impact wave traveling to the 
right reaches the edge before it is overtaken by the 
rarefaction wave. In this case it is very easy to 
calculate the entropy. One calculates the entropy 
of the separate regions of the system immediately 
after the passage of the impact wave, at which 
time they are at rest in our reference frame. It is 
not difficult to see that the change in entropy of the 
entire system is then 


(26) 


E-(pe) 4st 


where S. is the change of entropy in the nucleon- 
nucleon process, and / the tube length. This 
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result may be obtained with the aid of a calculation 
applicable to the nucleon-nucleon problem (see 
above ), keeping in mind that the effective volume 
is that of the tube plus that of the nucleon, and 
that the matter is at rest in the frame where veloci- 
ties of the initial particles are equal and opposite. 
In an outline of such a calculation4 the assumption 
is made that matter is at rest in the center of mass 
frame, but this is incorrect. 

For tube lengths exceeding /, = 3.7 the solution 
becomes more complex. The rarefaction wave over- 
takes the impact wave in this case, but cannot 
cross its wave front, since the impact wave 
travels in the matter of the oncoming nucleus with 
a velocity greater than that of sound in the matter. 
The rarefaction wave is reflected by the impact 
wave. A region is formed bounded by the 
impact wave on the right, and by the rarefaction 
wave on the left (Fig. 4). 


To describe the motion of the medium in this 
region, we refer to the arbitrarily similar motion 
of a compressible gas®*. In the ultra-relativistic 


case the equation of motion becomes® 


(27)* 


Independent variables here are the quantities 
7 = arctanh v/c, where v is the velocity of the 
medium, c the velocity of light, and y = In( i ey. ): 
T the temperature of the medium, Jb the tempera- 


ture at points where v =(. The coordinate x and 
time ¢ are expressed as a function of y by 


mare fe a ek 
xaos (% sh cha), 


t= e-9 (SL chy — 5% shy). 


Thus if the function y(y, y ) is found, Eq. 
(28) gives x and ¢ as functions of T and v. 
The region of interest is bounded on one side by 


* In reference 6, the coefficients are different 
because of typographical errors. 

61 M. Khalatnikov, J. Exper. Theoret. Phys. USSR 
26, 529 (1954) 
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the rarefaction wave, and on the other by the im- 
pact wave. Let us determine the boundary condi- 
tions for the function y. It follows from reference 
6 that, at the rarefaction wave boundary, 

= 0 for n=y3 y. (29) 
must be satisfied. 

Let us consider the boundary condition at the 
impact wave. Since in this case the matter be- 
hind the impact wave is not at rest, transformation 
to areference frame in which the wave front is 

stationary gives for the velocity behind the im- 
pact wave: 
VU, + D 


VU; a 


1 + (0D fc?) ° 


(30) 
Here v, is the velocity behind the impact wave in 
the reference frame where the incident particle 
velocities are equal. 

Equations (21) - (24) remain applicable to the 
present case if v , “is substituted for D. It fol- 
lows that vy “= 1/3c [see Eq. (24)]. Equation(30) 
then gives a relation between v ; and D which may 
be written 


_ dx ~ A+ 3th, 
Oe dion hie (31) 
since v. =~—tanh n- Using Eqs. (21) - (24) with 
v_ substituted for D, it is not difficult to obtain 
the following expression which is obeyed on the 
impact wave: 


In the variables 7 and y 
i iP 
(a= rate aliens) OE 
this means 
|= 2Y. (32) 


Substituting the value of dx/dt calculated from 
Eq. (28) into Eq. (31), and using Eq. (32), we ob- 


tain the following condition on the impact wave: 


(a) 
(355 +5 5--)(1 ~5)x=0 for 4 = 2y. (33) 


Let us change to the.variables 


C1 eee | Sayan (34) 
In the new variables the equations for y and the 
boundary conditions take the following form: 


0 ame are (35) 
sas —2Y3(2—YV3) 0a 08 
Ox Oa 
a aN = 0; 
y¥=0 when 8—0, 
(36) 


[ar + — 3V8) 35 | 
x [i+22—-V3 4]z=0 


when 


oa) 


Let us apply a Laplace transformation to the 


variable B 


S(%, p)= \ x («, B) e—78 dB (37) 


and search for a solution of f(«, p) in the form 
a(p) e**. Then Eqs. (35) and (36) yield the fol- 


lowing algebraic equations for a(p) and k: 
kh? —2V3(2—YV3)kp 
—4k+2V3p=0, 


(38) 


[k+(5—3V)3)p][1+2k—V3pla 
=(9—5Y3)) 


Here A is the coordinate value at which the rare- 
faction wave overtakes the impact wave; 


ox. 
S pas 


Having determined a(p) and k , an inverse La- 
place transform would give y, and thus solve the 
problem. However, we are not interested in the 
complete solution, but rather in the change of en- 
tropy during the time that the impact wave p&sses. 
The entropy change can be written: 

f," 


Stes zo su, at’. 


t 
1 


(39) 


(40), 


Here oc, is the tube cross section, and s is the 
entropy density after the impact wave; us 


1 AGio 
V1—(@,1e 
velocity behind the impact_wave front (since 


7c =1/3, u,=1/2/ 2 ),t,’is the time at 


v 
which the rarefaction wave overtakes the impact 


, where v1 is the matter 
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wave, t. “the time at which the impact wave reaches 


the right edge and dt’ an element of time in the 
reference frame where the impact wave front is at 
rest: 


at =dt Vl— D?=V dl — dx. 


Using Eq. (28), the condition 7 = 2y at the impact 
wave, and the fact that the ratio of entropy densi- 
ties s/s | behaves as (T/To? 3 when the matter af- 
ter the impact wave comes to rest, we obtain 


YR 
set (SS Mth 


Here y, is the value of y at the instant that the 

impact wave reaches the edge of the system. 
Changing to the variables « and B we have 

PR 

\ e—28/(2—V3) 
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x [(ae— ae) + 2 de V3 op) 2], 


i: 
Multiply both sides by exp | . Let us 


then carry out a Laplace transformation. Using the 
curl theorem, we obtain for a representation of the 


2B, 
quantity S,exp bat 


oo 


. 28, —p3 42 
¥ (p)=\ S, exp jes P83 
2ay.3 
Go 4 


166-2 pve V3) 


x {((k—p)(1+2k—V3p)a—V3H}. 


Substitute into this the values of k and a calcula- 
tea from Eq. (38). (For & a quadratic equation is 

obtained; the solution with the minus sign before 
the square root is chosen.) As a result, we have 


(6773) 3) 
2 V 3 (q—2)(q—5) 


V(p)= aol ue 


as (V3—1)a 4 i 
2V3(q—2)(q—5) V3(q—1) + V3 (g—-1)? +1 
where g = (2 - J 3)p. 


Inverting the Laplace transform, we have 


Si exp (28, /(2—//3)} (44) 


8+-i.00 
t ; 
= Oni \ V(p) er? dp. 
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The integral in Eq. (44) is taken in the complex 
plane along a line which is to the right of all 
poles of the integrand. 

Substituting Eqs. (43) into (44), the integration 
is carried out. We make use of the known relation? 

8+-i00 
if 


5—100 


dp el? eae) 
Poy pad y 


As a result we obtain: 


7 = Sy pte Soh (e8Pp —_— 1) (45) 


on 


Br 2 
(ae ( Ju((Bp — 2)/V 31) 
+ Vat sinemte\(e — az | 
Oy ee es \ 62 : 
where B 4, = B,/ (2 - V3 ys 
To determine 8, we have the following relation: 


Xk ay tr 9 to = L. (46) 


where f, is the instant at which the rarefaction 
wave oveitakes the impact wave, L the coordinate 
value of the nght edge at this instant, % and t, 
the coordinate and time when the impact wave 
reaches the edge of the tube. Expressing x and 

t through a potential, and remembering that 

ty = AV 3 , we obtain 


cL bape Sa 3) e- (47) 
ayaa =(L+YV3)) ee 
or in the variables « and B: 
Ox Bf (47) 
—3/* —(V3—1)—% 
E (V ) lene 
Ox = , 
+8 an) = (L +V3)) et. 
(seen = CE +V30) 
A similar calculation, carried to higher order, 
leads to the following expression: 
(7 + 4V'3) ete — 1 (48) 


7 \V. A. Ditkin and I. I. Kuznetsov, Handbook of Oper- 
ational Calculus, Moscow, 1951 
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The terms containing integrals in Eqs. (45) and 

(48) contribute not more than 2% ot the total, and 
may be thus dropped. The coefficient of the first 
term in Eg. (45) (5+3V3 )/6V3 can be re 

placed by one to a good degree of approximation. 
As a result we have 


S1 = 5 hS, (e%, — 1), (49) 


(7 + 4/3) etn 
= ASIA atE Ll (aeea epenal 


It is not difficult to be convinced that L +V 3 A 
= 4] - 2d. Since \=(3+/y 3) d, the second of 
Eq. (49) may be written: 


(7£4V3) ete = 44 —1. 


Finally, we have for the change in entropy the 
following expression : 
it 


S ft df 
07)" Withee n3o7 


; (50) 


where S, is the change in entropy due to the col- 
lision of the nucleon with the nucleus, S is the 
whole change of entropy due to the collision of the 
nucleon with a tube of length J. 

In head on collisions of a nucleon and nucleus 
l/d = AY? , where A is the atomic number. The 
value / = 3.7 corresponds to A =51. If Eqs. (26) 
and (50) are averaged over all possible collisions 
in the nucleus, from head on, to collisions of the 
incident nucleon with peripheral nucleons, we ob- 
tain (not separately considering lateral nucleon- 
nucleon collisions, which, we feel, are already 
accounted for in the equation for nucleon-nucleon 
collisions): 


ae 100 200 A. 


Fic. 5. The dotted line is S/Sy = A919, 


For A <5l 
S) 5 dyed CAE at) eNo (51) 
‘Ss Same 3 (Adee 4)2 a= +0; 

For A>5l 

a |0.167 (AX Ay (52) 
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Figure 5 shows the dependence of S/S) on A. 


+ 0.5, where Ay = 51. 


The dependence may be approximated with an ac- 
curacy of 4% by the expression 
SY Ss =< y/amet A (53) 


Translated by G. L. Gerstein 
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A study is made of the hypothesis that the pion-nucleon interaction is indirect (trans- 


mitted by an intermediary field). This leads to a representation of the nucleon as an inner 
core surrounded by a pion cloud. 


1. INTRODUCTION consistent formulation of a non-Jocal theory®. In 
HE experiments on pion-nucleon scattering 1-3 the development of non-linear theories?’!°, there 
are also fundamental difficulties; the infinite zero- 
point energy appears non-additively in the energies 
of excited states of a non-linear field, and the at- ° 
tempt to quantize the field by means of a discrete 
lattice-space!! Jeads again, as it is easy to show, 
to signals propagating with infinite velocity. 

Our purpose in the present work is to explain a 
point of view which justifies the introduction of a 
form-factor in strong-coupling theory, while re- 
maining within the framework of contemporary 
quantum field theories. The questions connected 
with infinite particle self-energies are not resolved 
but are circumvented. The essence of our pro- 
posal is that the nucleon interacts with the pi- 
meson not directly but only through a hypo- 
thetical K-meson with a large mass M. 

There are two ways of looking at this model. 


show clearly the existence of so-called iso- 
bars, i.e., excited states of nucleons. Also the 
peculiar decay of the A® - particle compels us to 
consider it as an excited state of the proton“, 

It is therefore very probable that at the present 
time we have already observed two levels of the 
proton, one with a short life-time which is re- 
sponsible for the meson scattering, and one with 
a long life-time which is observed as the A° - par 
ticle. 

In this connection there have recently appeared 
some papers*’® treating isobaric states of nucle- 
ons phenomenologically, without penetrating into 
the internal structure of the nucleon. A theory 
describing isobaric states as manifestations of the 
internal dynamics of the nucleon was worked out 
long ago, namely, the ‘strong coupling” aed Cne may say that a short-range force with a range 
Wentzel, Pauli and Dancoff?. The chief obstacle (h/Mc) is acting between nucleon and pion. Or 
to the development of this theory was its lack of one may say that the nucleon has a composite 
relativistic invariance, arising from the ‘‘smearing- structure, consisting of a small core of size (h/Mc) 
out”’ of the nucleon by a hypothetical form-factor. and a pion cloud, just as an atom consists of a 
Recause of the presence of such a form-factor nucleus and an electron cloud. Furthermore, just 
K(x— x’) # 6(x- x’), signals are transmitted as a relativistic theory of the electronic shell of 
within the nucleon with greater than light velocity. 440. can be constructed without eoivine the 


One way and another, all the existing proposals problems of nuclear structure, a relativistic theory 
for escaping from infinite particle self-energies of the pion shell around a nucleon ought to be pos- 
run up against the same fundamental difficulty. For <i) without a complete theory of the core. In 
example, up to now nobody has found a logically what follows we present an outline of such a theory. 


2. CALCULATION OF THE INTERACTION BETWEEN 


: ili . Fiz. Nauk 50, 
V. P. Silin and V. Ia. Fainberg, Usp. Fiz. Nau NUCLEON AND PION FIELD 


325 (1953) 
2H. L. Anderson, E. Fermi, R. Martin and D. E. We postulate the existence of K-mesons with mass 
Ce ter aac M and charge +e and0. Their wave-function is 


3K, A. Brueckner, Phys. Rev. 86, 106 (1952) 
4 C. F. Powell, Usp. Fiz. Nauk 53, 449 (1954) 
5 S. Minami, T. Nakano, K. Nishijima, H.Okonogi AMA Maxovelap RizNauk $1, 317 (1953) 


. 8, 531 (1952) . 
ee ee aod etl fecal 9 D. I. Blokhintsev, Dokl. Akad. Nauk SSSR 82, 553 
61. EB, Tamm, Iu. A. Gol’fand an . la. Fainberg, J. (1959) 


54 
ee ep ores N=: Ups 6, oe ee 10 D, I. Blokhintsev and V. Ia. Orlov, J. Exper. 
7 W. Pauli, Meson Theory of Nuclear Forces, Inter- Theoret. Phys. USSR 25, 513 (1953) 
science, New York, 1946 11 L,I. Schiff, Phys. Rev. 92, 766 (1953) 


denoted by 6,( s = 1, 2, 3 corresponding to the 


23 


24 Die Th. 


charges te, 0). For definiteness we suppose 0. 
to be a_ pseudoscalar. 

The pion wave-function we represent in the 
usual way by ¢_(s=1, 2, 3), the nucleon wave- 
function by ¥. The interactions between K- and 
m-meson, and between K-meson and nucleon, can- 
not at this stage be uniquely determined. Since 
we are only explaining the general structure of 
the theory, it is reasonable to start with the 
simplest assumptions about the form of these 
interactions. 

We suppose the interactions to have the form 


(1) 


3 
W =\dx > 0505 + 

s=1 s=1 
Here g and f are two coupling constants, k=Mc/h, 
T_ are the isotopic spin matrices and Yw Ys are the 
Dirac matrices. Thus we assume a charge-sym- 
metric scalar interaction between K- and 7-meson, 
and a charge-symmetric pseudovector interaction 
between K-meson and nucleon. The complete 
Hamiltonian of the system is 


H=H°+ H+ H+ W=A+ W, (2) 


where ae HS and iH’ are the Hamiltonians for free 


Hy — £90) = -{ax|e 


Se oe 
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(Ha + &0— £) (1%) = — [dx [ gee (x! 
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where ay (x) = YYUs 7 - Denoting the oper- 
ator (H) + é- EI} by A“? (itis approximately 
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a (Vax ax’ E 5 s(x) 95 (x') K(x — x’) 


s=1 


2 Dz (x) Ds(<x’) 


BLOKHINTSEV 


nucleons, pions and K-mesons, respectively.[he 
theory with the }'amiltonian (2) is obviously rela 
tivistically invariant, but it is not free from self 
energy divergences produced by the (0, ) and 
(0, ¢) interactions. However, these divergences 
lie at a deeper level, since they are related to the 
nucleon core and not to the pion cloud. 

To find the pion-nucleon interaction, we try to 
eliminate the K-meson field from (2). We do this 
by means of a chain of Tamm cquations. Let & 
be the wave-functional, depending on the fields 6, 
¢ and ¥. For the variables describing the field 0, 
we take the number V* of A-mesons in the charge- 
state s with momentum g. We expand the field @ 
in a Fourier series 

1 ; é 
Som Da75e Wa (ghee ty (g)e tl a9 


q 


where 0, ( q) is an annihilation operator and 0" (q) 
is a creation operator for a K-meson of energy eo 
Further, we write © (0) for a state without K- 
mesons, (2 (1) for a state with one K-meson 

(s, q), etc. The equation 


(H, — £)Q = — WQ (4) 


then expands into the following chain of equations: 


3 
py 
s=1 


Vy 


Vee, es] 19, 


f4 rf 
es (X) yz e™ (5) 
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eiax’ 


equal to a we obtain 
(o£) O10) 


(6) 


0K (x — x’) 
0x, 0x, 


X=*) |! o(0), 
_____ #58) 35 SER ol ee 
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with ; 

K(x — x!) =\ (ele / 282) dq (7) 
where we use the approximation Av! ~¢7!. The 
differentiation of K (x — x’) with respect to xii 
to be first performed with x; ce x,, and then Sy i 
to be set equal to x,. When x4 =x, the function 
K(x— x’) becomes 

K(x—x)=em |r, ra|[x—x'|. 7) 


Equation (6) is an approximate equation for (0). 
The ey term in the square bracket, proportional 
to a , gives an interaction of pions among them- 
selves. The second term gives a short-range inter- 


action between nucleon cores. The third terms may 
be written in the form 


Yes 


‘Wax dx (8) 


Y* (x) eters # (0) AES? 96 (x") 
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where F = 2fg, and represents a pseudovector in- 
teraction of pions with extended nucleons, exactly 
as in the strong coupling theory. The function 

K( x— x’) now plays the role of form-factor. This 
factor has the effect that pions and nucleons do 
not interact at a point but over a region of size 


25 


(h/Mc). For the theory to be consistent, it is 


necessary that (h/Mc) <<(h/pc), where pis the 
pion mass. 


3. CONCLUSIONS 


Our proposal of an indirect pion-nucleon inter 
action thus actually implies the existence of a 
core of size (h/Mc) within the nucleon. The core 
is surrounded by a pion shell with size of order 
(h/uc). In addition there appears automatically a 
very short-rangeinteraction between nucleon cores, 
acting over a region of size (h/Mc), and a similar 
short-range interacfion between pions. The core 
itself is described non-relativistically, just like 
the nucleus in a relativistic theory of the atom. 

We intend later to develop the theory in a more 
consistent way, starting from the Lagrangian 
method, which will allow a more symmetrical 
rel ativistic treatment of the interaction. It would 
also be interesting to introduce an indirect inter- 
action through K-mesons, renormalized so as to 
remove completely all the divergences of meson 
theory. However, it is doubtful whether any in- 
direct interaction exists which would lead to an 
unremormalized pseudovector renormalized inter- 
action between pion and nucleon. 


Translated by F. J. Dyson 


153 


SOVIET PHYSICS JETP 


VOLUME 2, NUMBER 1 


JANUARY, 1956 


The Quantum Theory of Ferromagnetism 
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(Submitted to JETP editor June 25, 1954) 
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On the basis of a many-electron quantum-mechanical model of a crystal, a calculation is 
made of the magnetic interaction of the electrons of a ferromagnetic. The energy spectrum 
of the system is calculated for the case of low temperatures. Taking account of the mag- 
netic interaction terms in the original Hamiltonian of the system leads to the appearance in 
the energy both of components of quasi-classical magnetic type and of anisotropic (mag- 
netic) exchange terms. The latter may have considerable importance, for example, in the 
calculation of relaxation phenomena in ferromagnetics and antiferromagnetics. Also 
calculated is the energy of the system in the approximation of energetic centers of gravity 
(the case of high temperatures). An expression is obtained for the free energy as a func- 
tion of the magnitude of the magnetization and its orientation in the crystal ( the magnetic 
anisotropy energy) for temperatures close to the Curie point. 


1. INTRODUCTION 


S is well known (see, for example reference 1, 
APan III), the ferromagnetic state of matter is 
determined by electric (exchange) interactions, 
connected with the dependence of the electric 
energy on the spin state of the microsystem; this 
dependence is a consequence of the basic postu- 
lates of quantum mechanics. The magnetic inter- 
action between the electrons of ferromagnetic 
bodies is several orders of magnitude smailer than 
the electric interaction. Nevertheless, a whole set 
of important phenomena in ferromagnetics - for 
example, their purely magnetic properties, their 
galvanomagnetic properties, relaxation phenomena, 
and so on - are basically distinguished by mag- 
netic interaction, despite its relative weakness. 

A specific property of magnetic interaction is its 
anisotropic (tensorial) character. There exist 
quite a large variety of types of magnetic inter- 
action: spin-spin interaction between electrons, 
and also between electrons and ions; spin-orbit 
interaction between electrons and ions; orbit-orbit 
interaction between electrons; etc. In a rigorous 
formulation of the problem, the calculation of 
magnetic interaction should be performed within 
the framework of relativistic quantum mechanics. 
However, the absence of a fully developed 
relativistic many-electron theory forces us to 
perform this calculation by the methods of non- 
relativistic theory, in which we simply take into 
account the existence of the electron spin and, 
using the methods of the correspondence principle, 
write down the magnetic part of the Hamiltonian 
operator of a system of electrons. 


1S. V. Vonsovskii, Contemporary Study in Magnetism, 
Moscow, 1953 
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The energy operator can be decomposed into two 
parts — an additive part, into which enter the 
kinetic energy terms and the interaction with 
external fields, and a binary part, which takes ac- 
count of interactions of electrons in pairs. Ina 
calculation of the eigenvalues of the energy 
operator of a system of electrons, along with 
quasiclassical (or quasinucleonic) terms, which 
take account of electric and magnetic interactions 
of ‘“‘smeared’’ electrons, there are also obtained 
terms special to quantum mechanics. Here we can 
mention in particular the so-called exchange terms, 
transport energy, excitation energy, etc. It is 
important to realize that such separation of the 
energy into components is quite arbitrary; it is 
merely a result of approximate treatment of the 
problem of many interacting particles. None the 
less, in many cases such a separation is entirely 
permissible. 

Until recently, in the treatment of magnetic 
interaction in problems of the quantum theory of a 
solid body, no notice has been taken of the fact 
that the contribution to the energy from this inter- 
action is not exhausted by quasicoulomb terms or 
by exchange (magnetic) terms alone. In particular, 
Holstein and Primakoff? , for example, give a 
calculation only of the quasiclassical terms in the 
magnetic part of the energy of a ferromagnetic. In 
contrast, the work of Tiablikov * takes account 
only of the magnetic exchange interaction tensor 
and not of the quasiclassical terms in the energy. 
Meanwhile, in connection with the study of the 
phenomenon of ferromagnetic resonance and of 


2 T. Holstein and H. Primakoff, Phys. Rev. 58, 
1098 (1940) 


3S. V. Tiablikov, J. Exper. Theoret. Phys. USSR 20, 
661 (1950) 
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relaxation phenomena in magnetic materials, there 
has recently arisen an urgent need for a more 
detailed and systematic investigation of magnetic 
interaction in these bodies. The present work sets 
as its aim the laying of a foundation for such an 
investigation. By starting from the most general 
possible form of the energy operator of a system 

of interacting electrons, there is accomplished a 
separation of the quasi-Coulomb and exchange 
parts both of the electric and of the magnetic inter- 
action. Specially studied are the case of low 
temperatures (Section 3), where it is possible to 
apply the method of elementary excitations 
(quasiparticles), and the case of high temperatures 
(Section 4), where it is permissible to apply the 
method of the energetic center of gravity. 


2. THE ENERGY OPERATOR IN THE SECOND- 
QUANTIZATION REPRESENTATION 


We consider a system consisting of N similar, 
positively charged ions, located at the sites of a 
crystal lattice. We shall neglect the motion of the 
ions, treating them as immovable sources of a 
periodic potential field. In addition, the system 
contains N electrons, whose motion is taken into 
account. The energy operator of the system, in 
coordinate representation, is equal to the sum of an 
additive part (the kinetic energy and the interaction 
of the electrons with the external ‘‘fields’’) 

N 


> A, (qr, V4;> Sx) 


=) 


WS . (2.1) 
=— 3D) Ay, + D) Gi (a) 
k=1 k.n=1 
N 
aI > Git? (qr Ag,» Sp) 
k,n=1 
and of a binary part (interaction in pairs) 
N 
> ® (( Gr — ? Van? Vap Sk» S:). (2.2) 


k<l=1 
Here q;,, is the radius-vector of the /th electron; 
Qnh is Planck’s constant; m is the electron mass; 
Pity tes iN 
por kay Om ik 
momentum, kinetic energy, 
kth electron; Gl) (q,,) and Gin) (q,; Ve S,) are 


and §, are respectively the 


and spin operators of the 


respectively the electrostatic and the magnetic 
(spin-orbit) interaction operators of the /th 
electron and the ion on site n. Thus the energy 
operator of the system has the form 


N 
jis => H, (qr, Vay» S:) 


h=1 
. ; (2.3) 
St fen ® ((| qr — Qz]); Vaz» Vais Shs Si). 


In the second- quantization representation, (2.3) is 
written in the form 


H=)>Li,v)atay 


viv! 
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Fy, Vos “4, ¥p) (2 6) 


= \ 6, (q, s)b, (q', s’) ® ((q—q’ y; Va Vas S, s’) 
6,..(q, S) 9,,.(q’, s')dqdq'dsds' 


are matrix elements, defined by means of a 
complete system of orthonormal one-particle 
functions 6,(q, s); the index v stands for a whole 
set of quantum numbers, characterizing a given 
individual state of an electron. as and a, are the 


Fermi operators (annihilation and creation opera- 
tors) of second quantization; they act on functions 
of the occupation numbers JN ,, of individual states. 


Below, these states will be numbered by means of 
the radius vector n of the site near which a given 
ion is located, together with the spin quantum 
number go = +4 ( v=n, 0). The wave functions 
0 (q; s) have the form of ‘‘atomic’”’ (localized) 
orthonormal functions ¢ (q,— R,) = yy) 
(R, is the radius vector of the ion at site n), 
multiplied* by the spin function c, (s; ): 
On, fej (q, S) —= (q) Co (Ss). (2.7) 

Since no consideration will be given below to 
phenomena connected with transport of electric 
charge (electric conductivity and the like), it is 
possible to use a quasihomopolar approximation”, 
which is tantamount to the requirement 


> ats dng = >) Nao = 1 ( for all n ), (2.8) 


o 


* Here use is made of the smallness of the magnetic 
interaction in the atom as compared with the electric. 

“NON: Bogoliubov, Lectures on Quantum Statistics, 
Kiev, 1949 (in Ukrainian). 
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and also 


A= 


where A is the energy of formation of a polar 
state ( the energy gap for formation of an excess- 


deficiency doublet). The fermi operators have the 
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where 8(x) is the Kronecker symbol. By virtue of 
Eig. (2.9) it is proper to retain in the operator 

(2.4) only those terms that, acting on functions of 
the occupation numbers, produce no change in the 
total number of electrons near each lattice site, as 
is required by condition (2.8). This gives instead 
of Eq. (2.4) 


F (491; My S93 1,9); M95) (2.10) 
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By virtue of Eqs. (2.1) and (2.2), the matrix 


elements (2.5) and (2.6) entering into Eq. (2.10) 
can be put into the form 


E(n, 0; 1,0") nas 
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In case the function ¢ nd) is exactly an atomic 
function, the quantity FE, can be regarded as the 
atomic energy of the given state ? 6), and C 
can be regarded as a quasiclassical energy of 
electrostatic interaction of the electron of one of 
the sites with the ions of all the others. The 
quantity L\™) represents a perturbation of the 
neutral atomic level, due to spin-orbit interaction. 
If the functions $ 49) are not atomic functions, 
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these quantities do not have so simple and graphic 
a meaning. 
By taking account of Eq. (2.11), and also of the 
commutation relations 
A+ Rosaceae 
Af Af + Af af = OFF; 
Lil GL ND ene 0: (2.13) 
Ay Aj + Ay af = asap + ap af=YV; 
and of the equations derivable from them? 
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The matrix elements of the first term in the double 
sum (over n, and n,) describe the quasiclassical 
electric and magnetic interaction of the electrons; 
those of the second term describe the exchange 
interaction (both electric and magnetic). The 
older of magnitude of these terms is the same; 
therefore it is not legitimate to consider them 
separately, as was done in references 2 and 3. 

The problem of the present work, as was mentioned 
above, is the systematic simultaneous calculation 
of these terms in the energy operator of the system. 
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3. THE ENERGETIC SPECTRUM OF A SYSTEM IN 
THE CASE OF MAGNETIC QUASI-SATURATION 
(THE LOW TEMPERATURE REGION) 


The determination of the eigenvalues of the 
operator ( 2. 14) in the general case leads to 
insuperable mathematical difficulties. Therefore 
we must limit ourselves to the investigation of 
special cases, in whichthe operator (2.14) can be 
reduced to diagonal form by separating additive 
terms in it,corresponding to one or another 
elementary excitation. The eigenvalues of the 
energy operator of these elementary excitations 
(or quasiparticles)5, having the form of the energy 
operators of oscillators of some ‘‘field’’, can be 
written down at once in explicit form, without 
solving the wave equation. 

Such a computation program can be easily carried 
out if it turns out to be possible to introduce some 
‘‘neutral’’ state of the system with respect to the 
given type of excitation, and to limit oneself 
thereafter to the consideration only of small 
departures of the motion of the particles of the 
system being studied from this ‘‘neutral background 
of motion’’. In the case being considered, that of 
a ferromagnetic, it is necessary to take as ‘‘neu- 
tral’’ state a state of spin saturation, and the 
small departures from it will have the form of 
elementary excitations or quasiparticles, which are 
called spin waves or ferromagnons. In a first 
approximation, these ferromagnons can be treated 
as an ideal gas, obeying symmetric quantum 
statistics. It must be emphasized that the ferro- 


magnons represent collective degrees of freedom 
in the motion of a complex system of interacting 
electrons, located in an ionic crystal lattice. In 
this treatment no attention is paid to individual 
degrees of freedom of electrons. The diagonaliza- 
tion of the operator (2.14) is accomplished by ap- 
plication of successive unitary transformation 
operations. Before starting on this, it is neces- 
sary in lq. (2.14) to perform an explicit summation 
over spin variables, and also to go over from the 


“a 


. ~ . 
Fermi amplitudes @, | to the Bose operator b, in 


accordance with the known relations? 


(3.1) 


Aas A ATi yt [a 
Qn, —1),2n, 1), = (1— ba bn)” On, Gn, 4, On), 


= ba (1 — bn bn)", 


acts 
Qn, JF Qn,— 1/, 
—= ] = lak Da; an, "sy Qn, ey On On. 


A 
The operators b| satisfy the commutation relation 
A a a aA 
On ba 0 On = Snn’ : (3.2) 


If the system is in a state close to magnetic 
saturation (low temperatures), then in the operator 
(2.14), after the substitution (3.1), it Fah 
to expand the operator functions (] — bs cy as in 
power series in bt be and to keep only terms 
containing products of no more than four operators 
A 


b.- Then instead of Eq. (2.14) we get 


(3.3) 


epee C)- > O(n sn) bs bal’ (n,n YA —ve ba) 


ee et) (Un Oe nba) Fen el) (Og on he a 


1 = ee Sena eee on 
+ >) [F(ny, ng3mi,n2)—F(ny, m2; ne’, m1)] 6n,02,8n, 
ny#n, 
4 <= + = + + A+4 A 
+> >) [F(nr, no; ny, ng) — F(ny,my3 mg, 07] bn, bn, bn, 
n,#N2 
= + + t+ ot yy pt a+ 3 
+5 >) Font, ng; nz, ns) — Fy, ngs ny, ny) be, bat ba, 
n,n, 
— aye = _ SPAR ae FREE 
+5 > (F(ny, ngs ny, ne) — F(nr, ng ny, m)] bn, bn,b0, 
n,n, 
: >, ny; i, nf) —F(ny, ny; my, nf) bn, 6 
sina Lame iene.) (m1; , M2; M2, ny n, On, 
n,7n, 
=F Be ere eee ee 
Sy [F(ny, ng; nr, m2)— F(m, ng; mz, ny )] On, On, 


** As is shown by Kubo®, in this case we have 
5S. V. Vonsovskii, Collection Dedicated to the (hes b+ by): fea 1b bn. 
Memory of S. I. Vavilov, Publishing House of the 


Academy of Sciences,USSR, 1952, p. 363 © R. Kubo, Phys. Rev. 87, 568 (1952) 
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— a + = ae + a+” 
— >) (Far, ny3 mine) — F (mr, m2 me, 11 )) On, On, 
nN, t 

2 os = + + = A A 

— x ([F(ny7, mo; mi), me) — F (ny, m2; mz, my )] On, On, 


n,n, 


+4) (F(a, my; ny, ny) — F(ny, ma; na, mr )] ba, bn, 
n,#n, 
+4. >) (F(my, ngs mo, ng) — (my, me ma, mY] Bn, bn, 
n#n2 
— a adh oS “A aA Le On Los 
+4 3) (F(ny, ny; my, ny) — F(ny, ne mz, nr)] (1 — bn, ba, — bn, bn.) 


n,#n, 
4 aS, ee & = = 
a oe >; [F(my, Me; M,, Nz ) 
n,#Nn2 
aed —, = A ATA ALi A aAtLa+s 
SS Jagr Ne ; Me, Ny )] (bn, a Bn, On, On, chy On, Dn, Dn,) 
4 > ta PS si 
+ > (F(nr, me; nr, m2) 
n,#N, 
— F(ny, nz; my, ny)] (Gn, — On, On, On, — Bn, On, On,) 


4 ee fe yet 
+ >) [F(nr, ma; my, nz) 
n, M2 


a 


bn, On, On,) 


PLP (te tig Ne Ny) (On On on Oe : 
=> ») IF Gin ance 
n,+M2 
—aFing nas ts io) (Da, — On Oe On Ome 


Oe ee ee ee eee 


Here an abbreviated form of notation has been 
adopted, for example 


F(nt, ng; ny, nj ) 


= F (ny, */2; Me, — 2/23 14, — */o; Me, +1/2) 


etc. 

Among the terms in Eq. (3.3), besides terms 
quadratic in the Bose operators, there are terms in 
single operators, and also terms with triple 
products. [tis easy to show that the linear terms 
give an additive ‘‘correction’’ to the energy of the 
system. To show this, we perform a unitary trans- 
formation from the operators 15, and be to their 
Fourier components by means of the Temes 


bn = N71: > Ue. exp {igy R:}, (3.4) 


bf = Ns >) bg exp {— ig, Ra}. 


Then for the linear terms in the additive part of Eq. 


(3.3), we have, for instance, 


31 (nt, a bt 


=N'L™ (07,0) >), Yexp{(—ie. Ri 


SiN 1 (OinOwe noerekee 


= Na 2 (™) (0", Om) ss 


(here the fact has been used that, with neglect of 
surface effects, the matrix elements L‘”’(n*, n-) 
are independent of the lattice-site number n). 
Similarly for the terms in the binary part of Eq. 
(3.3) we have, for instance, 


Davilaine arena 


nn, 
Se fear ae + ~ 
— (nj,,. Nz; Ng, ta ea, 


=> 7S F(m—n) db bg, exp {igy Ra}; 


we make the substitution of summation variables 
n=n, ~n,, which gives 


+ D>) F(n) be, Dexp fig, Ra} 


= F(n) Da 6 (gy) rae = > (n) by 


n 
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Thus in Eq. (3.3), besides the additive part, there 
are quadratic and third-degree terms in the opera- 
tors b. On collecting similar terms and splitting 

Eg. (3.3) into two parts, we get 


H=H, +H’, (3.5) 


where 


B= Oo ir") 0") (3.6) 


— EX (00,0 )] baby. 
4 alos 
Seon >, PEGs ns Phy: n; ) 
nn, 
—F(n,, ng; nz, 11 )) da, ba, 
4 Sees) 
+ >) (F(a, nz; nz, nz) 
n,n, 
RETA ee) ae 
ally Ds Hg) 
Ny+n, 
nn ne) Pr nS i hige ape 
+ LAW seg ie 1a) be b,, 


Bee rite a2, 0, ) 


AN, 


pin tls ti, nt) bt b., +2M H > b+ be 


Also taken into account here is the energy with 
respect to the external magnetic field H; 


M = eh / 2me, (3.7) 


_U, is.the additive part of the energy that does not 


depend on the spin distribution, and 


Al = > (L™ (0*, 0° )8an, + F(n}, nz 3 ny, nz) 


n,#D2 


Fino.) ny, ts )| bbb, (3.8) 

en cs 0*) Ban, + F (n; Bilerico. 1.) 
—F(ny,nysny,ny)] 656, 6,, 

+ >) gem it) 7 (he M1, t1,')) 


n,n, 


—F(nz,nf;n7, ny) 


s = fe AE = A A A 
 F(my, mgsnz, mz] 5:8, Be 

“3 ANN ns) a nen 
2! (ny, nn, ny) F(ny, ny; ny, 15) 


=O (iy seat, te) 


+ F(ny, nj nz, n.)]b, b+ 5 


na in;: 
From Eq. (2.12) it is evident that 
F'(ny 91, 12593 14S) , 2s, ) 
= F[0s,, (fl, — M4) 92309) , (mz — mj) 25 ], 
F (11491, M299; Nes,, 1,9) ) 
= F[0, (Mz — My) 92; (M2 — nj) o, , Oo! J, 


that is, the matrix elements of F depend only on 
the distance between lattice sites, R, — Res 


2 1 
From the requirement that the operator (2.2) be 
Hermitian, it follows further that in Eq. (3.6) the 
coefficients of b. hy and bobs and in Eq. (3.8) 


1 
the coefficients of b* b 
nt 


~ ~ a> se 
b*tandb b*b_, are 
n n au LG 


2 
complex conjugates. 


Using these properties of the matrix elements, 
we perform the Fourier transformation (3.4) in Eqs. 


(3.6) and (3.8): 
JS bee Oo + D> [Aot Ai (Q)|Bevtes (3.9) 


4 is “~ 1 * OF oar 
+ = D)B (gy) bg, bg, +> DB (g)b-g, bg, 


Hl SG. Cg hie Deets 


v,v! 


Fc Co te - Caley) Derbe. =p 9°08 as 


(3.10) 


where the following symbols have been introduced: 
Ay SEOs, C1) HE 05 0) 
+ 9M H + d\[F(0*, 07; 0+, 07) 


(3.11) 


— F(0"" ine OF). Ow ie. 0, 17) 
Ser (Oz, fhe; 1,0) ) |; 
A, (g.) = > be (On ne. 0- 1) 


— F(0*, n°; n*, 0-)] exp {7gy Ra}; 
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B(g,) = >) [F(O, n°; 0", n*) 
— F(0-, n°; n*, 0*)] exp {7gy Ra}; 
Cr INT = >) (L'(0 08) (07, n50 , ne) 


n 


at (UT Mes ee On) Is 
Ci (g,) = N~ >) [F (Ot, n*; 0+, n°) 


n 


soir tle: Tp, >) 12 (021-0, le) 
+F(0",n*; n-,0-)] exp {— 7g, Ra}, 


and B*(g) and C*(g) are the complex conjugates 
of the coefficients B (g) and C (g) respectively. 
The operator Hf. describes the energy of element- 
ary excitations of the system near magnetic spin 
saturation, and the operator H “ may be regarded as 
a perturbation energy, which takes account in 
kinetic phenomena of the ‘‘collision’’ processes 
between quasiparticles-ferromagnons. 

“A 


To reduce the operator H, to diagonal form, it is 


0 
necessary”’* to perform the double unitary trans- 


formation 


bg = 2 ee (dy +d), (3.12) 


b_g —— gaits eon (dg — dee), 


ee ce lee., Otc, —ieas 
where 
js [4 Ast Ge—lB wy 7h 

ge Agee eh) 


(3.13) 
Ag = A, + Ai(g). 


As a result of laborious but elementary transform- 
ations, with use of the commutation relations 


Ca =) V(lq—a'1)|9(q) 21 ¢(q’ — Ra) 2 dq dq’; 
Byahl 12 (q) Ple(q' —R,)P|q—a'f?|1—3 


Ex’ = 33 \|¢(@)Pl¢(q’ —Ra) Plq— 


(3.2), we find 


Hy = Up + S[Ab, --| B (gy) Pee, Ce, 
e (3.14) 


1 2 2 "Te 4 
tema (Ags | B(2y) eee gy: 
AK 
where @*@  =N_ is the ferromagnon number 
By by v 


operator in the state with quasimomentum g 
the eigenvalues 0,1,2,3,... The expression (3.14) 
represents the energy levels of the system of 
interacting electrons in the state of quasisatura- 
tion in the first approximation. The operator H 4, 
as was shown above, can be regarded as a small 
perturbation; it determines interactions between 
ferromagnons in the form of collisions between 
them, leading to a change of the quasimomenta of 
these quasiparticles or to their creation and 
annihilation. It is important to note that the 
result oktained ‘is general for an arbitrary concrete 
form.of the interaction between ferromagnetic 
electrons. Therefore this result can serve our 
original purpose, for example, the study of the 
phenomenon of magnetic anisotropy, of the 
dependence of spontaneous magnetization on the 
external field, of relaxation processes, etc. 

As an example we consider the case when 
electric and magnetic spin-spin interaction is 
present. In this case the binary-interaction 
operator (2.2) has the form 


® ((q — q'); Va; V'q3 S, 8’) 


=V(\q—q'))+—la—a'l® 
(3.15) 


x [|a—a' P(Ss') —3(8(q —q’))(8’ (q—q’))], 


and the matrix elements (2.12) will be expressed 
by the integrals 


(3.16) 
(q—q')3 es 
rene pl aaa 


ql (q"—"q H(i qaacqda’ 


Ih= \ 9° (q) o°(q’ — Rn) V(1q —q' |) 9(q') 9 (q — Rn) dq dq’; 


ine : 
Jn = BN" (a) 9° (a — Ra) 1 q—a' [>[1-3 4 — 4] oq’) 0(q — Ra) dq’: 


lq—q'/? 


(i,l) Q * * , ati , , 
Jy? = 38 So" (q) ¢"(q’ — Raq —' ?(q—4): (4 —a' x 
x 9 (q') 9(q — Rn) dq dq’ 

i: /= Cy) z), 8 = eh? | 4m2c? — YN2. 


; it has 
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Using formulas (2.12), (3.15), (3.11), and (3.16), we 


get 


Ag = Ag + Ay, (3.17) 


where ss 
ee ele pope 
r (3.18) 
+ pa E,(1 — e882) + om %. 


Ag = Din(1 —e'®Pn) +. D1, (2+ e'f®ay; (3,19) 


By = Bg + Bg; 
here 


, 


ae ; 
pee => [En® — Ex” + 276%] e'®®n, (3 99) 


Be — Je Qi”) e'BRn, 


(3.21) 
Cy = Cy + Cy, 
where ; y 
G a Suita + Vz igRy 
Vw len +-tEn Je : 
(3,22) 


Ce mel Ke, : igR 
C = UU + iJ87] e'8Rn 
Substituting (3.17) and (3.19) in (3.14), we find the 
energy of the system of ferromagnons with account 
taken of magnetic spin-spin interaction. In 
external form, Eq. (3.14) agrees with the corres- 


ponding expression in reference 2. However, there is 


here an essential difference in the form of the quantities 
A_and B._. The first terms in these quantities 

fh. (3.17) and (3.19) ] agree exactly with the coef- 
ficients A_ and B_ of the cited work, if one treats 
these terms quasiclassically, considering that the 
electrons are ‘‘bound’’ to their own lattice sites. 
These coefficients are expressed by the integrals 
& and Ee in Eq. (3.16), which decrease 
comparatively slowly with the distance between 
sites, R_(Coulomb interaction). By virtue of this 
last fact, in the calculation of the coefficients 

A and oe the summation in the right members of 
the first lines of formulas (3.18) and (3.20) must 
be extended over the whole volume of the crystal 
(as was done in reference 2). Therefore in the 
specified case of long-range interactions, it is not 


permissible to limit oneself to the nearest-neighbor 


approximation, However, in Kgs. (3.17) and 


(3.19) there also enter the terms A “ and B bs which 


— with the exception of a term representing the 


electrostatic exchange interaction, Dall ies 
n 


— were not taken into account in any way in 
reference 2. The terms with the integrals J | and 


e'8R,) 


he) represent the anisotropic magnetic exchange 
interaction of the electrons. They may play an 
essential role in the consideration, for instance, 
of the phenomenon of magnetic anisotropy — as is 
clearly evident from the work of Tiablikov3 . We 
mention only that the integrals decrease rapidly 
with the distance between sites, and therefore 
in the calculation one can limit oneself to the 
consideration solely of integrals for nearest- 
neighbor sites. This fact was utilized in reference 
3. However, there no account at all was taken of 
terms of quasiclassical type, for which the 
nearest-neighbor approximation is not legitimate. 
The nondiagonal part of the energy operator 
(3.10) offers the possibility, in a more general and 
complete form than in the work of Akhiezer ’, of 
studying the process of collision both between 
ferromagnons and between ferromagnons and 
phonons; for here also collisions are taken into 
account that are determined by magnetic inter- 
actions of the exchange type (cf. the terms 
containing C" ). In the series of researches 


reviewed in reference 8 the hypothesis was 
advanced that this same magnetic anisotropy ex- 
change interaction (sometimes called pseudodipole 
interaction) was also basically responsible for 
relaxation processes in ferromagnetics . As far as 
we know, the literature contains no deduction of 
this interaction from the general equations of the 
problem of interacting electrons, such as has been 
obtained in the present work. 


4. THE ENERGY OF A SYSTEM NEAR THE 
CURIE TEMPERATURE 


In the region of high temperatures the method of 
quasiparticles, at any rate in the form in which it 
was applied in Section 3, is no longer suitable for 
calculation of the energy of the system under 
consideration — a system of interacting electrons 
in a ferromagnetic. In this case, however, it is 
possible to get some approximate information 
about the energy spectrum of the system by using 
the method of the energetic center of gravity, i.e., 
by calculation of mean values of energy. It is 
this procedure that is essentially involved in the 
familiar method of the molecular field in the 
theory of the ferromagnetism. 

To find the energetic center of gravity, we 
separate the diagonal terms in formula (2.14) 


(o,=0{, 0,= 0, ) and replace the operators 


7 A. I. Akhiezer, J. Phys. (USSR) 10, 217 (1946) 


8 C. Kittel and E. Abrahams, Revs. Mod.Phys. 25, 
233 (1953) 
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A 
G* G@ =N 


- by their mean values 
no no no 


(Qn, 1/, Qn, 1/, cp = <Na; 1/,>cp 


(4.1) 
= N+ No, 1, ='/2(1—m), 


<an, th, an, —,>cp = <Nn, —1/.>cp (4.2) 


B= N(Sy-+.C) + 3:(1—m) 2L™ (nt, 0) Ye me) a 


= N* DI Np, 1, =%2(1 +m), 
where 


m= N72? X[No 4 — Natal (4.9) 


is the relative magnetization in electronic 


magnetons {t, corresponding to one atom. Then 
instead of (2.14) we get for the energy 


(4.4) 


+3/,(1— my 2s (Find, ng; nt, nt) — F(nt, nt; nf, 04] 


n,n, 


+ Y(t mt 2 (Flay, nzsn 


12. 
nn, 


pags) aaa tees oti) 


2 


+ 4/,(1—m*) 2) [F (nt, ny; n+, nz) —F (ny, ny; nz, n+) 


n,#n, 


Teeny, nn ny) —F(ny ns; ns, my: 


At first glance it may appear that there are in 
(4.4) terms varying linearly with m in seeming 
violation of the symmetry property. However, this 
is not so; for the terms linear in m represent the 
contribution to the mean energy of the system from 
spin-orbit interaction, which can be written , for 
instance, in the form? 

N 

> § (qi) Li Si, 


i=1 


and therefore these terms in Kq. (4.4) must depend 
not simply on the direction of the magnetization 
m, but on the relative orientation of the spin and 
orbital magnetic moments. If there is an antiferro- 
magnetic distribution of orbital moments, then 
these terms are equal to zero. 

If we consider only the electrostatic and 
magnetic spin-spin interaction, then, using the 
notation (3.16), we find 


F(n},nf;nf,ny)=F(ny,ny;n7,0),)= En—n, + Cano, (4.5) 
F (ot, n};nf,n*) = F(ny ,ny3n7, 07) = Jan, + Jan» 
Far ion, 0, ) =F (nos; hs) en er Omen, 
F@geny spy, nh) Py ny ayy) anes 


L™ (nt nt) = L™ (n,n) = 0. 


On substituting Eq. (4:5) in Eq. (4.4), we find that 


ee) 
1B eh (4.6) 
m? 
So popes Perea (sleet) 
A, +N, 


where 


E® — N(E,+C) 
1 
che A > [Ca,—n, — 1/5 /n,—n,]. 


nn, 
From formula (4.6) it is evident that the energetic 


° &. Condon and G. Shortley, The Theory of Atomic 
Spectra, Cambridge University Press, 1935 


center of gravity varies quadratically with the 
magnetization m, just as in the case of the usual 
exchange model, in which no account is taken of 
the magnetic interaction (cf. for instance, 
reference 10). But now, instead of electrostatic 
exchange alone,Eq. (4.6) takes account also of the 
quasi-Coulomb interaction E, , and the magnetic 
exchange interaction J. 

After the energetic center of gravity has been 
found, it is possible to calculate the partition 
function and the free energy of the crystal, and as 


10 Ss. V. Vonsovskii and Ia. S. Shur, Ferromagnetism, 
State Technical Publishers, Moscow-Leningrad, 1948 
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a result to determine the temperature dependence 
of the spontaneous magnetization, and also the 
magnetic anisotropy constant. Through the 
magnetic interaction integrals there enters a 
dependence of the energy on the angles between 
the crystal axes and the spontaneous magnetiza- 
tion. In the approximation under consideration, the 
diagonal terms, in the case of cubic lattices, 
contribute by virtue of the symmetry properties 
only a constant term, independent of the angles. 
Therefore it is worthwhile to consider the case of 
a hexagonal lattice, in which the magnetic aniso- 
tropy is a first-order effect. 

In the above formulas, the z axis was selected 


1= Dw; P= Ey —l,— 7 (Ex—J2), 
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as the axis of spatial quantization of spins. Here 
it is worthwhile to choose other axes, related to the 
principal directions in the crystal. We point axis 
1 along the hexagonal axis [ 000] |; axes 2 and 3 
are to lie in the basal plane at an angle of 120° to 
each other. It is easy to show that in the chosen 
system of coordinates the expression (4.6) for the 
energy takes the form 


E(m,¢) = const — = (4.7) 


2 
4 2° P(1 —cos* 9); 
here ¢ is the angle between the vector m and the 
hexagonal axis, 


(4.8) 


— 12 ' 
E,= 2p) 89 Jen (a) Plow (a') P dada’, 
n ' J{q—q'| 
: red) 
J, = 28S oa) 9h. (a) ark en (a!) ou () da, 
(q—q’)? ; __ g’\2 
£,= 33) Tq—qpl en (4) P len (')Pdqdq’ — dele =i (4) |? | ene (') ? dq dq’ 
.1 5 
= (q — q’)2 (q — q’)s on 2 Gal f 2d d ! 
2:6) Qaae—a | ¢n(q) |’ | ¢n (G') ? dq dq’, 

x . ~ nn a-ay 2) “oven (a! Qo) Cn ae 
h=2 3 \ 25 (a) ey, (a) oat on (4) on (a) dad SP) Pn (4) Fer (O") Tg ars 0 (4) nr (9) Aq 
= 2218) 4, (a) e%, (a’) on (4) 2: (@) da a 

Standard calculations of the partition function dF /AM =0 and QF /d¢= 


(cf. § 19, par. 3 of reference 10) give for the free 
energy of the crystal in the absence of an external 


field 
F = — NkT 


(4.9) 

x In ch { sa ner (+ 4P) — 6Psin® ¢] m\ 
1 9 > 
+ Tyga lll + 4P) —6P sin’) We, 


where M = Nim is the magnetization of the crystal. 


From Eq. (4.9) it is evident that the free energy of 
a hexagonal crystal, in the first approximation 

( with respect to magnetic interaction), is a 
quadratic function of the sine of the angle between 
the magnetization and the hexagonal axis, in full 


accord with thermodynamic theory [ cf. for instance, 


reference 10, formula (38,29) |. From the condi- 
tions of thermodynamic equilibrium 


it is possible to find the well-known dependence of 
magnetization on temperature and on orientation in 
the crystal. In the temperature region near the 
Curie point ©, by taking advantage of the small- 
ness of the argument of the hyperbolic cosine in 
the first term on the right in (4.9), we find, after 
expansion in powers of that argument, 


F = const + 3/, NP a 


— 1| m* sin? ¢. 

Here all terms that do not contain angles have been 
segregated in ‘‘const’’. Thus the magnetic aniso- 
tropy constant of a hexagonal crystal near the 
Curie point is equal to 


I+4P 


Kean Ve) am ee (4.10) 


= */, NP( <p —1) mt. 
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The exchange energy is equal in order of magnitude 
to k@, therefore the factor in brackets in Eq. 

(4.10) is equal in order of magnitude to (6/T — 1), 
i.e., it is of order of magnitude unity. For some 
relations between the quantities / and P, the 

factor [ (1+ 4P)/kT — 1] can change sign with 
temperature. At the Curie point of constant K 
approaches zero because of the factor m? . The 
factor (3/2) NPm2 is of the order of magnitude 

10° to 10? erg cm”? (since mv 1, N ~ 1022cm"3, 

P ~ 10°°erg); this should also be the magnitude of 
the magnetic anisotropy constant, for instance, in 
a hexagonal monocrystal of cobalt at room 
temperature. More detailed quantitative calcula- 
tions, in this energetic center of gravity approxima- 
tion, would hardly be worthwhile in view of the 
roughness of the approximation. 


5. CONCLUSIONS 


1. A systematic general scheme has been 
developed for the quantum-mechanical many- 


electron treatment of magnetic interaction in 
crystals; it can serve as a point of departure for 
the study of all effects in ferromagnetic and anti- 
ferromagnetic crystals that are determined by this 
type of interaction between electrons. 

2. The case of low temperatures has been 
specially investigated; here it is possible to use 
the method of quasiparticles. The diagonal part 
of the energy operator of the system has been 
determined and its eigenvalues found. An expres- 
sion has been found for the energy of the perturba- 
tion that takes account of collision processes 
between ferromagnons. 

3. The case of high temperatures has been 
considered in the energetic center-of-gravity 
approximation, and some of its concrete applica- 
tions in the theory of ferromagnetism have been 
given. 


Translated by W. F. Brown, Jr. 
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The asymptotic Green’s function (for |p2|> m2) of nucleon and meson is examined in 
pseudoscalar theory with pseudoscalar coupling for small values of the coupling constant. 


The Starting point 


is a set of equations proposed in reference 1. In contradistinction 


to this work, the renormalization of mass and charge are performed according to a method 
developed in reference 2, and it is proved that that method removes all infinities from the 


problem. 


1, FORMULATION OF THE EQUATIONS 


N reference 2, covariant equations were obtained 
which described a single nucleon interacting 
with a pseudoscalar meson field, and the renomal- 
ization of mass and charge was performed in them. 
In the present work, we apply that method of mass 
and charge renomalization in a problem of some 

methodological interest, that of the asymptotic 
behavior ( for |p”|>> m*) of the Green’s functions 
G(p) of the nucleon and D(p?) of the meson* for 
small g?. In this case, it will be seen that the 
factor Z, (remaining in the equations of reference 
2), which can be infinite, is automatically ex- 
cluded and does not appear in the result. Thus, 
the method of removing infinities whose definition 
does not involve perturbation theory will be illus- 
trated on a concrete example. 

For the study of the asymptotic Green’s function 
it is necessary to select the dominant terms from 
the infinite system of “‘branching’’ equations. 
From perturbation theory, it is known that the dia- 
grams for G(p) and D(p?) behave as al 
x [In (p?/m?) ]™ where m <n *°4. For g*<«1, 
diagrams with n = m dominate. As was proved in 
reference 1, the condition n =m makes it pos- 
sible to reduce the infinite system of equations to 
three equations for the three functions G(p), 
D(p?) and I .(p, p- k; —k). The function 
I .(p, p— k; — k) actually depends on two 


momenta (for example, on the initial momentum Pp 


* In reference 2 these functions were denoted by G,(p), 


D.(p*); the remaining notation agrees with that paper. 
Hoe cae to the formulas of reference 2 will be ie 
noted by II. 
; d I. M. Khalatni- 
L. D. Landau, A. A. Abrikosov an 
kov, Dokl. Akad. Nauk SSSR 95, 497, 773, 1177 (1954); 
96, 261 (1954) 
2 i I. Ia. Pomeranchuk, 
A. D. Galanin, B. L. Ioffe and 
Dokl. Akad. Nauk SSSR 98, 361 (1954) 
: A. I. Akhiezer and V. B. Beresetskii, Quantum 
Electrodynamics, Moscow, 1953, p. 210 
44D. Galanin, J. Exper. Theoret. Phys. USSR 27, 
417 (1954) 


and final momentum p ~ k of the nucleon). For 
convenience in the following calculation, we write 
three momenta, the redundant meson momentum 
being separated by a semi-colon. 

In pseudoscalar symmetrical theory, these func- 
tions are subject to the following system of 
equations 


g 
{p My, — 3 ay ve ( a*kG (p — k) (1) 


x T5(P —k, pik) D(#)} G(p) = 13 


, 8 ( 
{a2 — po + 2 yee \d'p Sp 75G (p) ‘2 


x15 (Pp, p+ k; k)G(p + k)p D(k*) = 1; 


Let), P =k aK) (3) 
gS (r Peace = 
== gay \ls (PnP Gi = DORR 2) 
xT;(p—q, p—q—k; —k) G (p—q—k) 
x [,(p—q—Kk, p—k; q) D(@*) aq: 


We clarify the correspondence between these 
equations and the system of branching equations 
of reference 2. Equations (1) and (2) coincide* 
with Eqs. (5) II and (7) II if one substitutes there 
the expressions for MY (p) and P, (k?) from Eqs. 
(9) II and (10), II, respectively, and notes that 
T.=y,+M,(p,k). Ifin Eqs. (5) — (10) II, we 
set M =0 forn > 2andP, =0 forn >1, then from 


* Symmetrical pseudoscalar theory differs from neutral 
pseudoscalar theory in the appearance in Eq. (1) of the 
coefficient 3 in front of the integral, and the appearance 
in Eqs. (2) and (3) of the corresponding coefficients 2 
and — 1. 
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Eqs. (6) II and (9) II we obtain an equation differ- 


9 


§ . 
1.0), P—k; — KW) =— Bets \G@—a)Fs(p—4, P—a—k: —) 


ing somewhat from Eq. (3): 


(4) 


x G(p—q—k)I;(p—q—k, p—k; q) D(q’) 49. 


If we solve the system of Eqs. (1), (2) and (4) by 
iteration, then we find that not all diagrams are ob- 
tained of the class which interests us. Namely, 
diagrams will be absent which are obtained by in- 
SRT ane ES RSE 


’ 
’ 
1 
’ 
' 


Eiger 


Now, each diagram in which every integration 
over an interior meson line leads to an infinity in 
the unrenormalized theory will belong to the class 
which interests us. In fact, after renormalization, 
each infinity is replaced by In (p2/m2) and 
asymptotically such a diagram will behave as 
§*"[In(p?/m?) }", i.e., such that we ought to take 
account of it. In particular, the diagram depicted 
in Fig. 2 must properly be taken into account, 
since, asymptotically, it has the form 


Therefore, in Eq. (9) II for M_ with n > 2, one 
cannot set M =0, but rather must take into ac- 
count the set of those terms which correspond to 
the insertion of a vertex part in the left-most ver- 
tex of Fig. 1. Here it is necessary to select only 
terms in which each integration over an internal 
meson line leads to infinities, and not to take into 
account ‘‘overlapping’’ diagrams [ for example, 
look at Fig. 3 which behaves asymptotically as 
gn (p?/m”)]. Proceeding in the indicated fashion, 
we pass from Eq. (4) to Eq. (3). 

We now perform the renormalization of mass and 
charge in Eqs. (1) — (3). * Since Eqs. (1) and (2) 
coincide with the corresponding equations of II, 
their renormalization can be performed just as in 
II. Therefore, it remains only to renormalize Eq. 
(3). Following the method developed in II, we in- 
troduce in place of De (p, p- k; - k), the renorm- 
dized Green’s function I'#(p, p-k; -k) 


EGae2 


serting a vertex part in the left-most vertex of the 
basic diagram given in Fig. 1 for I , (see, for ex- 
ample, the diagram depicted in F'ig. Rp 


=Z,1.(p,p- k; - k) where Zig = y,1 ,(m,m,p) 
and m and pu are the experimental masses of 
nucleon and meson, respectively. We use the fol- 
lowing connection between the renormalized and 
unrenormalized Green’s functions of nucleon and 
meson [ compare Eq. (22) II] G* = Be GAD 

= Le D, where 


Zz = 1+ My (m); Z3=1+ PY (p?), (5) 


and the experimental and fictive charge, g and 

8, respectively, are related by: TAR Be Ze es 
Then, in place of Eq. (3), we get the following 
equation for the renormalization function 


i *(p, p-k; - k): 


3(p, p—k; —k) = 21% (6) 


— 2; \'s(p, p— 4; — 4) G (P— 4) 
x Tx(p —q, p—q —k;—k)@’ (p —q —k) 


xT5(p—q —k, p—k; q) D’(q*) ag. 
Equation (6) can be written conveniently in another 


form, if Z, is expressed in terms of the renormal- 
ized function and experimental charge: 


ZY =14 Mi (m, ») (7) 
= 1+ 73Z;'Mi(m, p), 


because M*, = Z,M,. Thus, 
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Z,=1— 3M. (m, 1) (i aa mas. 
Mi(p,k)=—27\ls0p,p—q;—q) ©) 
and Eq. (6) takes. the following form: x G (p —q)Ts(p q, p—q—k;—k) 
TP; (p, p—k; —k) =75 (8) x G*(p — q —k) 


+ M,(p, k) — Mi(m, »), x T5(p—q—k, p—k; q)D’ (q*) dg. 
_ Equations (8) and (9), together with the renomal- 
‘zed Eq. (23) II for G*(p) and D* (k2) 


where 


(p — m — [Mo (p) — Mo (m) — (p — m) Mo (m)}} G" (p) = 1; (10) 
Mo(p) = 375 Zris | G* (p —k) 3 (Pp — ky, Bs k) D (k*) d' (11) 
(k® — yw? — [Po (R°) — Po(1*) — (k? — yp?) Pp (u?)f} DR?) = 1; (12) 
Po(R*) = — 2757 Z;Spis\G"(p)Ts(p, p+ ks k)G(p +k) dtp (13) 


and Eq. (7) for Z_ constitute the complete system 


for the determination of the asymptotic behavior of 
the functions G* and D*. 


2. EQUATIONS FOR THE GREEN’S FUNCTION OF THE 
NUCLEON 


Since we are interested only in the asymptotic 
function G, D Jand ag we can neglect m2 and 


k?. Therefore _a solution of Eqs. (7) - (13) will 
be of the form 


G(p)=p'F(p’), Dk) = k%9(k*), 


(14) 


where F and ¢ are slowly varying ( for example, 
logarithmic) functions of their arguments. 


The general form of the function T p, p-k; -k), 
when its arguments are large compared to m and 
| k?2| >> Ip", is as follows: 


tere and in the following G, D, I. will denote the re- 
normalized functions and the index* will be omitted. 


FP The method of solving Eqs. (10) - (13) is essentially 
borrowed from reference 1, where such equations were 
solved for the case of quantum electrodynamics but 
without carrying out the renormalization of the equa 
tions themselves before solving them. In spite of the 
similarity of the calculation, we shall carry them out in 
some detail, in order to illustrate more clearly the 
singularities which arise in working with the renormal- 
ized equations. The results of the present work are 
obtained also in reference 5 which was based on the 
method of reference 1, 

5 A. A. Abrikosov, A. D. Galanin and I. M. Khalatni- 
kov, Dokl. Akad. Nauk SSSR 97, 793 (1954) 


T5(p —k, p; k) = %5 {50 (pk) p?, h-A0 5) 
k 2 2 
Pap ill — ky, p®, ey}. 


The function So U(p - k)?, p?, k7is a slowly 
varying function of its arguments when written in 
terms of the independent variables ( this form is 
suggested by perturbation theory, in which it is 
easy to write down s) in first approximation and 
verify the following argument). 


For |k7| > |p|, the second term of Eq, (15) is 
very much smaller than the first; however, it is 
necessary to take it into account, since, when it 
is substituted in the mass operator (11), we still 
get a logarithmically divergent integral. Thisis 
connected with the fact that s, (as can be shown 
in perturbation theory in Snoboreion of the fol- 


lowing computation), considered as a function of 
two variables s, = sylps k?), grows as 
In (k2/p2) for |k2|> |p2| but for |k?|~|p7|itap- 
proaches a constant, which we shall neglect. 

At first glance, it might seem that momenta & 
of order p” should be significant in the integration 
over four dimensional k-space which occurs in the 


renormalized mass operator appearing in Eq, (10). 
That is correct, however, only for the first term, 


YgSq- of 1, appearing in Eq. (15). Indeed, from 
perturbation theory it is known that the subtraction 
from M ,(p) of the expressions M,(m) and 

(P— m) Mj (m) does not eliminate all infinities. 
Namely, there occur the so-called “b-diverg- 
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ences’ °” whose removal is effected in perturba 


tion theory by computing the infinite part of | ,, 
and introducing it in tum into the left and right 
vertices of the diagram for the mass operator. In 
our method of renormalization this infinity is com- 
pensated by the factor Z, appearing in Eq (11). 
That just the function spe k*) is responsible 
for ‘*b-divergences’’ can be checked, for example, 
in the first approximation of perturbation theory. 

Following reference 1, we shall consider the 
vector p, in Eq. (10) as space-like (p2-p") <0. 
Then displaced poles® will be absent and the in- 
tegration on k, can be carried out along the 
imaginary axis (k > ik ,). Such a transformation 
we shall call transition to “‘euclidian metric’. 
First, we consider those parts of the mass oper- 
ator which arise from the substitution of the func- 
tion y, Sy forl .. These will be denoted by the 
index (0), Since renormalization makes the in- 
tegrals over k convergent, one can regard all 
integrals as carried out up to a limit of order of 
magnitude p. Since, furthermore, the result will 
only be logarithmically dependent on the upper 
limit, its precise value is not essential. Taking 
into account Eqs. (14) and (15), we get for 


MO) (p) the following integral 
M? (p) = (16) 


Pease? 1 — (pk/p”) 
3 aap Z1P \ (p— kp 


X F(R) 89 (Rk?) 9 (k?) atk 


[ We exploit the slow variation of the functions F 
and s, replace their arguments (p - £) 2 with £7] 
The general form of the mass operator is thus: 


My (Pp) = pfi(p’) + mfe(p?), 


where f, and f, depend only on p2. It is evident 
that in the renormalized expression p M((m), the 
essential part for large |p| is p f,( m*). Thus, 
pM (m) is determined from the same Eq. (16), 
but under the integral sign, p” is set equal to m”. 
The transition to euclidian metric and the intrfo- 
duction of a spherical system of coordinates, 


d*k = 4ck? sin? adk du, (17) 


cape: Dyson, Phys. Rev. 75, 1736 (1949) 
” Al Salam, Phys. Rev. 82, 217 (1951) 


yields (the lower limit is of order m2) 


My” (p) = (18) 
LP? l 
SS 


The integral over the angle ais equal to 
(/4)n (2 —k?/|p?|), if [k7| <|p7|, and 
(\/4r |p? |/k? if |k? | > |p? |. 


Consequently, we get 


My” (p) = 
302 ‘ | P? | 
— £25 \ dk*F(R2) So(k*)-9(R®) (2— 4) 
| P? | 
322 
pMs” (m) =— © Z,p \ SF (k2) s,(h2) 0 (42). 


m? 
From these formulas , it is seen that the main term 
ispM (m). Transforming to the logarithmic 
variable z = In (k?/m”)and writing €= In(-p2/m”), 
A= g/ 47, we have 


My” (p) — M (m) —(p— m) MO (my 9) 


iB 
= 5 dZ,p | F(2) s0(2) ¢(2) dz. 
6 


We pass now to the consideration of the second 
part of the mass operator, which is obtained from 
the term I , containing s,. We shall denote that 
part of M)(p) by the index‘!), We get evidently 


(1) 3g? 
MAD ie Zri5\ (p SH) tone r (20) 


X si (p°, k®) (hk?) 0 (k?) dk, 


where, as has already been proved, the essential 
region of tntegration lies where |k| >| p|. We 
can therefore neglect p as compared with k in the 
factor (p ~ k)-} under the integral sign but take p 
as the lower limit of the integral. The result de- 
pends logarithmically on this lower limit. After a 


transition to euclidian metric, and integration over 
angle, we get 
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(1) re 
Mo" (p) = — 32Z,p \ F(z) 9(z) 51, z)dz. (9) 
& 


Evidently, the renormalization term is 


(p —m) MS” (m) = (22) 


co 


an VAS \ F(z) 9(z) s; (0, z) dz. 


oO 


Substituting Eqs. (18), (21) and (22) into Eq. 
(10), we can write down a one-dimensional integral 
equation for the Green’s function of the nucleon 
( after a factor p has been removed): 


4, \ F(z) 0(z) [so (z) + 281 (6 z)) dz (23) 
a 


— $2, \ F(z) 9(2) [59 (2) 


+ 28:00, )ldze= ay. 
We turn to the construction of a one-dimensional 
integral equation for I ., and consider, first of all, 
an equation for the function Sy(p”). The situation 
here is analogous to that occurring in the considera 
tion of M0) (p): the integral, renormalized by the 
' subtraction of M(m, p), converges for |g|4p| (or 
for | q| of order of magnitude |/ |, since |p| and 
|& | have the same order of magnitude in those I , 
which are necessary for the computation of the 
mass operator). Therefore, just as for y) (p), 
the main term is M _(m, 1), which cont ains one 
more power of In (p?/m”) than M,(p, k). Con- 
sidering the equation for s,, one can neglect the 
smal] additions to I’. which are proportional to s, 
since they would lead to an integral not of loge 


rithmic form, and the result would have at worst 
one power of In( p?/ m7) less than the main term. 


Thus, the equation for s, has the fom 


so(P?) =1+ far (P— 4)" (24) 


x is (P— 4 — ky) 59 *s(9?)P*(9")9(9")0%q | 
Re==02 


where the integration must be performed for 
|g|~ |p|. Making the transition to the one- 
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dimensional equation by the same method which 
was used to obtain the Green’s function for the 
nucleon we get 


E 
So()=1—A(st(z) F(z) o(z)dz. (29) 


In passing, we remark that Z, as calculated from 
Eq (7) differs from Eq, (25) only in that integration 
over z runs to infinity so that 

3 (26) 

Z1 = 89 (00) = 1—2\ s(z) P(z)¢(2)dz. 

0 

We consider now the equation for the function S}: 
We will be interested in those momenta which are 
essential for the substitution of s, in the equation 
for G. We write down the integral (9) again, indi- 
cating all momenata explicitly 


M,(p —k, p; k) = 
2 
— 757 \Ps(p —k, p—k +4; 4)G(p—k +q) 
xT;3(p—kK+q, p+; k) 
x G(p+4q)Ts(p +4, p; —q) D(q?) dig. 
As was proved above [see A; (20)], the es- 


sential domain of momentum is |k|>|p|. On the 
other hand, the function s, approaches zero if the 


(27) 


nucleon possesses momentum of that order of 
magnitude (below it is proved that this assertion is 
justified). Therefore, in the I’, on the left in Eq. 
(27) the function s, need not be taken into account. 
In the following I ,, which stands in the middle, the 
nucleon momentum is in general of a different 

order of magnitude. However, if the part of I’, 


containing the function sj, 


k (p+ q) 


Rk Sy \(p+q), irda 


is written out, then one can convince oneself that 
the same large momenta | q| ~ || will be essen- 
tial in that integral. But then in the function 
slp aaa, k*] the arguments are of the order 
of magnitude unity and it approaches zero. Thus, 
it is necessary to keep the function s, only in the 
I’, to the right. Substituting Eq. (14), and bearing 
in mind the equality: 


isp — Kad) (pd) 35 = 


~is(p ta—ky?|1— (p +4) 
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; aa erated fe 
we get é = In(— 2); y= In(—sa). 


M,(p —k, p; k (28) 
1(P ay ) ange Equation (30) can be solved to yield s,(& 7) in 
g = Padi : : 
= p57 1s\(p + q —k)?]/1— 4 ]q-2_‘termsof's, , F and ¢. To do this conveniently , 
ao (p+ ay | we introdnes the function 


x [50+ HPs, (p*, 9*)] 0-50 lp — & + 9) 
x Fi(p+9yle(9") aq. 


- cad Sy (& N) (31) 


Now the terms porportional to kp which determine From Eqs. (30) and (25), we find easily 


AE SAY Flo 9E D =F DFO) em), (82 
(29) 
kp eae al Od -2{k (Pp + 4) 
pe S1 (p?,R*) = 7a \4 (p—k+q) | (2? +49)? So whence 
' kp 2 : ( 2 
+ oe ge (PO) So(1) 9G, 7) = 544 83 (2) F(z) ee) dz; (38) 
X SoSoF (p —k + 9) 1 Fi(p + 9)719 (9”). : 


The integral over q converges, but, if |k|>|p|, from which we learn that q(& €)=0. Thus, 
for |p|<«<|q|<|4| the integrand will have the ' n 
form dq/q, and consequently, the integral will in- $1 (5, 4) = = ASo (4) F(m) \ 3 (z) F(z) 9 (z) dz. (34) 
crease logarithmically with |&7\,i.e., the function ‘ : 
contains In (k?/p*). If |&| ~ |p| then the 


s 
Teena thnie growth of the integral does not take Now with the help of Eq. (34), we can prove the 
place and s, is small. This result confinns the correctness of our previous assertion that the sub- 
earlier conclusion about the form of the function s,. Stitution of s. in the equation for the nucleon 

In Eq. (29) the arguments of the functions s, Green’s function leads to an integral which di- 
are not indicated. Since the essential domain for verges even after subtraction of the terms M,(m) 
the integration occurs for |p|<|q|<| | the and (p - m) M5 (m). In fact, we differentiate Eq. 
argument of the first function sy is q”, but the (23) with respect fy &. ae if the subtraction of 
arguments of the other two functions s, are equal M,(m) and (p - m M y(n were to make the a 
tok”. The arguments of the functions F can be tegral converge, after one (or at most, two) dif- 


taken: one equal to £2, the oth al to g2. Be-  ferentiations, we should get a finite expression. 
Z poe aer tie However, as is not difficult to see from Eqs. (23) 


and (34), after an arbitrary number of differentia 
tions, the integral on €in Eq. (23) will give rise 
to logarithmic divergences. That confirms our 
assertion that momenta satisfying |k2| >| p?| 


cause the integral determining the function s, con- 
verges, it is not necessary to take into account 
the renomalization term M, (m, 1). 

We pass to euclidian metric and carry out the 
integral over angle.. Here p” and q” can be 
neglected as compared with k?, and p” as compare 
with q” (but not q with respect to Pp in the term 
p+q). The limit of the q* integration can be taken 
as p” ork”, which is not essential. We get the 


play a fundamental role in that part of the mass 
d : . Phe: 
operator which contains s ,(p“, k“). 


3. EQUATIONS FOR THE MESON GREEN’S FUNCTION 


rosalt We consider first of all the small correction to 
; eat a I’., which must be taken into account in solving 
Sie) x So (4) F(m) \ [sy (z) (30) Eqs. (12) and (13) for the Green’s function of the 
4 


meson. Because the polarization operator di- 
verges quadratically, small corrections to Les de- 
+ 28, (¢, 2)] F(z) ¢(z)dz, creasing as 1/p”, still lead to logarithmically di- 
verging integrals and must be taken into account. 
On the other hand, the function Ss, can be neglected 


where in the polarization operator. In fact, in Eq. (13) 
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there appears I (p, p + k, k) in which the additions 


will be small for the case which interests us, 

|p*| >> |k?|. Thus, in complete analogy with the 
case of the mass operator, the substitution of the 

small corrections to I’, into the polarization oper 
ator leads to an integral which diverges after the 


subtraction of P | ( uw?) and (k? - mayen) Lesh: 


diver gences”’ in the polarization operator which 
are compensated by the factor Z , in Eq (13) i 
Therefore, it is not necessary to take into account 
the function sno k?) which approaches zero for 
equal nucleon momenta. 

Consequently, it is necessary to substitue 
1 .(p, p +k, k) into Eq (13) in the following 


form: 


T;(p, p + k; k) (35) 


k2 


SS [so + P+ k So (n*; P*)] ’ 


where le p”) is a slowly varying function of 
its arguments. It can be shown that it is not nec- 
cessary to take into account small corrections of 


the form[kp(kp)/p*] s,. In fact, considering the 


inhomogeneous term in the equation for s,, 
expression obtained by replacing I . by y, s, on 
the right hand side of Eq. (9), one can convince 
‘oneself that in the factor of kp( kod paithere docs 


‘not occur In (p?/k”) for |p?| > |k?|. This means 


that it is not necessary to take into account ad- 
‘ditional terms in I’, of such a form. 


We construct the equation for selhre p?) for 


lp? | > RE | We write M,(p, p +k; k) indicating 


all momenta explicitly. 


wv, (p, p +k; k)— (36) 
— 5,0; (Pp, p—4: —a)G(p—4q) 


x T;(p —q, p—q + k; k) G(p —q +k) 


rithmic approximation ) if the momentum of the me- 
ison 2 is of the same order of magnitude as the 
‘momentum of the nucleon p? (this is suggested by 


| perturbation theory and confimed by the following 
results). Thus, it follows that in Eq. (36) the 
function s, need appear only in the middle one of 


ithe three We and in the two outside ones, one can 


set, = ys). We make the change of variable 
ip —q=q in Eq. (36). The rapidly varying factor 


i.e., the 


x T's(p —q+k,p+k;q) D (q*) d'q. 
The function SHGk: p”) is equal to zero (to loga- 


in the functions G, D will equal 


(Pe Q) a ( peed = eR) tg? (37) 
[1+ Bl eam 
ge y@g+r p+ ay - 


Bearing in mind that |k° | <<|%°?| «|p?|, itis 
easy to figure out the arguments of all slowy vary- 
ing functions: 


M,(p, p + k; k) (38) 


es o- - If q’k dq’ 
ars is\[1 Taare Qi) 

2 a, "2 "9 ee a 2 
83 (p) F(g?)2(p) [50 (92) + ae 80 (A, 9)} 


In the inhomogeneous terms of the equation for Sy 
li.e., those containing $,( q’*) only the second 
term in the square bracket of Eq. (37) can give a 
contribution proportional to (&?/p?) In (p2/k?). 
On the other hand, in terms proportional to s, 

in Eq. (38), one need only keep the first term in 


the square brackets in Eq. (37). Thus, we get the 
following equation for the function s, : 


k2 (39) 
pe So OF: Dp’) 

Oe ed OR Ee 
«Andi \ q +kip+dy 


so(p’) F'(q °) 9 (p") 


k2 
as 52(R?, 9”), 


kK 
x [hes (g’2) + 
where the integration should be from | q1~|£| to 
|q’| ~|p|. Making the transition to euclidian 


metric and integrating over angle, we get the fol- 
lowing one-dimensional integral equation for s,: 


s(& = — F s(n) e(a) | 50) (40) 
bea 
== 95. (5 2) tf (edz. 


where €=In (- &2/m”); 7 =In(- p?/m”). The 
solution of Eq. (40) is carried out analogously to 


the solution of Eq. (30) for s,. We set 
c Nee Se is n) (41) 
Pm Faye) 
Then 
0 + K 2 “2 
a, oa) PE DI=—z soMF(™) (42 
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and : 
so (1) PG 1) = 5 \ 85 (2) F* (2) dz. (43) 

é 

Thus : 
So (2, 4) = — So (1) 2 (a) \ 85 (2) F? (2) dz. (44) 


From Eq. (44) it is seen that She p”) ap- 
proaches zero for |k?| ~ |p?|. In addition, it is 
easily verified, that after the substitution of s, 
in the polarization operator, an infinite expression 
is obtained even after the subtraction of the 
quantities Pe ie) and (2 - pe) Gia). 

Finally, we reduce the equation for the Green’s 
function of the meson to one-dimensional form. 
Here there is a complete analogy with the structure 
of the one-dimensional equation for the Green’s 
function of the nucleon. 

If Ys Sq is taken in place of PAG p+k;k), 
then the resulting integral will converge for 
|p?| ~ |&2| thanks to the renormalization [ sub- 
traction of the quantities P | { uw) and (k7-p”) 
xP 5(p?) 1). Here the terms lr (k?) and Bea) 
can be neglected on the same grounds as in the 
equation for G(p). The remaining term, (/?_ 7) 
x Rane) reduces to a one-dimensional integral by 
repeated use of our method and gives 


(45) 
iS 
- (R° by 0”) PY"'(u?) = “Alp, Likes \ Sy (z) F ake) dz. 


0 


= the integral, the quit Vick 7p Vet p) 
which replaces I .(p, p + k>k) plays a role for 
momenta | p”| > | k?|. Proceeding in precisely the 
same manner as in the derivation of the equation 


for G(p), we get 


PVR) ae GS u”) Pe? (Ge) = (46) 


—8Z,R? \ F?(z) 8. (é, 2) dz 


+ 8hZ,k? ( F2(z) 8, (0, 2) dz. 
0 
Gathering together Eqs. (12), (13), (45) and (46), 
we get the one-dimensional integral equation for 
the Green’s function of the meson 
[oe] 
Pe4nZ, \ F? (z) [so (Zz) — 252 (6, 2)] dz (47) 
4 


DZ, Wee (z) [s9(z) — 252 (0, z)] dz = =H 


4. THE ASYMPTOTIC GREEN’S FUNCTION OF 
NUCLEON AND MESON 


We solve the system of Eqs. (23), (25), (30), 
(40) and (47). With the help of Eqs. (30) and (31), 
we write Eq. (23) thus: 


1 
F@) 


ZCI Zig (Gree) OO, 


ae with the help of Eqs. (40) and (41), Eq. (47) 
thus: 


41 
@ (E) (49) 


Differentiating Eqs. (48) and (49) with respect 
to € and using Eqs. (33), (43) and (26), we find 


= 1—8Z, p(, 2) + 82Z,p(0, ~) 


(50) 
iss) FE 2), 
oe (5) 


— 82, PG — 40358) FO, 


ey 
c 


> 
2 


while differentiation of Eq. (25) gives 


dSo (&) es 


=z = 9OF Oe ©. (52) 


The initial conditions for the differential Eqs. 
(50) - (52) follow from the integral Eqs. (23), (55) 
and (47): 

F(0) =5,(0) = 90) =1. (53) 


Equations (50) - (52) are easily solved. The solu- 


tions corresponding to the initial conditions (53), 
have the form: 


F(@)=(1—5x)y™, 
So (&) = (1 — 528)" 
o(§) = (1 — 5x)": 


(54) 


The substitution of these expressions (54) in 
the integral equations shows thay they are indeed 
solutions, provided that the path of integration 
around the singularities is chosen consistent with 


SS fq ee ene ee? 
> In( “i ) = In(—25) + ie, 


m? / 
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where € > 0, 

For small A €, one can expand Eq. (54) in series. 
in A€. The result of a calculation of G, T, and D 
by perturbation theory, coincides with the series 
for Eq. (54) (this was verifed up to terms of 
second order inclusively ). We mention that in the 
solution of the integral equation the factor Z, 
cancels, and the solution (54) appears finite and 
free from ambiguities of any kind. 

The solution (54) for the Green’s function of 
nucleon and meson has a pole * at the point 
In (- p?/m”) = 145 A)Physically, the existence of 
such a pole indicates the appearance of a mean- 
ingless solution, because the mass X, correspond- 
ing to such a pole is imaginary [in order that 
p* =k? may satisfy the equation In(- «?/m”) 
= 1/(5)]. The meaninglessness of the solution 
near or at the pole can be seen from another point 
of view. The experimental charge g is connected 
with the fictive charge g by the correspondence 
ge = Z2 Ze Ze g. Clearly, both the experimen- 
tal charge g and the fictive charge g, should be 
real quantities (the conclusion follows from the 
hermitean character of the interaction hamiltonian). 
Consequently, the product Z, Le Za is neces- 

sarily real and positive. But, calculating it with 
the aid of the solution (54), and Eqs. (5) and (55), 
one can convince oneself that Z 2°} le is 
complex if Eg. (54) is taken sufficiently close to 
its pole. 


* In neutral pseudoscalar theory, the solution has the 
"following form: 


$o(E)=(1 — Bae) /s- 
 (E) = (1— 5a&)—"/s, 


A pole also appears in this variant of the theory. It 
seems that the presence of this pole is due to the same 
general cause as in symmetrical theory. 


Thus, we arrive at a contradiction whose resolu- 
tion is that the solution (54) is valid only up to the 
pole. In fact, considering the cross-over diagrams 
we have neglected, for example, the one depicted 
in Fig. 3, one can see that the ratio of the contri- 
bution from them and the contribution from the 
diagrams we have taken into account will be of 
order of magnitude 

7m 
(1—5ak)* 7 
where «is some positive fractional number. There- 


fore, close to the pole where 1-5 NES A, the con- 
tribution from the cross-over diagram will not be 
small, and our solutions lose their meaning. 
Physically, this corresponds to the fact that at 
small distances, interaction with a small coupling 
constant (which would give weak interaction at 
ordinary distances) becomes strong. Thus, for the 
construction of the asymptotic Green’s functions 
for such large momenta it is necessary to take into 
account a significantly larger number of diagrams 
than we have done when we omitted all cross-over 
diagrams. 

A more precise determination of the limits of ap- 
plicability at high momenta of the formula we have 
obtained requires additional analysis, since, for 
1-52A€ ~A in the expansion of Eq. (54) in pow 
ers (A €)", terms with n ~ d+ tum out to be es 
sential. In such a situation the asymptotic series 
of perturbation theory already begin to diverge. The 
circumstance that the method of renomalization 
considered in reference 2 led to the removal of 
infinities in the above problem permits one to 
hope that it may be applicable in the solution of 


more complicated problems. 

In conclusion, the authors express their grati- 
tude to Academician L. D. Landau and to A. A. 
Abrikosov and I. M. Khalatnikov for the opportunity 
to see the manuscript of reference 1 before publi- 
cation and also for useful discussions. 


Translated by A. S. Wightman 
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The effect of collisions between electrons on the electrical conductivity, thermal con- 
ductivity and skin effect in metals is considered. The question of electronic viscosity is 
discussed. It is shown that taking account of interelectronic collisions does not introduce 
notable changes into the results of the theory of the anomalous skin effect in metals. 


N arecent article! the assertion was made that 

the electronic viscosity in metals, considered 
as the result of interelectronic interaction, is es- 
sential in the calculation of the absorbing power 
of metals in the infrared region of the spectrum. If 
this assertion were true, then it would be of 
undoubted interest, especially in view of the 
problems currently confronting the optics of 
metals”. Hence we have attempted to, consider in more 
detail the question of the effect of the interelec- 
tronic interaction on the optical properties of 
metals. This is especially necessary in connec- 
tion with the series of unclear or doubtful moments 
present in reference 1. The question considered 
here is also closely connected with the question 
of the influence of the interelectronic interaction 
on the electrical conductivity and other kinetic 
coefficients. Thus in Part ] of the present work, 
the effect of interelectronic collisions on electric 
and thermal conductivity is considered, in Part 2, 
the problem of electronic viscosity is considered 
and,finally Part 3 is devoted to the explanation of 
the effect of collisions between electrons on the 
skin effect in metals, and, in particular, on their 
absorbing power. In addition to this it is shown 
that the method and the results of reference ] are 
incorrect and that for frequencies which are not 
too high it is not essential that the interelectronic 
interaction be taken into account. 

1.In the theory of the electrical conductivity of 
metals the interaction between electrons is not 
ordinarily taken into account explicitly, in spite of 
the fact that the corresponding energy of inter- 
action is of the same order as the energy of 
interaction of the electrons with the lattice. Until now 
no strict theoretical basis for the possibility of 
successfully using such an approximation ( in the 
case of metals not in a superconducting state) has 
been given. However, there is no doubt that the 


1 C. W. Benthem and R. Kronig, Physica 20, 293(1954) 


2 V.L. Ginzburg, Dokl. Akad. Nauk SSSR 97, 999 
(1954) 
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effect of the interaction between electrons is 
greatly weakened in view of the Pauli principle. 
The success of the shell representation in the 
case of nuclear theory is analogously explained. Of 
course, the operation of the Pauli principle cannot 
reduce the effect of the interelectronic interaction 
to exactly zero, since in the zone where the Fermi _ 
distribution is washed out electrons may change 
their state. Together with this it is natural to 
think that in this region the interelectronic inter- | 
action might be taken account of by the method of 
the kinetic equation and considered as a perturba- 
tion. In what follows we shall do just this, 
analogously to the way in which it has been done 
in earlier works?~5, to explain the effect of inter- 
electronic collisions on the statistical electrical 
conductivity. In order to facilitate the exposition 
and also in order to be able to make a few 
observations, we shall first dwell further on this 
question. 

Within the framework of elementary representa- 
tions the length of the free path for interelectronic 
collisions can be written directly 
1 


Lee 4 “go. mikT/E.)2_ ? 
Veet, (RITE,) (1) 
Yee = ae a Pot geetty( E-) Vo, 
ee ee 0 
where 7. is the concentration of conduction 


electrons, E = Yanv? is the energy at the Fermi 


boundary and q,, is the corresponding effective 
cross section. (For electrons which are not free 


the role of n)/E, is played by the density of 
states 2dN/dE). The meaning of the expressions 


(1) becomes completely clear if we take account 


: L. D. Landau and I. [a. Pomeranchuk, J. Exper. 
Theoret. Phys. USSR 7, 379 (1937) 


4W. GC. Baber, 
(1937) 


5 a5 
S. V. Vonsovskii and A. A. Berd shev, J. Exper. 
Theoret. Phys. USSR 25, 723 (1953) Ss 


Proc. Roy. Soc.( London ) A158, 383 
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of the fact that an electron lying in the zone where 
the Fermi distribution washes out can collide only 
with one of the electrons in that same region, but 
the concentration of such electrons is 

be no( kT/E |)- A second factor of kT/E | appears 
in Eq. (1) in virtue of the Pauli principle being 
taken into account for the final state (both 


electrons must also be in the washed out zone 
after the collision). 


For purposes of estimation we may take as 
Yee either the Coulomb cross section 


Vee = (we*/E?) In (Ep /e*) or the cross section 
aie one where E_ is the energy of the 
relative motion and p is the radius of cutoff (of 
screening). Since p © n-1/3 ~3 x 1078 cm and 
ok 10°11 —10°12erg, then | es me-7E,* 
$3 x 10°'Scm? and q7,~3x10715cm?. The 
numerical calculations carried out by Abrahams® 
for E) = 3.5 ev give q,, = 1-5 10°'Scm?. Taking, 
for purposes of orientation, q,, ~ 10°*°cm?, 

sy 3 x 1022cm™? and Ls 3ev (that is, ie = E /k 
~3x 104 degrees), we obtain 


lee ~ 3-10-8 (E,/RT)? ~ 3-10-3(102/T)® om (2) 


For collisions of electrons with the lattice we find, 
if we take the path length Lei ~ 3x 10° em for 
7, 300%, 


1078 
ie cm ( for 


ee T > 0 ~ 102), 


Q2\5 . 
en 10% (=) om (tr T<O~ 10°), 


\ 


(3) 
Values of J, and /,, are given in Table 1, 
along with the path length for collisions with 
impurities, which is taken, by way of example, as 
Peers 10°2cm (this corresponds to a very pure 
specimen). 
From Table 1] it is clear that, beginning at 
10 — 20° and below, interelectronic collisions may 
play a notable, or even a determining, role in the 
temperature dependent part of the resistance, which 
part is proportional to (1/l,,) + (1/l,,). Experi- 
mental results 7 show that for Na at T = 8 - 10° the 
contribution of interelectronic collisions to the 


° E. Abrahams, Phys. Rev. 95, 839 (1954) 


7D. K. C. MacDonald and K. Mendelssohn, Proc. Roy. 
Soc. (London) A202, 103 (1950) 


TABLE | 

a eS a 
T, degree: | ‘ee, cm ley cm ye 
108 a2 1079" 1 4076 3.4073 
300 3.1074 3.1076 3.4073 
100 3-1078 — 3.10738 
30 3-1072 3-A0n4 3.1073 
10 0:3 0.4 3.41073 
4 30 104 3.1073 


temperature dependent part of the resistance does 
not exceed 10 - 20% (we here make use of 
Mattissen’s law, which is probably valid in the 
given case). This result does not contradict the 
estimates cited, but indicates that with further 
precision in the experiment and in the correspond- 
ing calculations there may be hope of finding an 
explanation of the role of interelectronic colli- 
sions, for example, in Na. Such an explanation 
would have great’significance. The fact is that 
the estimates cited may reasonably be applied to 
the calculation of electrical conductivity only in 
case the interelectronic collisions lead to a 
change in the current. By virtue of the law of 
conservation of momentum this does not occur for 
free electrons, and thus an expression of the type 
of Eq. (1) can be used in estimating the change in 
electrical conductivity only on the presupposition 
of the presence of exchange processes? or semi- 
conductivity‘, when an electron collides with a 
‘“thole’’. Within the framework of existent repre- 
sentations the latter process cannot occur in 
univalent metals. Exchange processes for colli- 
sions of electrons with phonons also cannot occur * 
in this case, while exchange processes for inter- 
electronic collisions can occur only very seldom, 
for definite favorable conditions (see below). 
Hence it seems appropriate to estimate the effect 
of interelectronic collisions on the electrical 
conductivity both with account being taken of 
exchange processes and without account being 
taken of them. This is done below by the method of 
the kinetic equation. 

Writing the distribution function in the form 
f= ie +h, where i is the equilibrium (Fermi) 


function, we obtain in the linear approximation 


*The question as to whether these processes actually 
occur is not ome clear, but according to Klemens8 
(see also Wilson”) there are bases for supposing that a 
stable state of the lattice may perhaps be established 
even without exchange processes. 

8 P, G. Klemens, Proc. Phys. Soc. (London) A64, 
1030 (1951) 

; 9 . H. Wilson, The Theory of Metals, (Cambridge, 
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iwp + & = eG = = —Jej—Jee, (A) 
where the field ¢ (i= Feit m is the effective 
mass of the electron, Jie is the integral of the col- 
lisions of the electrons with the lattice (with 
phonons), which is presumed to be in equilibrium 
at a certain temperature 7’, and J __ is the integral 
of the collisions of the electrons with each other. 

Concerning ourselves with the electrical 
conductivity, we seek a solution of Eq. (4) in the 
form: 


o=eGpA(p). (5) 


Relation (5) leads to the following expression 
for the total current density 


Jt=J +ioP 


i 


= 3 (w) 6 =(2 + = io) 6 == (e' —1)6, 
where j is the conduction current density , P the 
polarization, othe complex electrical conduc- 
tivity, € the dielectric constant, o the electrical 
conductivity and €°= €~i (470/q@) the complex 
dielectric constant. The magnitudes of ¢€, o and 
€’ depend on w; we may also designate by g, the 
magnitude of the statistical electrical conductivity 
a°(0) =a (0). 

Considering a field not very different from homo- 
geneous, we neglect the space derivatives of the 
electric field which arise when Eq. (5) is subs- 
tituted into Eq. (4). The following equation, 
determining A(p), is then obtained from Eq. (4): 


Ofo/Op = Jee [pA (p)] + [ve1 (p) + io] pA (p). (6) 


As a result of Eq. (6) it is considered that in the 
high and low temperature regions which are of 
interest to us: 


Jei [PA (p)] = ve1(p) pA (p), (7) 


where the number of collisions with the lattice 
(with phonons and impurities) v.((p) is a certain 
function of p. 

Equation (6) is somewhat complicated. However, 
the situation becomes essentially simplified in the 
case where the interaction of the electrons with 
each other may be considered weak, that is, where 
it changes the magnitudes of o and € only slightly. 
Then, applying the method of successive approxima- 
tions, one can obtain the following expression for 


A(p): 


pof,/op 
AP) = Fa (p) + Fol 
Pi J ( P;, POF /Op; \ 
~ p* [ver (p) + to] ~ \ pp? [y,, (P) + Hel” (8) 


Neglecting collisions of electrons with each other, 
that is, neglecting J,,, and assuming that f) 
depends only on the energy E of the electron, we 
find that Eq. (8) leads to the well-known formula 
for a” 

[See eee a 
ie ey Se eemionaey 


¥ 


2 
en, 


= aR) Fer 


where 2dN/dE is the density of states and n, is 
the concentration of conduction electrons. 

The change in o’ arising from the interaction of 
the electrons with each other is determined by an 
integral of the form: 


2 


l= (2h)? (4p, ® (px) Jee le (P1) se ee (LO) 


where y and @ are certain functions of the 
electron’s momentum p_[ the form of the function 


is clear from Eq. (8) |, E 


electron and the integral of the collisions of 
electrons with electrons has the form: 


Jee [y (Pi) we | 


is the energy of the 


(11) 


1 
= so dp, dQ» gee (|P1 — Pel, 9) 


Pi — Pz 
m 


x So (Pi) (2) Ae 7, 


x [$(p) + 4(p,) — » (pi) — (pI), 


where IeelP> |) is the cross section for collisions 
of electrons with electrons, for which @ is the 
angle characterizing the scattering. from the laws 
of conservation of energy and quasi-momentum of 
the electrons** 
Pa), Pe Pee eee, 

(12) 


Pi = Pi +P; — (P, Fp, — 2e gn), 


** It is assumed that during the scattering the elec- 
trons remain in the same zone. The energy is regarded 
as a quadratic function of the momentum 


= 
(E = p?/ 2m.) 
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where g/t is the vector of the reciprocal lattice 
and n is an integer. 


We shall consider integral (10) without specifying 


the form of the functions ® and yw for the present, 
since we have also in view using the resulting 
formulas in a different way than in their application 
to the calculation of the electrical conductivity. 
Taking into account Eqs. (11) and (12), we write 
Eq. (10) in the following form 


4 


! = GayrmaeT \¢ Pid Pad 8 


x Gee (| Pi — P2|, cos 9) | pi: — pol [1 — fo (p?)| 


pi+ pe 


“baa eee a3) 


es A Be ee ee 
+ V2(p2 +p?) — (Pp, + P, — 2a gn) 


Xx [Pi + po —27 gn|cos 9 ve Apes 


J 2 
tS oo 
Sep AW PsP, FP, — 22 ge) 
x |pi + Po— 2n gn |cos 9} O(P,) 


Pi + po—2rgn 


x {¥ (00) + (72) — 2 5 


4 : ¢ 2 
+ £ V2 +P), + P2785 ) 


Pit P.2—2ngn 


_1V5@F A) —@, +P, 287) s\}. 


Here s is a unit vector, 3 is the angle between 
s and Peery 27gn. In the integration with 
respect to cos @ the principal contribution to the 
integral is made by the region cos 3 ~ 0; hence in 
the slowly varying functions we may set cosv?= 0 
and extend the integral with respect to y = cos # 
from — © to +c; in the same way we Can set 
P= Po =Po in the slowly varying functions. We 


thus obtain 


73280) m® p2 (kT? 
ee (220) h® 


2m 


(dp, AQ», \ A%s, x 
0 
Yoo (| P10 — Peo], 9) [P10 — P20 | 


| Pio + Poo — 2787 | V 4p? — (Pp + Poy — 27g)? 


x 


~<® (Pio) lv (Pio) + Y (Poo) — ¥( Pro + se 


4 


—y (Bs + Poo — 2ngn 
2 


4 ‘ 
ar =V 4p? — (Pio + Poo — 27 gn)? So) 


mole 


where s) = s(cos 3 = 0) and (3) = 1.202[ dz) is 
the Riemann function]. 

If exchange processes are neglected or if they 
are impossible, when n = 0 in Eq. (12), the 
principal member of /, proportional to T?, is equal 
to zero. As a result, the change in electrical 
conductivity appears to be reduced by a factor 
~kT/E,. In the interesting temperature region 
T ~ 10° this factor is of the order of 3 x 104 (for 
ue = E/k ~ 3x 1074), and the effect of interelec- 
tronic collisions on a’ can be considered practic- 
ally equal to zero’ . Exchange processes for col- 
lisions of the electrons are possible according to 
Eq. (12) only if Ap 2 2mgn, since all the momenta 
Py Po Py and Py are near p,. In the one electron 
model for a univalent metal, half the conduction 
zone is filled and 4p )= 27g, that is, for n = 1 
exchange processes are still possible but are 
already very difficult. Assuming that exchange 
processes occur only for n = 1, we obtain, 


Fi ' 5 
Sed Ac, Vee 


a ote + iw?’ (15) 


9 


es Sahn 
Yee = Tere M0 Vol =) = To» 


where Ao’,, is the change in o’ connected with 


ee 
interelectronic collisions, v,) = v /t, is the number 
of collisions with the Poel ke ak Wee a 
l l ive 
I el el 


+ We note!® that for a non-degenerate electron-ion 


plasma, taking account of the interelectronic collisions 
changes the statistical electrical conductivity by an 

amount of the order of unity (a, increases by a factor of 
1.73). At high frequencies, when @*> v”, the effect of 
interelectronic collisions is small even in the case of a 


plasma!}, 


10 R. Landshoff, Phys. Rev. 76, 904 (1949); 82, 442 


(1951) 
1l vy. L. Ginzburg, J. Tech. Phys. USSR 21, 943 


(1951) 
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l 
3x? € (3 a a 
Tih = \ azq,,(2PoV 1 eaten? A) 0)) 


1 


ye (oe) 


5% {= —aresin z {Seales 2}, 


where 2 >x% = 78/P 5 SS le 


To the same accuracy we may also write (assum- 
ing that v,,/ |v,,+io| <1) 

a! = eng /(m [vei + ree + tal). (16) 
If exactly half the zone is filled, then x = 2, 154 0 
and exchange processes may be said to occur only 
in the next approximation in terms of AT/E,. This 
result is connected also with the assumption of the 
sphericity of the Fermi surface and the quadraticity 
of the dependence of the energy on the momentum. 
The absence of a contribution to the resistance of 
Na from electron-electron collisions would seem to 
show that the usual isotropic one electron model 
applies well to this case. 

In order to estimate the maximum possible con- 
tribution from the exchange processes, we set 
x=]. Then for the hard sphere model 
Gee 9) =p2/4(p fs the radius of a sphere) and 


Vere = 9-97 X 31°C (3) p?/4 = 2.7 7p"; for the . 
screened Coulomb field [V,.= ( e2/ re 12/ P] 


ath 
Tors = 30% (3) ey (Fe) 
0 0 


where the magnitudes of y in their dependence on 
the parameter 7/P op are arranged in Table 2. 


TABLE II 
tilp.e y 
(a2, 4.64 
ORS 0.78 
1.0 0.36 
Dee 0.40 
5.0 0.03 


Setting p = 2 x 10°8cm and E, = 3ev (py= 10;+2); 
we obtain q.,, ~ 3 x 10°!5 in the case of the 
spheres, and Vet¢ = 4% 10°15 in the Coulomb case. In 
the estimates given earlier we set dors = doses ee 
(see reference 2), and consequently the magnitudes of 


L.. given in Table ] are acceptable and may even be in- 
creased several fold. In the latter case, the effect of 
interelectronic collisions would already be notable in Na. 
Thus there already exist known bases for suppos- 
ing that exchange processes do not play a major 
role in the case of Na. Later experiments may in 
principle lead to a solution of the question 
concerning the role of exchange processes in Na 
and other metals as a result of the determination of 
the temperature dependence of o,, for low tempera- 
tures. However, in virtue of the impossibility of 
relying on Mattissen’s law, it is evident that suc- 
cess is possible here only for samples with 
negligibly small impurities, when Loi $0.1 cm 
(such samples have not yet been obtained). 

The effect of interelectronic collisions on the 
thermal conductivity of metals is incomparably less 
than in the case of the electrical conductivity. 
This is clear from the fact that the path length for 
collisions of electrons with phonons, which enters 
into the expression for the coefficient of thermal 
conductivity, is less than the corresponding path 
length in the case of electrical conductivity by a 
factor ~ (@/T7)*, where @is the Debye temperature. 
At the same time, the contribution of interelec- 
tronic collisions to electrical and thermal 
conductivity is determined by path lengths. which 
are of the same order of magnitude. As a result, 
interelectronic collisions may be considered to 
occur only for 7 ~ 0.1°, but they are non-essen- 
tial even in this region, apart from effects con- 
nected with the heat conductivity of the lattice, 
the finite dimensions of the samples or of the 
crystalline particles composing them, and the 
like. 

In spite of the small role which, as is clear from 
the above, is played by interelectronic collisions, 
nevertheless, from the point of view of their effect 
on exchange processes, these collisions may be 
extremely important. Thus, in a consideration of 
nonlinear processes in metals, interelectronic 
collisions cannot be neglected, generally speaking, 
and, for example, at high temperatures they lead to 
the possibility of using the concept of the kinetic 
temperature of the electrons in a metal even for 
large currents 

During a change in the density of the electron 
current from point to point, a viscosity effect, 
similar to that which takes place during the flow 
of ordinary gases, may appear. The question of 


electronic viscosity is discussed in references 13, 


12 Vy. L. Ginzburg and V. P ii 
else g and V. P. Shabanskii, Dokl. Akad. 
Nauk SSSR 100, 445 (1955) ; 


ed: oils) Kompaneets, J. Exper. Theoret. Phys. USSR 
9, 920 (1939) 
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14 and 1, wherein the point of departure is essen- 
tially the equation of motion of the electrons: 


du > 
My TP + mngvu— je Au = CNG, (17) 


where u is the average velocity of the electrons, 
Nee is the coefficient of viscosity and v =~ v,, is 
the effective number of collisions. 

In the linear approximation and with the viscosity 


neglected, jp = et) U = 


=o’ @.Hence, 


considering the role of the viscosity to be small, 
we obtain from Eq. (17) 


je= 3G + cA é, 
(18) 
ae Nee ia * Nee 


a : ae eee 
age mn (iw + v_;) m® (io + v.71) 


We shall evaluate the coefficient of viscosity 
Nee Let the velocity u be directed along the x 
axis and be changing along the z axis. Then for 
@ = 0, as follows from elementary kinetic 
considerations, the density of the current of 
momentum transferred to the lattice is of the order 


I pelted Veh L, tu ys , where 
3 dz dz 
+ = = oa and the fact that ag > Ly has 


l el et 
been taken into account. We are now interested in 
the current of momentum transferred to the 
electrons, equal to 7, ,du/dz. In order to find 
Nee, it is evidently necessary to multiply the coeffi- 
cient 7.) (see above) by the number of collisions 
of the electrons with the lattice along the path /), 


that is, by l/l. . Thus (see also reference 1) 


lee (19) 


my [ Ey\? [ 4t * _ Mo a8 
Sage (=) (+) = B == 7%o8. 


l 
MmNo UV 1 
Yee ™~ = 2 L, 


Similarly, for arbitrary frequency 


2 
mMNgU, 
Yee 3 


a 


ee 


Jo Vo 
2 2 . 
@* + vel 


> %e = > ; Yel = 
ee Z 


i R. Kronig and J. Korringa, Physica 10, 406, 800 
(1943); R. Kronig, Physica 15, 667 (1949) 


The magnitude of No = mv )/ Cae: 10°> and may be 
written in the form!4 ay (3/8)n fh, since 

ge cra and heer (mv ,/2nt)°. Using the 
magnitudes of /,, and /) introduced in Part 1, we 
see that for high temperatures the coefficient oa | 
(for ue = E /k ~ 3x 104). The coefficient B 
increases as the temperature is lowered and reaches 
the magnitude B ~ 10° for T ~ 20°, but beyond this 
point it begins to fall and tends to zero for T > 0. 
It follows from this that the use of references 14 


and ] of the constant magnitude 7,, ~ 1)o (that is, 


8~ 1) is unsuitable in the region of low tempera- 
tures 


We shall not consider in further detail the 
question of the form of the function NOD; since 
the use of equations (17) — (18), where Nee is the 
coefficient of viscosity connected with the inter- 
action between electrons, is inadmissible. The 
fact is that even in the complete absence of inter- 
electronic collisions, when 7,, =0, in a slightly 
inhomogeneous field 


i= s é + ber ag (21) 


where in the quasistatic case €,,~ 017. The ap- 
pearance of the second term in Eq. (21) is 
explained by the fact that the current at a given 
point depends on the field in the region of this 
point within a radius of the order of the free path 
length, and the differential form of Ohm’s law is 
correct only if 1? / 52 + 0, where 6 is the skin 
depth (the distance in which the field € changes 
notably). In other words, the term of type Ene 


appears as soon as account is taken of the 


anomalous character of the skin effect 1617, 


* In reference 14 the magnitude of 7, is determined 
not from kinetic considerations but from an equation 
obtained by comparing the electron viscosity formula 
for ionization losses of energy at high frequencies in 
metals with an analogous formula found by another 
method15. Without pausing to go into this question in 
detail, we note that the use in reference 14 of an 
equation of the type of Eq. (17) is completely invalid 
(even apart from the necessity of taking account of col- 
lisions with the lattice, which is spoken below). This 
is already clear from the fact that in reference 14 the 
equation of type (17) is applied under conditions where 
the velocity is changing within distances of 10~8_ 19°10 
cm, which are significantly smaller not only than / 
but also than J,, while, as is known from kinetic 
theory, Eq. ay may be used only if the velocity u 
changes but slightly in distances of the order of the free 
path length. 


15 7. A. Kramers, Physica 13, 401 (1947) 


16¢,E.H. Reuter and E. H. Sondheimer, Proc. Roy. 
Soc. (London) A195, 336 (1948) 


17 R. B. Dingle, Physica 19, 311 (1953) 
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without consideration of interelectronic collisions. 
If account be taken of these collisions, then it is 
only necessary to change the coefficient slightly, 
the corresponding correction being smal] in virtug 
of the fact that 7, . > 1). Actually, when account 
is taken of the anomalous character of the skin 
effect and of interelectronic collisions 


It —— 3'¢ + ear AG + = Aé, (22) 


where in the quasistatic case €,7 © ol? and 
[ee ae « & [ see Egs. (18) and (19) ]. 


ee 

Everything that has been said is confirmed by a 
more rigorous kinetic consideration, on which it is 
also pertinent to dwell briefly in order to complete 
the picture. 

Assuming that the electric field is slightly 
inhomogeneous, and assuming also that the spatial 
inhomogeneity in the distribution of the electrons 
is not large, we shall, following the method worked 
out in reference 18, seek a solution of Eq. (4) in 
the form: 


2= eG pA(p) + 0p (E28) Bip) (23) 

_ oe \C(P) Pxdi; + D(p) (pi 8%; + ps 8x:) 

+F(p) [Ps (Pi P3 — =p 0:3) + Pi (Pj Pk — 3p 3jn) 
+ P; (Pa Pi — = p ex) | 


We shall neglect higher derivatives of the electric 
field. Relation (23) leads to the following expres- 
sion for the total current* 


i= 3'G +2 €, 


where gis determined as a function of A(p) (see 
reference 5), and € is determined by the formula 


(22a) 


e 


Sx \ PAP C(p). 


(24) 


* Here and above it is assumed for simplicity that 
dive = 0, since this occurs even in the most interesting 
cases (skin effect for a flat boundary surface and the 
like). We note that, as is clear from Eqs. (22), (22a) and 
everything that has been said, Eq. (17) has a well-known 
meaning li 7 =7,.;+7,, is put in place of n__. Then 
we may, of course, speak of ‘electronic viscosity”’, 
having in mind that it is determined by collisions of the 
electrons with the lattice. 

; 18 DP. Hilbert, Grundziige einer allgemeinen Theorie 
der linearen Integralgleichungen, (Leipzig-Berlin, 1912) 
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Putting Eg. (23) into Eq. (4) leads to Eq. (6) for 
A(p) and to the following equations for B(p) and 
C(p): 


(25) 
2 /p; 8, 3. : 
PB A) i 
— (“A FiPh fy (p) + da] B(p), 
= B(p) (26) 


= — Jee [Pp C (p)] — [ver (P) + io] p C(p), 
where v, ,(p) is determined by Eq. (17), while 


ve1(P) is determined in the following manner: 


J_.| (7 — 24) Bip] - 


; /8:. Dep 
eal ih creme 


) Bi). 


Assuming, as was done during the solution of 
Eq. (6), that the effect of the interaction of the 
electrons on each other may be considered as a 
perturbation, we find the following expression for 


C(p): 


Cin pA (Pp) 28 
(P) 5m? [v.,(2) + te] [ver (2) + io] ce 
Pr ( P;, D’A (Pp) 

See, Sy eee Jee Te RN pela ea eae 
op?m* [v_ (Pp) + fo] [vez (P) + fo] [v,, (p) + fo] 


(Sin Pj | Ofo 
p/p 


10m? p? [v,1 (p) + ta] [¥,, (2) + to] 


(v., + fo) * (v,) + io)? 


It follows from this that if the interaction of the 
electrons on each other be neglected: 


v9 (AN / dE), 
19 [y,1(2q) + t@P [¥, (py) + io] 


(29) 


22 2 
en5Po 


~ Sn [ye (Pp) + fo? 1, (p,) + fo] 


’ 


N= Ne, = §,, [to + »,, (p)]? (m/e? (30) 


inf nop* 


 5m{v_,(p) + io] 
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The order of magnitude of vy’ ; and yp ; is the 
e ec 


same. Hence Eq. (30) for w = 0 gives 


Las 


5 
estimate made earlier. This same is related also, 
of course, to the magnitude on oli / Swen 
being assumed that w = 0). 

We shall now take account of interelectronic 
collisions, assuming that & = capes, where 
Enel « |€,|- The calculations here are analo- 
gous to those which led to Eq. (14). In them we 
shall not take account of exchange processes, 
since in the case under consideration the chief 


yaad 1, , which coincides with the 


term occurring in an analysis in terms of powers 
of kT/E, is conserved even when exchange pro- 
cesses are neglected, so that these processes do 
not change the order of magnitude of € . Asa 
result, . 


See Nee Vee 

S mak y + iw : (31) 
el 

where 


es Ve: nv, (RT | Es 


Ont (3) t dx fee (V2 p,V1 —x, 0) 
oe Oe? VaVitx 


il 


4 ya i 
Equation (31) is of the same order as Eq. (15) and, 
for example, in the statistical case | on c 


~L/l 


cee 2 
elementary consideration. Along with this it is 
not at once evident in the elementary calculation 
that the magnitude of €,, is negative [ we inte- 
grated this moment above; the fact that € 2 <0is 
clear from a comparison of Eq. (16) with (15), 
while taking account of the necessity of substi- 


tuting v,) + ve for y’,, in Eq. (29)]. Thus, 
taking account of interelectronic interaction leads 
only to the appearance of a small correction to the 
coefficients a’ and € in Eq. (22a), and it is clear 
from Part ] that this correction may be completely 
disregarded. Thus the effect of the ‘‘electronic 
viscocity’’ connected with interelectronic colli- 
sions is negligibly small, since it is completely 
masked by the corrections connected with the 
anomalous character of the skin effect. 

3. Relations (22), (22a) and analogous relations 
are applicable only when the second term is 
small compared to the first, that is, under the 


in agreement with the result of an 


condition ¢’ >> &/87, where 6 is a characteristic 
distance within which the field © chanzes 
(usually § is the skin depth). However, even under 
this condition Eq. (22) cannot be used to find 

the correction to the formula obtained in the 
theory of the normal skin effect. This is due to 
the fact that relations (22), (22a) are valid only 
far from the boundaries. When the boundaries are 
taken into account, there appear, generally speak- 
ing, terms of the order Le 6 ( see reference 17) in 


the expressions for 7, and the surface impedance. 
It is already clear from this that relations (22), 
(22a) cannot without further analysis be applied in 
the theory of the skin effect, no matter what 
boundary conditions be introduced. Moreover, the 
boundary condition proposed in reference ] is 
manifestly incorrect. Thus it is proposed in 
reference ] that at the boundary of a metal j, = 0, 
whereas from the boundary conditions used in a 
more general kinetic approach to the problem a 
completely different result is obtained; to wit, if 
the reflection of the electrons from the boundary is 
specular, then, as may readily be shown, 

i, = o’€ on the boundary for 1; + 0, but for diffuse 
reflection j, = %o°€ onthe boundary. In the 
latter-case, which more nearly corresponds to 
reality, the function j (z) for small l, increases 
rapidly with distance from the boundary (distance 
from the boundary is z , with current j, directed in 
a perpendicular direction); at a certain distance 


een 
z~ 1, dj,/dz =0, j, = of, and subsequently hy 


begins to fall**. 

On the basis of what has been said it is clear 
that in the theory of the skin effect there are no 
bases for using Eq. (22), no matter what boundary 
conditions it fulfills, but that it is expedient to 
turn directly to the solution of the kinetic equation 
(see references 16, 17). Here, in particular in the 
interesting limiting case of the clearly expressed 
anomalous skin effect, when /, > 5, the results do 
not in general depend on the collisions of the electrons 
with the lattice and with each other. In the general 
case the role of interelectronic collisions may be 
taken into account by changing the number of 


collisions v,; to v,) + Vee: The corresponding 


correction is always small, since vee Kv oy 
always. Moreover, this correction in all probability 


** Hence if we prescind from all other remarks, the 
boundary condition dj, /dz = 0 (see reference 13), cor- 
responding to the condition on the free surface of a 
viscous liquid, may appear justified to one extent or 
another. For reasons clear from the text we shall not 
consider this question in greater detail. 
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lies beyond the limit of exactness to which exist- 
ing formulas of the theory of the anomalous skin 
effect may pretend, especially in the region where 
1; <6. This becomes clear if we recall that the 
formulas of which we are speaking ( for example, 
the expression for the surface impedance Z) are 


obtained 16 17>2 on the basis of assumptions 


concerning the sphericity of the Fermi surface, the 
specific character of the reflection of the electrons 
from the metal boundary and the possibility of ap- 
proximating the integral of the collisions by means 
of an expression of the type of Eq. (7) even’ in the 
vicinity of the boundary, where the distribution 
function is not a slowly changing function of the 
angles in the velocity space. Thus in the present 
state of the question it is not necessary to take 
account of interelectronic collisions in the theory 
of the anomalous skin effect. This refers, in 
particular, even to the far infrared region of the 


spectrum’ . 


¥ 


. In view of what has been said, it is clear that the 
work of reference ] is incorrect both with respect to the 
method employed in it and with respect to the results 
obtained. Moreover, it is necessary to keep in mind 
that on going over to sufficiently high frequencies, 
where the condition Aw <A&T is not fulfilled, calcula- 
tions based on the ordinary use of the kinetic equation 
are already invalid, generally speaking, on account of 
the necessity of taking account of quantum effects (see 
reference 19, Sec. 4B). These quantum effects were 
not taken into account above. The carrying out of a 
similar calculation using a quantum kinetic equation 20 
would be very useful. In the region iq > kT inter- 
electronic collisions may be essential ( see reference 
19, Sec. 4B). 

19 V. L. Ginzburg and G. P. Motulevich, Usp. Fiz. 
Nauk SSSR 55, 469 (1955) 


20 Tu. L. Klimontovich and V. P. Silin, J. Exper. 
Theoret. Phys. USSR 23, 151 (1952) 
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Nucleon-nucleon scattering cross sections have been calculated on the basis of the theory 
of damping. It is shown that the calculated dependence of the total cross sections on the 
energy cannot be made to agree with experiment. 


Sg 


IT is-well known that theoretical attempts to 
| explain the behavior of nucleon-nucleon scatter- 
| ing cross sections at high energies have not been 
successful to date. In particular, the examination 
of this problem within the framework of perturba- 
tion theory!»? also has not led to satisfactory re- 
sults insofar as the angular dependence of the 
proton-proton and proton-neutron scattering cross 
sections turned out to be in sham disagreement 
with experiment. At the same time it was shown 
that? the total scattering cross sections found on 
the basis of perturbation theory depend only 
weakly on the energy over a wide energy range and 
remain approximately constant, in agreement with 
experimental data. However, inasmuch as the per- 
turbation theory results cannot be trusted, in view 
of the large value of the nuclear interaction con- 
stant, it seeemed to be of methodological interest 
to investigate the problem of nucleon-nucleon 
scattering within the framework of the theory of 
damping, which would enable one formally to deal 
with large interaction constants and to compare 
results obtained by different methods. The results 
of such a calculation are presented below. 

2. We write the basic integral equation of the 
theory of damping in the form?’*: 

R (k's) 8,7). KS 527172) (1) 


Ses 3 


= (KS.S,7.5, | Ks,S27,t») 


UR Med nt 


ikE. , ’ ’ ' 
a \ dQ,K (k's, $,5,75 | QS,5,7) “2 


~ (4x? 


1M. Jeanand J. Prentki, J. Phys. etradium 11, 33 (1950) 
2 C. Marty, J. Phys. et radium 12, 833 (1951) 


3 N. Fukuda and T. Miyazima, Prog. Theoret. Phys. 5, 
849 (1950) 


* J, Pirenne, Phys. Rev. 86, 395 (1951) 


x A (qsis3rit; | Ks182%y72), 
where R is the scattering amplitude, K = iSy- Here 
S, is the matrix element of the S-matrix® quadratic 
in the interaction constant. We shall consider the 
case of nucleons interacting through a pseudo — 
scalar meson field subject to the sum of two 
couplings: a pseudoscalar coupling characterized 
by the constant g, and a pseudovector coupling 
characterized by the constant g“ In this case the 
quantity K occurring in Eq. (1) may be represented 
in the form: 


K (k's{s,t\7, | KS3Sot1 te) 


1-212 (2) 
= Ge (o- k—k’),- 5, ork) ae aie 
™ QE, 2h (1 — cos 9,,,) + 


(o-K+K’), 16. (o-k+k’), .., Sear ie 
2h? (1 + cos 1) + vw? 


Here G = g +(2M/p)g%, 9, T are Pauli matrices, 
k is the momentum of the colliding nucleons in the 
center of mass system S,, s,, 7,, T, are the spins 
and isotopic spins of the two colliding nucleons; 
k’, a S5, 74; T are the corresponding quantities 
after scattering, jt is the meson mass, M is the 
nucleon mass and 1s = (hk? +M7)%, 

3. In order to solve the integral equation (1) we 
first of all separate out the isotopic spin variables 
by setting 


R= sa 8! ae MIL =) a YS pat (2a) 
where W2=° and YW? = are the isotopic spin func- 


tions of the system of two nucleons which cor- 
respond to the total isotopic spin of zero or one, 


5, J. Dyson, Phys. Rev. 75, 1736 (1949) 
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respectively. Following this, Eq. (1) separates 
into two independent equations which determine the 
functions RT=° and R™=1. We solve the equation 


for R’=° by expanding the unknown function into 


a series with respect to the total angular momentum 


eigenfunctions. Here g denotes the totality of all 
the angle and spincoordinates q = {Q, Sess a 


(3) 
R’~ (k’s,2|ks1S2) = >} (War (g) AW 9‘) 
Ce) 
+ Wii™ (q) BW *(9') 


EW QQ AwK 


+ Wat (gq) BoWai (q') 
+ Wii™ (q) Bs Wai (9') 
Way te Bawa = (qb 


The normalized eigenfunctions of the total 
angular momentum in our case have the form: 


Wi (g) = Yin (Q) So (S182): (4) 
wi! es / (ees a see 
+ yap HS: 
a eee 
Wit = SEDER) WAS, 
TEM vires 
syd ae. = 1) Viel 8S: 
wih Vs M + 2) (J-—M+ 14) vith as. 
QI {Ors 1H 
A / ees vistas, 
+ V STE vis. 


where S ah Sacess s,) and °S ase, Ss, ) are the singlet 
and triplet spin uctens. for a Biers of two 
nucleons. The spherical harmonics Y! (2) are 
defined in accordance with reference 6. 


H. Bethe, Quantum Mechanics of the Simplest Sys- 
tems, Handbuch der Physik, vol. XXIV-1 


On substituting the expansion (3) into the equa- 
tion determining RT=°, one finds the expansion 
coefficients A; and B;. We shall not give here the 
explicit form of these ‘coefficients insofar as we 
shall be interested only in the total nucleon scat- 
tering cross section, into which enter only the ~ 
squares of the absolute values of these coefficients 
given below. 

The total nucleon-nucleon scattering cross sec- 
tion is determined by the formula 


onl} @agrenmetrgss 


spin 


ee (5) 


Substituting the expansion (3) into Eq. (5) we 
obtain the total nucleon scattering cross section 
in the state T =0 


aes 
of 2J+ 1 —— 6 
=F 2 # | ee + i 4+4a> ©. 
b? + b3 + 2b; + 8 (b,b, — 05)” A 


1 LA(R + B+ 20%) + 16(,0,— 8) | 


Here the following notation has been used: 


J+i4 
a, = U (574 Kina + aisha Ks); (7) 
J+14 ol) . 
dy = U(Ky — ape Kia — ay Kis) 
4 
b, => U x7—q (Kua ae Ky); 
TIA A 
b,= Us (Aya + Koa — 2Ky); 
6b, = Oe ae q (Kz ed t3)5 
Bo Ge P,(x)dx 2 
Ui ZS 0 eee J =_ Woe 
E, dn Ny 4) Za 
(= Lee Beg peiy ens 
0 5 l SS x [1 (=) 


s= Z(t (IV 4=—3; 


P. (x) is the Legendre polynomial normalized by 


the condition 
= 


\ Pi (x)dx = 5 : F (7a) 


—I, 


4. The equation for R’ =" is solved by a quite 
analogous method and the following expression is 
obtained for the total nucleon scattering cross 
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section in the state JT =1 
Tot (Qs 4 D| “10 a8, by + Os + 265 + 8 (0,0,—b3)> | An{ a3 (J =0) 
Is p4ay 1+405 1+ 4 (bi + b2 + 262) 416 (0,5,- 02)? R° | 1+ 4a? (J = 0) 
b; (J = 0) + 4[d, (J = 0) b, (J = 0) — BJ = 0)? | (8) 


1+ 4 [by J = 0) + 85 (J = 0) + 262 (J = 0)] + 16 [b, (J = 0) 6, J = 0) BV = OVP 


The quantities a;, 6; and s, occurring in formula 
(8) differ from the corresponding quantities given 


in Eq. (7) by the fact that in (7) the following sub- 
stitutions should be made: 


fo = 1; so Yall + (1); Ba) 


5, >1/,[1—(—1)] 


s—>4/, [1 — (—1)/"]. 


T=0 od 


5. Knowing the cross sections 0 and a 
it is easy to obtain the total proton-proton and 
proton-neutron scattering cross sections with the 


aid of formulas 


Spp = SIT, pn = 1/4 (37=9 + 37=1), (9) 


The Figure shows graphs of the dependence of 

Ecee and o,, on the energy for various values of 
he interaction constant G = g + (2M/p)g’. For 
comparison, the same Figure also gives curves 
obtained by neglecting damping, i.e., correspond- 
ing to the perturbation theory results*!, yom the 
Figure it may be seen that while the total cross 
sections calculated by perturbation theory for 

G2 ~ 70 represents quite well the experimentally 
observed independence of the total cross sections 
on the energy, the curves which correspond to the 
more consistent method of calculation on the basis 
of the theory of damping disagree sharply with 

the experimental data**. As may be seen from the 


* Our Eqs. (9) agree with the corresponding formulas 
of reference 1 in the case that damping is neglected. 
However, it should be noted that in reference 1 a fac- 
tor equal to 1/4 has been left out which corresponds to 
averaging over the spins of the initial nucleons, in 
view of which the formulas of reference 1 must be mul- 
tiplied by 1/4 before the cross sections are compared. 


** We also note that at sufficiently high energies, 
processes of inelastic scattering of nucleons accom- 
panied by production of mesons become possible. We 
have not taken such processes into account. 


Er 
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The dependence on the nucleon energy (in the labora- 
tory system) of the total cross sections 0. and on for 


various values of the constsnt Co Curves 1-4 corres- 
pond to perturbation theory, 5-9 to damping theory. 


Den, Gr = Ws, 2 Od C0 ee Cee On 
pn’ 4 Pp 2 pn 9 
Anon, Ca 80; 45,0) 6= (CAP Gam 80/3 5 Onn Onn G: 
P 2 pp pn’ y PP’ 5 
= Aol, Gs =n Chor eG Seen), on C 
pn pp “pn 


= 240; the dotted curve shows the approximate energy 
dependence of the cross sections@, anda, fora 


value of the constant G” intermediate between 80 and 
240. The experimental data for 0, correspond to a 
cross section which is independent of the energy, and 
-27 
© 


is approximately equal to 24 x 10 m”. 


Figure, for large values of the interaction constant 
the theoretical curves depend strongly on the en- 
ergy, while for smaller values of the interaction 
constant, although a weaker dependence of the 
cross sections on the energy is obtained, never- 
theless, the absolute values of the cross sections 
turn out to be too small. Therefore, in the case 
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of nucleon-nucleon scattering, the theory of damp- 
ing in the approximation considered cannot be 
made to agree with experiment, as was also the 
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situation in the case of the scattering of mesons 


by nucleons”, 
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In the interaction of fast deuterons with nuclei, the processes usually considered are 
stripping, deuteron capture, electric dissociation and diffraction scattering of the deuteron 
as a whole. It is shown that, in addition, as a result of the diffraction of deuterons, dis- 
sociation of the deuteron takes place outside the nucleus, the nucleus recoiling only 
slightly in the process. A general formula is derived which can serve as basis for cal- 
culations on diffraction dissociation induced by either purely nuclear forces or by nuclear 


and electric forces. 


IN the analysis of the interaction between nu- 
i clei and fast, nonrelativistic deuterons (energy 
E, ~ 30 - 300 mev), it is usual to consider only 
three processes: a) capture of the deuteron by the 
nucleus (followed by a nuclear reaction), b) cap- 
ture by the nucleus of the neutron (or proton) in 
the deuteron, with an accompanying nuclear reac- 
tion and emission of a fast proton (or neutron ) --- 
the so-called stripping process and c) dissociation 
of the deuteron into a free proton and neutron under 
the influence of the electric field of the nucleus. 

The first of these processes, deuteron capture, 
has the largest cross section. Fora black nucleus, 
eo a(R + Re) where R and R, are some 
effective radii for the nucleus and deuteron. For 
medium and heavy nuclei, the stripping cross sec- 
tion is less by a factor of order R,/(R + R,) (for 


a black nucleus, o,, = 7/2RR,)?. The cross sec- 
tion o,, for dissociation in an electric field is 
still smaller, except for the heaviest nuclei (this 
cross section cannot be expressed by such a 
simple formula). 

To this list we should add d) diffraction scat- 
tering of the deuteron as a whole --- a process 


1 A. I, Akhiezer and I. Ia. Pomeranchuk, Some Prob- 
lems in the Theory of the Nucleus, Second Edition, 
Moscow 1952, Secs. 13, 14 


which at the present time can be considered trivial. 
It is a necessary consequence of the existence of 
all the otherprocesses depleting the initial deuteron beam, 
and has a cross section of order of magnitude the 
same as the largest indicated above, i.e., 7 diff 
~m(R+R,)* (for a black nucleus). 
However, there is yet another process, of very 
unusual character, and with a cross section, as 
we shall show, comparable to the cross sections 
of processes b) and c). This process is associ- 
ated with the fact that in the diffraction scattering 
of deuterons, a certain momentum is given to the 
nucleus as a whole. As a consequence, not only can 
the deuteron be scattered, but it may also dissoci- 
ate and give rise to a free proton and neutron. 
The characteristic feature of this diffraction dis- 
sociation is that the nucleus absorbs the momentum 
as a whole, and undergoes no nuclear reaction. 
Similar physical phenomena have been investi- 
gated in several recent papers on the theory of 
diffraction processes”’?. These phenomena are 
characterized by the fact that when the colliding 
particles have large energies, the momentum __ 
eee | 


L. D. Landau and I. Ia. Pomeranchuk, J. Exper. 
Theoret. Phys. USSR 24, 505 (1953); {. Ia. Pomeranchuk, 
Dokl. Akad. Nauk SSSR 96, 265 (1954) 


° 1. Ia. Pomeranchuk and E. L. Feinberg, Dokl. Akad. 
Nauk SSSR 93, 439 (1953) 
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transfer in the direction of motion becomes small, 
and hence, according to the uncertainty principle, 
the volume in which the process takes place be- 
comes very large (and can be much larger than the 
nucleus). Thus, diffraction dissociation can be 
called a process of external dissociation. The 
probabilities for the process to occur in various 
nuclei are indicated at the end of reference 3. Its 
physical basis is the same as that in the emis- 
sion of gamma rays by fast charged 7-mesons” 
and of 7-mesons by fast nucleons ®. 

2. The following three conditions must be sat- 
isfied if diffraction dissociation is to occur: a) 
the deuteron must receive an impulse of the order 
of magnitude of the reciprocal of its dimensions, 
q~ 1/R, ~ 9.8 p; b) the volume in which the 
process takes place must be large in at least one 
of its dimensions (the longitudinal one) com- 
pared to the nuclear radius R, i.e., the dissociation 
is associated with a momentum transfer in the 
direction of motion which satisfies the relation 
q| R <1; c) the deuteron must receive the 
necessary impulse in a sufficiently short time, 
having an order of magnitude of the inverse of the 
binding in the deuteron (in energy units, the 
deuteron binding energy ). 

A large fraction of the diffraction scattering is 
at an angle of approximately“x /R, where % 
= 1/p, and p, is the momentum of the deuteron as a 


whole. Hence, 


In our calculations (see below), we shall consider 
this to be considerably smaller than 1/R,- Hence, 
only a small fraction of the scattering is effective 
in the sense of dissociation, and the dissociation 
cross section is much smallerthan the cross section 
for diffraction scattering. One can easily convince 
oneself that in this case it is approximately RRq, 
although the order of magnitude should be given by 
this formula even for R ~ R,. Here the momentum 
transferred is small compared to the momentum of 
the emitted particles. It follows that the distribu- 
tions in energy and angle of the emitted particles 
are given essentially by the momentum distribution 
inside the deuteron. In particular, the momenta of 
the proton and neutron upon dissociation are al- 
most equal. In general, the distributions must be 
similar to those in the stripping reaction. 

In order to check whether conditions b) and c) are 
satisifed, we must calculate q}. ; 

Let py p, and p, be the momenta of the te 
before dissociation of the emitted neutron and o 
the proton respectively, and 3, g> Jpd be the 


(2.1) 


59 


angles (with respect to the direction of the in- 
cident deuteron beam) at which the neutron and 
proton are emitted; then 


J = Pa — PnCOS 9na — Pp COs Mpa (2.2) 


= Pd — Pa — Pp + Pr(1 — cos 9nq) 
+ pp(1 — cos Spa). 


Let M be the mass of a nucleon and ¢ the deuteron 
binding energy. Then, for sufficiently large deu- 
teron energies, namely, 


Ey = plAaM Se 

conservation of energy, 
Ba ree ae 

DME e) ee 2M 


(where we neglect the recoil energy of the nucleus, 
see below), leads to the formula 


Pa=V2V PT + 
ee Me 
ma VD 2 2(] ; 
A VP, + P5( + nea) 


(2.3) 


For small angles (3, = oe = 0), which imply 
a small value for qj = | min? We obtain the follow- 
ing conditions for the possibility of external dis- 
sociation: (R is the nuclear radius, and as al- 
ways, h=c=l1): 


q | mink = {V2(2 + p2)'ls — pr (2.4) 
= ee 
n P 


Since, as noted above, P, = P= 1/2p, (more ex- 
actly, it is necessary that |p, - P, | < V4Me ; sub- 
sequent calculations will confirm that this gives 
the most significant range of p_, P, ), the condition 


(2.4) becomes: 


q, R=(2Me/pa)R<1, (2. 4a) 
or PB rH mine 
ailie te (2.5) 


Ai i 0DAL MeV 
upc 
“9 1/p) 
(where for convenience we put R =A pL). 
Hence for deuterons with energy in the tens of 
mev, condition b) is satisfied. 
It will be shown later that the effective angles 
are approximately % jq rod 2 AME ee sf tn 
so that the above holds also for all angles which 
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occur. 
Finally, to check whether condition c) holds, we 
consider the collision time 7. This is evidently 
the time of flight of a deuteron through a length of 
order W/qy , i.e., from (2.4a): 


4 2M 4 (2.6) 


Hence, the third condition is also satisfied. We 
note that at relativistic energies, a calculation of 
q|| using energy conservation as in (2.1) - (2.4a) 
leads to a similar result, namely, that in the rest 
frame of the deuteron, the momentum is transferred 
intime 1/e. This leads to the supposition that 
the process in question should also go at rela- 
tivistic energies, and be of similar character. 

3. The basic general formula for the cross sec- 
tion of the process being considered can be ob- 


tained in several different ways. We shall use the 
Born approximation in the sense that the inter- 


action U between the emitted proton and neutron 
and with the electric field W of the nucleus will 
be considered to be small perturbations. The 
nucleus will appear as a fixed source of a nuclear 
potential V acting on the proton and neutron of the 
deuteron. We neglect exchange effects between 
these particles and the nuclear protons and neu- 
trons (this is permissable since the energy of 

the deuteron’s nucleons is large compared to the 
energy of the nuclear nucleons ). 

Let us, for example, use the formal apparatus 
and notation of the scattering theory described in 
reference 4. Let the full energy operator for the 
system nucleus plus deuteron be written in the 
form: 

H=K+U+4+V+4W. 
(3.1) 

Here K is the sum of the operators for the deu- 
teron kinetic energy and the internal energy of 
motion in the nucleus. 

We are interested in the following wave func- 
tions: 

First, the exact wave function for the system, 
satisfying the initial condition --- a free incident 
deuteron of energy FE, --- and containing as reac- 
tion products only outgoing waves (from the nu- 
cleus) Y*. If the state function: incident 
deuteron plus unperturbed nucleus is denoted by 


eee then evidently ie) Ya 


4 
M. Gell-man and M. Goldberger, Phys. Rev. 9 
(1953) g ys. Rev. 91, 398 


4 (oy 


+E 


(Eg — K— U) Va = 0. (3.2a) 
In the absence of a nuclear field, V = W =0, and 
this expression reduces to YW, as it should; for 
«= 0 it satisfies the equation ASS) = Ege) 
while the term +z¢, which will go to zero at the 
end of the calculation. COS ua to outgoing 
waves. We write iro) =e Eat ee . 

Second, the wave function ¢ for the experi- 
mentally observed situation, i.e., a free neutron 
and proton of definite momenta p, and p, (prod- 
uct of two plane waves). Evidently 


(KE op =: (3.3) 


Third, and last, the function x07 describing a 
neutron and proton of momenta p_ and p, inter- 
acting.with the nuclear field /, but not with each 
other, nor with the electric field of the nucleus. 
We can write 


Lid t i 3.4) 
id A esr emery merry 48 ( 


The he determined in this way reduces to 
y, for V =0, as it should, and for ¢€ = 0 it satis- 
fies the equation (K + V —E,)x;" =0. The term 
- i€ (note the minus sign!) corresponds to an in- 
coming wave in the space co-ordinate, as is neces- 
sary to describe the production of particles with a 
definite momentum. 

Given that the full solution is , we are 
interested in the probability of finding the state 
Py» i.e., 

Woa = |< do exp {— iEpt} | 


pit) 


(3.5) 
xexp{—i(K+U+V+W)8 | one: 


From this it can be easily calculated‘ that the 
transition probability per unit time at ¢ = 0 is 


Woa|t—o = 2e|<o,|U + V (3.6) 
+ W| 9a"? > [8 (LE, — Ey). 
Using Eq. (3.4), we have 
OER AS ONG aus (3.7) 


= Sp eV Wa 
4 
SE, Skee U+V+W |p)» 


= CxS LU + V4 Wy yy 
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4 
pea (Ut VY 1) oe 


But according to Eq. (3.2), 
(Bt te— K) rn 


=(U0+ V+ W) pore) + vey, 
so that fore >0 we get 


1 | 
Po K (ie (U+V+ W) pire) —> pH), 
and hence, 


Woa lo = 2e|<y$| U (3.8) 


se W| ty » 6 (EZ, Sime 5g). 


So far, this formula is exact. Let'ys consider 
now the function part . Itis the superposition of 
the following four states: a) incident plane waves 
and outgoing diffracted waves for the deuteron as a 
whole, Y, + ee 
captured by the nucleus, ¥ 5 c) emitted neutron 
and capturedproton , y.,; d) the state of interest 


to us, i.e., simultaneously emitted proton and 


b) emitted proton plus neutron 


neutron (strictly speaking, interacting with each 
other, and with the electric and nuclear fields of 
the nucleus = fit 

8y Born’s approximatjon we mean the substitu- 
tion of w+ gal for y) in Eq. (3.8). Our 
neglect of the other terms is justified as follows: 
With wot we take into account a term which leads 
to diffraction scattering of the deuteron with cross 
section ~ 7(R + ie? The last constituent (d 
describes diffraction dissociation which is as- 
sociated with the transfer to the deuteron of a 
transverse momentum of order 1/R.,. As in other 
processes of this kind”’*, we expect (see above) 
it to have a cross section ~ RR, (this will be con- 
firmed by a later calculation). Hence, our approxi- 
mation is applicable to nuclei sufficiently heavy that 


Ril|(R + Ra) <1. (3.9) 


The stripping process also has a cross section 
~ RRq, and on the same grounds we could neglect 
the functions b) and c). Actually ,the situation 
here is even better (at least neglecting the effect 
of the electric field). The point here is that the 
interaction U is almost a 6-function, so that when 
one of the particles is captured by the nucleus, and 
its function is concentrated inside the nucleus, 
then it cannot interact with particles in the state 
x‘7/, which penetrate only weakly into the nucleus. 


For these reasons, we can calculate from the 
formula 


Wea = Ie} Ky | U 
+ Who + gf >)23(£2 —£). 


(3.10) 


This formula, with W =0, can be obtained by an- 
other method® which was used to study the purely 
electrical dissociation of the deuteron. We need 
only replace the electric potential of the nucleus 
by Vandwritethe deuteron function in the form 
wy a yar, However, in this method the nature 
of the approximations made is not clear. 

The function ‘pigs may be found either for 
deuteron wavelengths small compared to R, or for a 
black nucleus, in which latter case the derivation 
is particularly simple. 

We now justify the Born approximation for the 
proton-neutron interaction in the final state. Since 
the particles separate with a relative momentum of 
the same order of magnitude as their relative mo- 
mentum inside the deuteron, i.e., p, =P. ~2/Me, 
the kinetic energy of this motion is of the order 


1/M(p, = Pi )? ~ 4e~ 8.5 mev. But it is well- 
known that in this energy range the proton-neutron 
scattering can be described in Horn’s approxima- 
tion with the help of a certain pseudo-potential, 
whose absolute value, it is true, depends on the 
energy. In this way, if U is regarded as a certain 
effective operator for the mteraction (if necessary, 
an integral operator), then the Born approximation 
will be applicable. The subsequent calculations 
will, in some cases, give the explicit form of this 
potential. Thus we see that even if we neglect 

the electric field W of the nucleus, the phenomenon 
of diffraction dissociation must exist; it will de- 
pend on diffraction of the deutero (the term yp diff), 
and of the reaction products (if x, is replaced by 
the product of plane waves and w diff is dis- 
carded, then conservation laws will make w,, 
zero ). 

The theory of the electric dissociation of fast 
deuterons® would correspond in Eq. (3.10) not only 
to neglecting U, but also to replacing oe by plane 
wavesg,, and discarding wre Thus, we see that 
the effect of diffraction on purely electrical dis- 
sociation can also be taken into account. Hence, 


1, D, Landau and E. M. Lifschitz, J. Exper. Theoret. 
Phys. USSR 18, 750 (1948) (see reference 1, Sec. 13) 


6S. M. Dancoff, Phys. Rev. 72, 1017 (1947) (see 
reference 1, Sec. 13 
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working from Eq. (3.10), the theory of electric dis- 
sociation can be improved. 

Since in order to induce dissociation of the 
deuteron, itis sufficient to give it an impulse of 
the order of the reciprocal of its dimensions, the 
nucleus, as it receives the same impulse, does not 


absorb an appreciable amount of energy and under- 
goes no reaction. 
The detailed results will be published separately. 
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The conditions of validity of a model of single nucleon excitations in a nucleus are in- 
vestigated by the method of adiabatic approximation. The effect of the relation between 
single nucleon excitations and the vibrations of the surface of a nucleus on the excited 


states of the whole nucleus are established. 


1, INTRODUCTION 
B ECAUSE of strong interaction between the 


nucleons in a nucleus, one can speak in a 
strictly definedsense only ofa state of a nucleus as 
a whole and not of the states of an individual 
nucleon. However, such consideration is still 
impracticable and one has to apply the approxi- 
mate methods of study of energy states of nuclei. 

In the case of an approximate examination of 
the lowest energy states, one usually proceeds 
from the notion that the nucleons in a nucleus are 
in the form of “‘shells’’ which can change their 
shape and dimensions. Individual nucleons are 
moving in an average field of the surrounding 
nucleons. This average field is such that the re- 
sultant force acting on one nucleon differs from 
zero mainly on the surface of a nucleus. Since the 
average field is caused by many nucleons, its 
change is connected with the collective movement 
of the nucleons. Because of the small compres- 
sibility of nuclear matter, its density can be con- 
sidered as being constant. In this approximation, 
one can picture the “‘collective’’ movement only as 
deformation of nucleus surface without change of 
the volume. 

In a series of cases the frequencies of the col- 
lective movements are smaller than the frequencies 
corresponding to the excitations of individual 
nucleons ina nucleus. Then, by investigation of 
the energy states of a nucleus, one can apply the 


adiabatic approximation. 

In this article we will consider the limits of ap- 
plicability of adiabatic approximation to a nucleus 
and make clear what effect the connection between 
the single nucleonic excitations and vibrations 
of the nuclear surface has on the energy states of 
a whole nucleus. 

Particularly, it will be shown that the proba- 
bility of a single nucleonic transition under the 


influence of an external excitation decreases be- 
cause of a connection between single nuclear 
states and collective vibrations. 


2. THE STRUCTURE OF THE ENERGY SPECTRUM 
OF A NUCLEUS AT SMALL EXCITATIONS 


Let r denote the coordinates and the spins of 
nucleons in a nucleus and R the configuration of 
the nuclear surface. Assume that for every value 
of R the characteristic functions ye (r, R) and the 
energy of the nucleons F(R) are known. Let the 
index n denote the set of quantum numbers 
{n, j, m }, which characterizes the state of all 
nucleons in a nucleus in the case of a single 
particle approximation. The functions ¢ (7, R) 
satisfy the equation : 


(rt, R)/ = 6 (Rie (ik) 30, (1) 


To take into account the change of the shape of 
the surface of a nucleus, we introduce the kinetic 
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energy operator connected with the change of the 
nuclear surface: 


TR= » A,Vit ; (2) 


The explicit expressions for Ay and V will be 
given later. 

The complete wave function, which defines the 
stationary states of a nucleus, has to satisfy the 
equation 


{Tr+H(r, R)—E}V(r, R)=0. (3) 


The solution of Eq. (3) can be sought in the form 


V(r, R)=De,(r, OW, R), (4) 
n 
where the ¢ (r, R) are the solutions of Eq. (1). 
By substitution of Eq. (4) into Eq. (2) we get, 
after simple mathematical manipulations, 
{Tr + En(R)— F} ®(n, R) (5) 


= Dam ®(m, R). 
m 
The operator Dis determined by the expression 


4 = \ a (dr) (6) 


a » A, \ EOS (ar) oes 
The presence of non-diagonal terms on the right- 
hand side of Eq. (5) indicates that the state 
Q, (r, R )® (n, R) is not stationary. If at some 
instance this state is fixed, then after some time 
spontaneous transitions into other states with the 
same energy will take place. 

When the non-diagonal terms on the right-hand 
side of Eq. (5) are small,(we will evaluate these 
terms later) then in the zeroth approximation we 
will get the system of equations 


(Trt Ex(R)—E3®(m =O 
where E_ (R) plays the part of the potential energy 
of surface deformation. Equation (7) characterizes 
the vibrations of the nuclear surface about the 
equilibrium positions determined (for each state 

of n-particle model ) from the condition of ep 
of E,(R). Let ny denote the complete set 0 
quantum numbers ea m, } for which the 
nucleons have the lowest of all possible energy 
states satisfying the Pauli principle. The energy 
of this state E,,, (R) will be a function of con- 
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figuration R. The equilibrium configuration of the 
nucleus will be determined by the condition 
min E_ CR). We expand E,,(R) in powers of 
relative departure « =(R - R,)/R, from a 
spherical shape of the nucleus Rae 

En(R) = En(Ro) + Vad a+ Vee... (8) 
The term ae can be considered as the po- 
tential energy of a surface deformation and can be 
expressed in terms of ‘‘macroscopic’’ parameters, 
for instance, the surface tension y. Let 


Vio Se Ce ane. (9) 
Ap 


where a4, is determined by the expansion in 
spherical functions of the relative displacement 


a= » Ou V au (9, $), 
Av. 


where 

CNG = (—)"e, =p) ee = esr Yor 
The value A = 1 corresponds to a displacement of 
the whole nucleus and not to its deformation. 
Therefore, in Eq. (9), A>1. The sequence of 
numbers A is bounded above by the value A = 6 
be cause of the finite number of particles in the 
nucleus. The coefficients C)’° depend on quantum 
states of nucleons. If the distribution of charge 
is homogeneous in the volume of the spherical 
nucleus with radius R,, the sy are given by? 


n 7 2 o 1 Nae 
CO =O NA+2)R1—sie sR 


To find the expression for the operator of the 


kinetic energy ii we first consider the classical 
expression for kinetic energy of surface deforma- 
tion of a nucleus. The kinetic energy of surface 
deformation of a aucleus can be expressed in 
+ * 
i = by the ex- 
terms of the impulses OF Bo) 4) y the 


pression 


el | %., |? 
Tr= yd B, A 


For an incompressible nucleus with density p, 


By = p (Ro /d)- 


1 4. Bohr, Dan. Math. Fys. Medd. 26, 14 (1952); 26, 16 
(1953) 
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By letting 


(1) \ 3 
cy (SR 
A \ B, s 
fas ive 
X= | Bao, On = (—) ba, —p)s 
/ iB @, 


(ii > C) Gay). 


9) 9 h 77 : * 
Tr — VO? == > by @) (Oxn0 au =o Re Bie ye 


To go over to quantum mechanics,we will con- 
sider that 5) |, are operators satisfying the permu- 
tational relationship Loy), i by y -j= ON Oy’ ag 
simplify the future oLarGik we well write only one 


index p instead of both of them (A and y). If new 
real variables on are introduced according to the 


expressions 
SY! $s fe} 4 * Bee fe) ‘ 
Dy == Sinise ts by = 2 fay& a 
Ou s a) : 
we will get 
; h Ur 2 2 
Be eee ie | eed 
a Z 0g: | 
The term ye in Eq. (8) characterizes the dif- 


ference between the equilibrium shape of a 
nucleus in the rth state and the spherical shape. 
By letting 


r(1 (2) (2) 
Vee == — > hey ta" Sa, (11) 


the surface deformation can be expressed in terms 
of displacements ¢ ”’ from equilibrium values of 
variables cr Now one can write 


Trib {R)— F(R) (12) 
= —+ an (Su aoy = box s ole? 
coon : 0z3| 2 =o a iti Scene 


By substitution of Eq. (8) into Eq. (7) and taking 
into consideration Eq. (12), we get the equation 
which determines the states of vibration of the 
nuclear surface when the single nucleonic states 
are characterized by the set of quantum numbers n 


(= Dor @ — oF ee (13) 


\ lor 0eo4 j 


Ox Y, (72; eee ane we ‘ 


where 


a By (Ree oe ae (14) 
p 


Let v denote the set of quantum numbers which 
characterize the vibrational state of a nuclear 
Equation (13) has the solution 


el Ce ee aad koe cae 


surface. 
(15) 


(x) is the wave function of a harmonic 


where w,, 


oscillator. The energy of vibrations corresponding 


to a certain set of quantum numbers v=(...v,...), 
where ve = Osi... is equal to 
oi”) I) ’ 
=h aK rail Cag = 


The total energy ee a nucleus is determined by 
the quantum states of the nucleons ( in a single 
particle approximation ) and by the quantum states 
of the vibration of a en surface. 


| Bre = i B38 (Ro) ia is rae On Co (16) 


+h Do (% + 7/2). 
The wave function of such a state is equal to 


Wy =e, (GR) OF CG eee): (15a) 
In general, the series of states with different n and 
v can have approximately equal energies FE, ,, 

aE yp aE ayen . The states (16) are 
not stationary. For investigation of the spontane- 
ous transitions of a system from the state nv 

into the state n’v’( with approximately the same 
energy) it is necessary to consider the time equa- 
tion 


x, OSE ; 
th nape = Lae R) Se Tp} Y, (17) 


We will seek the solution of this equation in the 


form Y => att) Me (r, R). We then get 
thas = Pind Gee. (18) 
n'v/ 


where 


eee ee | Pian Dury dk. (18a) 


Assume that at t = 0, the nucleus is in the state 
nv, i.e.,a47=0, -6,,. Then the system of 


VIBRATIONS OF THE SURFACE OF A NUCLEUS 


equations (18) can be written as follows: 


ros 1 ‘ye 
tany = WrayAny + 3 > ed aay 


n'v’ 
Ag il n 
oe Vv 
lanty: = OnyaAny “i 7 Bask as 


where w ,,=E,/H. By means of the Laplace’s 


transform 
foe} 


An = Je (n—iy) ta (t) dt, 


0: 


this system of equations can be transformed into 
the algebraic system 


5 ; 1 ny 
cae (ny aa aa in) = = b= —> Analy ) 
n'y’ 


‘ 1 
Any (@a'y vs 2 a im) 5 ad le >; gor Gir: 


ny 


By substitution of the second equation into the 

first one we get 

i 

SNE a are a ogear | ETE EC OPER 
ae oe ia a YI 


g 


where 


| n'v' 12 Z 
eT (1) = a Dal Fav P/ (@rv—1— 4). 


By means of an inverse Laplace transform we find 


Any = EXP {— loayt — */2T (Yo) Z}, 


where 
: Ah \ 
{= Om —t(4+ a 5 


Hence the probability of a nucleus to be in the 


2 2 
state nv varies according to the law a 
-e-!* where I’ can be found from the equation 


? 


1 = ae | Fm’ P/ [nv — om) + 107]. 9) 


n'y! 
Thus all energy levels at n #1, have the width 


(Nias = nr, (20) 


where 1/I is the average lifetime of the state 
nv with respect to a spontaneous transition into 
some other states. 

The adiabatic approximation is valid when the 
inequality # I< |E,,- E7,’\ holds. In this case, 
the terms on the right-hand side of Eq. (19) have 


i = . Since we assume 
sharp maxima for ®,,, = ®,’p’ S 


that the energy of an individual quantum of the 
surface vibrations is smaller than the excitation 
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energy of a single nucleonic state, the equality 

@ ) = ©,7,71s possible only when the vibrative 
state v’ differs from v by many quanta of vibrations 
of a nuclear surface. 


3. THE CALCULATION OF THE PROBABILITY OF A 
NONRADIATIVE TRANSITION OF ENERGY OF A 
SINGLE NUCLEONIC EXCITATION INTO THE 
VIBRATION ENERGY OF A NUCLEAR SURFACE 


The operators D__,, which are functions of R, 
appear in the matrix element Fev". To simplify 
the evaluation of F?'Y we willinepleck the less 
essential first integral D,», which contains the 
second derivatives of ?, with respect to cn Also, 


in remaining terms we will replace R by the 
equilibrium value Re Then 
; (6) 
Die i n>) Oy Loe (1) ax. (21) 
7A rn 


where 


09 
Lan (H) = 1 ou GE, (ar) 
oe, Rae (21a) 
By the substitution of Eq. (21) into Eq. (18a), and 
by taking Eq. (15) into consideration, and ‘also the 
equality 


re es Va V vi +t 
0c, ae as ) ms Tea ats 5p Wy 
we will get 
Enamel >| on L an (p) (22) 


perc 
ey) ' ' 
p. nn nn 
x Vv a Mey II My yi'ys 
ei oo 


il Vu ae nn' nn 
al a gy Mv yvyt4 py Meeps 
poeP 
where 
Morir, = Gy Ee — S) Fury Fe = GE) En. (220) 


With the accuracy to the terms of order (¢"- & )? 
vA 
the matrix elements Mj"), _, are equal to zero when 


- a y h 
Vie Up yt. If vy, Vp 4 £1, we ave 


Mes, =1— Yom +e) (G— Gy 2b) 


ee 


TY he _ V% come en n'y. 
Veo 9 (Su ~~ Sp ); 
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Me" 


MM UJ 
Yu) Want ae Ve =A) 

Now let us consider the excited states n with 
only one nucleon on the first excited level, and 
such that there are no quanta of the surface vibra- 
tions (v=0). Then in the summation (19) over 
n’v’ there will remain only the terms with Ee 
Moerover, considering Eq. (22b) and “Sens in 
Eq. (19) only terms of order not higher than 


n Ran 2 No saws No 
(gn a) , we get ee =t/2 ahs L " (n) 
x (cr = ay )* and the summation (19) will be ex- 


pressed as follows: 


Sane or "Lan, (U. 


) (Ch ee ce) B 


On, 0)” + a7 1? 


(23) 


In performing the summation over v,one should keep 
in mind that Vy can have the values 0, 1; further, 


No 
On ,y ~~ On, 0 = Quins a > Mp Vu, 
Be 


(23a) 


where 


(23b) 


NN» 


En 1 Sate (C00) 
n No ny FALE 
= eae : YOu. (ais) 


— of)? + 7 (ok —On)f. 
The first term in Eq. (23b) corresponds to the 
change of energy due to the transition of nucleons 
from the state n into n., under the assumption of a 
spherical shape for the nucleus. The terms in 
square brackets account for the change of energy 
connected with the deformation of a nuclear 
surface, and the last term accounts for the change 
of energy of the zeroth vibrations, which happens 
because of changes in frequencies of vibrations. 
Considering the sharp maximum of Eq. (23) at 


QO, 7 sti te = 0, we can write Eq. (23) as fol- 


rte) | 
we Ge 


vol nak v 


; 


Je 


(Grn, > a ay +4/,T2’ 


where > means the average value of the sum over those 


nner numbers p” for which ee 1 and 
Z,oyryt = Mang. Let ao = Q; then, 
p. 


y (Pan, Boe" y %.)° see 1 


Ps e (Q) dQ on 
a \ (Qan, — Q)E sb tha fig er it p (Quin, ); 


where p (Q) is the number of states of surface 
vibrations per unit of frequency interval. Accord- 
ing to Bethe? 


p(Q) = 


he Rios /3 (a/y)° Is. 
Hence 


= =p ()| otL n(n) (Ge — ety, 


wll 


where L (1) is determined in Eq. (21a). 

For eoende evaluation of L, () the change 
of the function due to decemacion of a nuclear 
surface has to be calculated. Assuming that the 
potential field for the nucleons in a nucleus can be 
pictured by a spherical rectangular well of radius 
R, and depth D, the operator of excitation at 


small deformation of nuclear surface can be repre- 
sented by 


W = — DR, >) (tp — 
P 


x pa V th] Bye bp (You + Yxu). 


Ro) 


The summation & extends over all nucleons of a 


nucleus. 
In first approximation of the theory of excitations 
- te (R) = % No (R,) (25) 
tf Ze 
ae > (Waal RQ, im) Pm (R,): 
m 
where 
Qm = (cee oF, oe) h, 
Wang = \% mn Vo, dz. 
Substitution of Eq. (25) into Eq. (21a) gives 
meee DROR, (Ry) K n, (Ro) 
LP. = a i hQ, = 


Vis, +n veo 


2 
H. Bethe, Rev. Mod. Phys. 3, 362 (1948) 
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For simplicity we will consider the nuclei con- 
taining only one nucleon outside of the complete 
shells*. Then the lowest excited states of the 
nucleus are determined according to the shel] 
model by the transition of this nucleon (in the 
future we will call it an external nucleon ) into 
some other quantum states. Consequently, the 
quantum states ny and n will differ only by the 
state of the external nucleon. As it is shown in 
references 3, the summation 


DY VinYn.Vin dQ = 0, 

P 
when it includes all nucleons contained in com- 
plete shells. Therefore, only external nucleons 
will contribute to Ln. (EB) 


DRER, (Ry) Rn, (Ro) 
hoa 


Non 


Lan, (t) = — 26) 


x a V ga-\ Yin. (Yau tf Yju) Vay aQ., 


The factor DR* R (Ry) R, (Ro) can be com- 
puted under certain assumptions on the potential 
well in which the nucleons are moving. These 
computations are very approximate. They were 
done in works mentioned in reference 3. 

It was shown that this factor does not depend 
much on the state of a nucleon and is approxi- 
mately equal to 40 mev (at D = 28.3 mev). 

Let g denote the integral ine m, Yuu Yim? 2 
This integral is zero when the selection rules 
[A-4 |<< |A+d,|andA+/+/, =2n( where nis an 
integer) do not hold. For the transition fz p the 
average value of second power of g” according to 
the computation of Reifman‘ is g” < 0.1. 
Hence, the following approximation can be 


made: 
0.4h 40 


2 
Lon = (E—) , 
Bw ee 
where E ., is the energy of the single nucleonic 
transition expressed in mev and « is the fre- 


* The results obtained below apply only to nuclei 
which lack one nucleus to fill the outer shell. 


: i 50); E. Feenberg 
J. Rainwater, Phys. Rev. 79, 412 (1950); 
and K. Hammak, Phys. Rev. 81, 285 (1951); R. Wagen- 
ingen and J. Boer, Physica 18, 369 (1952) 


44. Reifman, Z. Naturforsch 8a, 505 (1953) 
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quency of surface vibrations. 


By substitution of these results in Eq. (24) we 
get 


Pa STE ( 40 y 
B tmey 


2 


De} (Cn — Ce) 


Thus, the probability of a nonradiative transfer 

of energy of a single nucleonic excitation to the 
collective degrees of freedom of a nucleus is the 
greater, the greater is the square of the difference 
( Cu - cu?) characterizing the change of equilibrium 
configuration of a nucleus during the transition of 
a nucleon from an excited into the ground state. 
Such nonradiative transitions must widen the 
levels which correspond to the excitation of 
separate nucleons in a nucleus. The total width 
will be equal to the sum of widths of the non- 
radiative transition processes, considered above, 
y-emission, conversion, etc. 


For the evaluation of magnitude of I‘ we assume 
that the transition takes place from a spherically 
symmetrical state n, (or into spherically sym- 
metrical state ), and that the interaction exists 
only with the surface vibrations A = 2; then, 


2 
fos 


é 


40 
Emev 


P= 0.459 (Q)( 


where w is the frequency of vibrations of the 
nuclear surface at \=2. The value 


8= a Cy = Dial 


m 
determines the ellipsoidal deformation of a nuclear 
surface. According to reference l, it can be cal- 
culated from the value of a quadruple moment of a 
nucleus Q, (with respect to the axis of symmetry ofa 
nucleus) by using the formula B =(57) Qy/3ZR 5 or 
from the moment of inertia of a nucleus J =3BB ”. 
Further, from Eq. (24a) it follows that p (Q) = 2.6 
1x 10°39 @ V3 42/3, For example, by letting E 
=1.5 mev, o =8 x 101%; and 4 = 216; B =0.1,we 
will get [ ~ 2 x 107° which corresponds to the 
width of a level ~ 0.1 mev. Knowing the magnitude 
of I} one can determine the mean free path of a 
nucleon in a nucleus A = v/I’, where v is the 
velocity of a nucleon. Since I differs from zero 
only for the excited states of a nucleus, A =f 00 
only for the excited states of a nucleus. 

In some works” it was shown that the experi- 
mental data® about the scattering of neutrons with 

5 V. Weisskopf, Physica 18, 1083 (1952); H. Feshbach, 
C. Porter and V. Weisskopf, Phys. Rev. 90, 166 (1953) 


: H. Barschall, Phys. Rev. 86, 431 (1952) 
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the energy less than 3 mev can be phenomeno- 
logically explained as a scattering in a complex 
potential, the imaginary part of which is respons- 
ible for the formation of an excited compound 
nucleus. This verifies the notion that during the 
first stages of nuclear reactions the average field 
of a nucleus acts on the incident nucleon. In this 
case the mean free path, which is connected with 
the probability of formation of an intermediate 
nucleus, can be determined in an analogous way. 
Of course, one should keep in mind that the 
possibility of a separation of single nucleonic 
excitations is determined by conditions, which 
make the inequality # I‘ < A valid. Here A is the 
distance between the neighboring single particle 
levels. If this inequality is violated, which ap- 
parently must be the case at high excitation ener- 
gies of a nucleus, the separation of single 
particle excitations from a total excitation of a 


nucleus is entirely impossible. 


4. EFFECT OF THE DEFORMATION OF A NUCLEAR 
SURFACE ON THE PROBABILITY OF SINGLE 
NUCLEONIC EXCITATIONS 


In the adiabatic approximation the state of a 
nucleus is characterized by the energy levels 
EF, , (16) and wave functions 

| oe - 
Pa en RY LL Oe ee ca), 
p» 
We assume that under the influence of an excita- 
tion, the operator A (r) of which operates only on 


the coordinates of the nucleons, the transition from 
the state ny v into the state nv takes place with- 
out change of the quantum state v=(...0,.. .) 
of the vibration of a nuclear surface. The proba- 


bility of the transition within one second will be 
equal to 


x {Lf Ce — Coyeh 


The ratio of the probability of a transition 7, > 7, 
upon consideration of possible deformation of a 
nucleus, to the probability of the transition com- 
puted for the case of a rigid nuclear shell will be 
equal to 

Meat tenet OA ES >) 

. 

The summation is performed over all possible types 
of vibrations of a nuclear surface. The last ex- 
pression can be simplified when one of the states, 
between which the transition takes place, cor- 
responds to the spherically symmetrical nucleus; 
then P= 1/4 > a , By assuming, for simplic- 
ity, that the greatest interaction is accomplished 
with the surface vibrations A = 2, we get P = 1 


-(B®B/4%). When A = 216, 2 =8 x 1019, B=0.3, 


we get P = 0.8. 


Translated by G. Filipovich 
ST, 
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A gauge transformation is carried out on the Green’s function and the vertex operator 
for charged particles interacting with an electromagnetic field. 


G AUGE invariance arises in the field theory of 

charged particles interacting with an electro- 
magnetic field. Given a gauge transformation of 
the potential of the electromagnetic field 


Aa Aus 02 | 0X, (1) 


(¢ is an arbitrary operator function), the y- function 
of the particle is transformed as follows: 


v ENS veiee (2) 
(e is the charge, # and ¢ are taken to be unity). 

We shall attempt to determine here how the 
Green’s function for the particles will change 
under such a gauge transformation. The Green’s 
function for particles is well-known to be 


G (xx') = (9 (x) ¥(x')),>. 


The brackets denote a vacuum expectation value. 

The Green’s function G (xx) will change under 
the gauge transformation (1). From Eq. (2), it can 
be written in the form: 


(3) 


OAC ) = OU, xe ) (ere (2). (4) 
where G (xx) stands for the Green’s function for 
the particular casé when the longitudinal (in the 
four-dimensional sense) part of the photon’s 
Green’s function is equal to zero!. The Fourier 
components of the Green’s function for photons 


Day (xx') = t (Az (x) Ay (x), (5) 


‘ 1 
can be written in the general case in the form 
4 RR, RR, 6 
Digg a) 2 ees (3,, Say ) + 4nd: a. (6) 


The terms containing d, and d; represent respec 
tively the transverse and longitudinal parts of the 


11. D. Landau, A. A. Abrikosov and I. M. Khalatnikov, 
Dokl. Akad. Nauk SSSR 95, 773 (1954) 
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function D Now let us compute the vacuum 
expectation value of the chronological product. 
The longitudinal part of Green’s function turns out 
to be the original function. It does not depend 
upon interaction with the field. Thereby the prob- 
lem reduces to calculating the vacuum expectation 
value of the expression eteh(x) e-teh(x ) where 
the operators ¢ represent a free field. Expanding 
the free field ¢ into plane waves, we have 


o= yy On > MR?) (ape as Ca ena 
k 


a, and ay, represent respectively creation and an- 
nihilation operators for longitudinal photons; 

\k?), the amplitude which characterizes the 
contribution of the photons, by the four-dimensional 
wave vector k. We also include in \(k2) a normali- 
zation factor. In view’ of the smallness of this 
factor (it contains the reciprocal volume) we shall, 
in what follows, leave out terms of higher power 
than \?. Expressions of the type e®€® can be expanded 
by means of Eq. (7) into the infinite product - 


eiee(x) a I] orth, e—eo(x') — II gee 
k é 


The operators a, and ay, corresponding to dif- 
ferent values of the wave vectors commute with 
each other. Let us now take advantage of this 
circumstance and take into account the fact that 
the vacuum expectation values of terms of first 
order in the operator ay, ( or P;,) are zero. The 
vacuum expectation values of the products ¢,¢,, 
in accordance with what we said above, can Nither 
from zero only if k =1. With the help of Eq. (7°) 
we obtain for the vacuum expectation value of the 
expression ete? (x)e-tep(™ ). 
<(eler(sde~ ieee) <0 (1 + den — $ 9] 

k 


(1-1-9) 


Pie + 


(8) 
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2 "52 s 
= [Td —4 @ Fem + 2 C(e,94) 
k 
4 5 ‘ F 
= EXD — oy e Di ae COS pe (9, )4> \ 


As we have already noted, the vacuum expectation 
value of the product of the two operators a, and 
a, is always zero except when k =/. Thereby the 
Green’s function for the ¢ field becomes 


Ar (xx') = i <(9 (x) 9(x')) >= iX(one)>- 9) 
Considering Eq. (9), we rewrite Eq. (8) in the 


form 
Reler eer! )) 


10 
Beet (Ar (0) Ar Ch (10) 


Now let us apply the results we have obtained and 
write the final formula for the Green’s function 
G(xx’) for charged particles; from Eqs. (4) and 
(10) we have 


G{Xx) == G, (Xx) 
Xx exp {fe? (A; (0) —- Ar (xx')}. 


Formula (11) links the Green’s function for 
charged particles G (xx”) with its value G_ (xx’) 
computed under the assumption that the 
longitudinal part of the photon D- function is 
equal to zero. The longitudinal part of the Green’s 
function for photons is connected with the 
A- function of the ¢ field, as evidenced by the 
expression: 


Dee xi) 


(11) 


o2 


0x, 0x! 


Ar (xx’). (12) 
In accordance with Eq. (6), the expression for 
the Fourier-components becomes 
d, (R) 


Ar (k) = 4z —- 


an (13) 


It is not generally possible to write in Fourier 
components form the Green’s function as it appears 
in formula (11). It is possible, however, to obtain 
a formula for the change in the Fourier components 
of the Green’s function for particles, for an 
infinitesimal gauge transformation of the potential. 
Performing a variation on Eq. (11) we obtain 


3G (xx") = ie®G (xx") (2Ar (0) (14) 


— 6Ar(xx’)). 


We rewrite this expression in Fourier components; 


with the help of Eq. (13), we find 


{G (p) — G (p— k)} aR. (15) 


ie? - dd, (R) 


Let us apply the resulting formula to the case 
of spin % particles. The unperturbed Green’s 
function of the free particle is given by 


Gy(p) =1/(p—m), p = iPr. 


Let dj(k) be a slowly varying function of the 
argument (k2), so that the condition 


e d (kl >1 is satisfied. Let us substitute into 
7 


the right side of Eq. (15) the unperturbed value 
of the function G(p). For slow variations of the 
function dk) in Eq. (15), significant contributions to the 
integral come from the region hk? > p*. Because of 
this, the term G (p-k) may be neglected with respect 
to G(p) on the right side of Eq. (15). Equation 
(15) is then satisfied by the Green’s function 

B(p*) 
BAN Oot yr 
where 6 (p”) is a slowly varying function of its 
argument. 

For the case when p*> m2, from Eq. (15) and 
from the expression 


d'h = (—h)d (— &), 


(16) 


we obtain 
2 = 5 a 8d, 2 
3(p)=—-— 3) \ apathy). 1D) 
—p* 


Let us denote B(p”) when d,;=0 by the expression 
B Ap *). Calculations show that in the case of spin 
%, we have B {p”) =], 
From Eq. (17) we obtain for a finite gauge trans- 
formation the well-known formula 
ty eats ec d (— k*)| 
e(p)= exp|— = | a {SPN 
—p* 
The problem for spin zero can be solved in an 


analogous fashion. In this case the Green’s func- 
tion is written in the form 


B 2 
G(p)= 4? 


pP— m- 
Calculations show that for slowly varying d) , the 
quantity B(p?) similarly turns out to be a slowly 
varying function. For a finite gauge transformation 
we obtain, analogously to Eq. (18), 


(18) 


(19) 


GAUGE TRANSFORMATION OF THE GREEN’S FUNCTION 


2 - d —p2 
Be) = Fr(p*exp (— a | di S21, an 
—p* 
where B Ap?) denotes B (p*) when d, =0. 
Let us now turn to the gauge transformation of 
the vertex operator I" (xx’; €). We shall start 


from the vacuum expectation value of the 
chronological product 


< (2 (x) Ay (&) 8 (x'))4. (21) 


The vertex operator I” (xx’; €) is linked to the 
function B (xx “; E) by the integral 


Pix 5s) C2 \G Coe) Ty (eX 8 VGH” x) 


) 
>< Dn (§’&) dix" d4x” dt. (22) 


Under gauge transformation, the function 
By (xx°; &) changes as follows: 


By (xx'; €) > Boy (20x'; &) < (ei@9). e—Hee#),.» 


iep (x) 9P (8), ieg(x')) \ (28) 
iep (x) 9P (5), ieg(x') 

+ Go (xx!) ¢ (ee ) a, ErFeuls )e>- 

Here By (xx°; &) denotes the function a when 

the longitudinal part of the photon D- function is 


equal to zero. The vacuum expectation value of the 
product which appears in the term containing 


BD, in Eq. (23) is calculated from Eq. (10). As 
for the factor which appears with G (xx”), simple 
calculations involving Eqs. (7) and (8) yield for it 


Alec 02) piety) 
<(° spe >, (24) 
= exp{ie? [Ar (0) — Ar (xx’)} 


ua = (Ar (xt) — Ar (Ex’)): 


Substituting Eq.(24) in Eq. (23) and taking Eq. 


(11) into account, we finally obtain 
Pk n si bol X%., 5) exp.jie* (Ar(0) 


(25) 
Or (xx'))} le By (xx'; é), 


By (XX'; 2) 


= eG (xx') - (Ap (x8) — Ar(éx’)). 


(26) 


Let us clarify the connection between each of 
the terms in Eq. (25) and the Green’s functions for 


particles and photons. First we show that the 
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second term in Eq. (25) coincides exactly with that part 
of Eq. (22) which corresponds to the longitudinal 
part of the photon function Dis 


By (xx'; 2) =e \ G (xx) Ty ("x 8) 
(27) 
x CG (ox) De (66) asx” atx” dic. 
This expression can be obtained rigorously by 
going to Fourier components. Using Eq. (26), the 
Fourier components of By xx”; €) become 
By. (p, p— k; k) =e (G(p) 
— G(p— k)) kyAr(R). 


The Fourier component of the right side of Eq. (27) 
is evidently given by [ see Eq. (6) |: 


RyRy 
0G (pT (p, p— bi; k) G(p — b) HY 4 (2) (29) 
We shall now make use of the famous generalized 
theorem of Ward? 


RT, (p, Die k; k) 


(28) 


= —-(G-"(p) Gi (ph), (30) 
Expression (29) then becomes: 
k 

e(G(p) -—G(p— 8) h4ndi(®). (ay 


Comparison of Eqs. (31) and (28), in view of Eq. 
(13), verifies the correctness of Eq. (27). If Eq. 
(27) is proved,then it follows from Eqs. (22) and 
(25) that 


Bye x2"; 8) exp fie? [Ar(0) — Ar(xx'))} (40 


=e \ Gxt 4%. eGo) 
% Diu (68) d4x" d4x" dv 


ne is the transverse part of the D- function). 


Rewriting this expression for an infinitesimal 
gauge transformation and going to Fourier 
components, we find 


ie? {G (p) Tu(p, p— &; k) G (p— k) 


—G(p—rnl.(p—r, p—7r— k ER) 


od; (#5) 
x G(p—k—r)} ai 


= G(p) I, (p, p— ks k) G (Pp — &) 


hip 


2H. Green, Proc. Phys. Soc. 66, 837 (1953) 
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+ ie? | ((G(p)— G(p —r)] 


x Tu(p, p— ki k)G(p —F) 
+ G(p)T. (p, p— kk) (G(p— k) 


sd 
~—G(p—k—n)) a. 


Solving for oD, we finally obtain 
G(p) aT, (p, p — R; Rk) G(p — Rk) 
= —ie? | {G(p)T.(p, p—& &)(G(p— &) (34) 
SO (p ik 7) np 1) 
X(T (p—r, p—r—k, k)G(p—k—r) 
dd, (r) 
—T, (p, p— k; k) G(p — k)]}} Sa a’. 


For the case of spin % particles, the change in 
the vertex operator CAGE p-k; k ) under 
infinitesimal gauge transformation (p2>> m”) can 


be found by a method similar to the one that was 
used for the Green’s function. If d,(r) is a slowly 
varying function in Eq. (34), then all the terms on 
the right side except the first can be neglected 
(upon integration in the significant region of large 
r?), After this it is easily found (assuming that 
(p-k)?, p? and k? are all of the same order of 
magnitude) that 


aD (p, pk; b) (35) 


= —fe?T.(p, p— kB) ( 84") gy (— 72), 
—p* calf 
This result is found to be in conformity with 
Ward’s theorem. 
In conclusion we wish to extend our thanks to 


A. A. Abrikosov for taking part in discussions 
with us. 


Translated by M. A. Melkanoff 
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A macroscopic theory is developed for the interaction of bodies whose surfaces are brought 


within a small distance of one another. 


The interaction is considered to come about through 


the medium of the fluctuating electromagnetic field. The limiting cases of separations small 
and large compared with the wavelengths of the absorption bands of the solid are studied. 
Upon going to the limiting case of rarefied media, the van der Waals forces of interaction 
between individual atoms are obtained. The effect of temperature on the interaction of the 


bodies is considered. 


T is well-known that the forces of interaction 

between neutral atoms, located at a distance R 
from one another which is large compared to their 
internal dimensions, leads to an attraction 
inversely proportional to R? . These so-called 
van der Waals forces are obtained in the second 
approximation of perturbation theory, applied to the 
electrostatic interaction of two dipoles. Such a 
treatment is however valid only so long as the 
separation R is small compared to the wavelengths 
A corresponding to transitions between the ground 
and excited states of the atom. For R S$ ) , retar- 
dation effects become important. The interaction 
of atoms when these effects are taken into account 
was studied by Casimir and Polder ! . Here the 
perturbation operator is the sum of the electro- 
static interaction of the atoms and their inter- 
actions with the radiation field. The latter can, in 
the usual fashion, be regarded as the result of 
emission and absorption of virtual quanta. With 
respect to this interaction, the perturbation theory 
must be applied up to fourth order terms, and the 
calculations become rather unwieldy. In the limit- 
ting case of R > 2, the attractive force turns out 
to be proportional to R“® rather than to R~’. 

The presence of attractive forces between 
neutral atoms naturally results in the presence of 
similar forces between two macroscopic bodies 
whose surfaces are brought to within a small 
distance of one another. However, the calculation 
of these forces, starting from the known interaction 
of the individual atoms, would be possible only for 
sufficiently rarefied bodies, i. e., for gases — a 
case which of course cannot be realized practi- 
cally. We can however approach this problem in 
purely macroscopic fashion (since the distance 
between the bodies is assumed to be large 
compared to interatomic distances). From this 
point of view, the interaction of the objects is 
regarded as occurring through the medium of the 


ly. B. G. Casimir and D. Polder, Phys. Rev. 73, 360 (1948) 
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fluctuating electromagnetic field which is always 
present in the interior of any absorbing medium, 
and also extends beyond its boundaries, — par- 
tially in the form of travelling waves radiated'by 
the body, partially in the form of standing waves 
which are damped exponentially as we move away 
from the surface of the body. It must be empha- 
sized that this field does not vanish even at 
absolute zero, at which point it is associated 
with the zero point vibrations of the radiation 
field. 

The method for calculating interaction forces 
which is based on these considerations has 
full generality, and is applicable to any body at 
any temperature. It also automatically takes into 
account retardation effects, which become 
important for sufficiently large separations between 
the bodies. In the limiting case of rarefied media, 
the method must of course lead to the same 
results as are obtained by considering the inter- 
actions of individual atoms. 


1. CALCULATION OF THE FLUCTUATING 
ELECTROMAGNETIC FIELD 


We picture the interacting bodies as two media 
filling half spaces with plane-parallel boundaries 
separated from one another by a distance / (Fig.1). 
To calculate the fluctuating field 
in the interior of the two media, 
we shall use the general theory 
which is due to Rytov and is de- 
BD iba |scribed in detail in his book?. 

This method is based on the 
introduction into the Maxwell 
equations of a ‘‘random’’ field 
(just as, for example, one intro- 
duces a ‘‘random’’ force in the 
theory of Brownian motion). 


/ 3 a 


Fic. 1 


25. M. Rytov, Theory of Electrical Fiuctuations and 
Thera Red ation. Publishing House, Academy of 
Sciences, USSR, 1953 
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In a dielectric, ponmagneticmedium, these 
equations are, for a monochromatic field ( time 


factor e*”)* 


curl E=i— H, Gar 


. . @ 
On eed © en ed 


where ¢€ = e(w) is the complex dielectric constant, 
and K is the random field. The fundamental 
characteristic of the latter is the correlation 
function, determining the average value of the 
product of components of Kat two different points in 
space. By the very nature of the introduction of a 
random field in a macroscopic fluctuation theory, 
in which atomic distances are considered to be 
negligibly small, this correlation has the character 
of a 6-function. According to Rytov, it is given by 
the formula 


ERA URA MEd eR) (1.2) 


= Ae’ (0) 8nd (x — x')3(y —y')3 (@— 2’), 


4 1 ha 
A= 4n (x + Pees — 2h coth =F ; 


where 7 is the temperature and ¢” is the imaginary 
part of e=e’+ ie” ( for the quasistationary range 
of frequencies, an analogous formula was obtained 
by Leontovich and Rytov4). 

We represent the function K(x, y, z) in the form 
of a Fourier integral, which we write for the 
half space x <0 in the form: 

co 
KG Vez) — \ g (k) e’@cos kyx dk. 


—oo 


(1.3) 


Here and in the sequel we denote by q a two- 
dimensional vector with components ky, k, (so 
that k? = k2 + q?), and by r, the radius vector in 
the y-z plane. For the Fourier components 

g(k), the correlation function corresponding to the 
spatial correlation (1.2) is (cf. reference 2, No. 4): 


Bik) ge (K) = Edd k —k’). (1.4) 


* The question of the meaning of monochromatic 
components for quantities which are not expandable in 
the usual sense in a Fourier integral, (as is the case 
for the fluctuation field) is discussed in reference 2, 
No. 2, and reference 3, No. 117. 


3 1. D. Landau and E. Lifshitz, Statistical Physics, 
3rd Edition, Gostekhizdat, 1951. 


4M. A. Leontovich and S. M. Rytov, J. Exper. Theoret. 
Phys. USSR, 23, 246 (1952) 


We now proceed to the solution of Eq. (1.1) with 
the appropriate boundary conditions on the 
surfaces of the two bodies. In medium ] (x < 0), 


we look for fields E and H of the form: 


co 
Pa \ (a, (K) cos Rex ++ tb, (k) sin Ryx} eft k 
+ (in @eisrineda, 
ve (1.5) 
H.= © { {((gail + &elnby]) cos Rex 


i t({qb,| a Re [na,]) sin kx} ot: Tk 
-+00 
a = \ {[qu,] — s, [nu,]} eiat-isix dg, 


where n is a unit vector in the direction of the x 


axis, and 
9 
Ven¢ 
Si oy Les 


where the sign of the root is to be chosen so that 
the imaginary part of s will be positive**. We have 
here made use of the first of Eqs. (1.1). 

The first terms in these expressions represent 
a solution of the inhomogeneous Eqs. (1.1). Sub- 
stituting them in the second equation of (1.1) and 
writing K in the form (1.3), we find the following 
relations, expressing a, and b_ in terms of the 
Fourier components g, of the random field: 


(1.6) 


4 a? 
ay ae 


Sa ee 
€1 (k2— we, / c?) | c? 181 


we V(qg,J—F8vn), (1.7) 


k, 
bi = — Feat [8 (48) 198i). 


Two-dimensional vectors in the y-z plane are 
indicated by the subscript r from now on. 

The second integrals in (1.6) represent the 
solution of the homogeneous equations (1.1) (i.e., 
the equations with K omitted), and describe the 
plane wave field reflected from the boundary of 
the medium. The condition for transversality of 
these waves is: 

MPI — Sits = 0. (1.8) 

In the second medium (the half space x > 1), the 
field Ey, H, is given by the same formulas (1.5), 
(1.7), (1.8), with the index ] changed to 2, 

** Since the imaginary part of the expression under 


the square root sign (w 2€” /¢2) is positive, when 
Im s > 0 we also have Re s > 0). 
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cos k x, sin kx replaced by cos k (x-l), 

sin k (x-l) and change in the sign of s (the 
“reflected” waves now propagate along the 
positive x direction). Finally, in the space 
between the media (vacuum), we have ¢ = 1, K =0 
and the field is given by the general solution of 
the homogeneous equations, which we write 

in the form: 


-+co 
Es= | {vq)e"*+ w(q)e”%} eietd g, (1.9) 
, -+e0 
Hs= oe \ {[qv] + p[nv]) eix 


+ ([qw] — p[nw]) e-i74 erat g 
where 
o= 4, (1.10) 
and v and w Satisfy the transversality conditions 


Vd Plz =0, Wq— pw, = 0. (1.11) 
The boundary conditions on the surfaces of the 

media are the requirement of continuity of the 

tangential components of E and H. On the plane 

x =0, this gives the following equations: 


Go 
\ air ak, -- Uyr = Vr =n Wr, (1.12) 
te —oo 
\ (q Qyx — Rx byr) Re + Q Myx + $y Uy, 


= q(Vx+Wr) — p(Vr— Wr). 


The conditions at the plane x =/ differ in having 
S,,a,,b,, v, wreplaced by S,,a,,b,,ve ™, 


we iP! respectively. 

The collection of boundary conditions and 
continuity equations determines all the field 
amplitudes. In what follows, we shall need only 
the field between the two media. For a given 
value of q, we resolve v and w, along the mutually 
perpendicular vectors q and nq, which we 
choose as y and z axes, respectively. The calcu- 
lation leads to the following formulas for the 
tomponents of v and w, expressed in terms of the 
amplitudes g of the random field: 

ee 

ey \ Else (2p + So) 


==> 


V¥8yx — S\81y 
2 2 
ky ae 


(1.13) 


VSox + So8oy ak 
Re 32 x9 


2 


+ Se (e,p— ) 


-+co 
—p ; 
bs \ ny {se (2P— Ss) 


—oc 


9814 — S81 8hy 
2. 2 
RY ei 


G8ox t S58, 
— $3 (81p+ s:) = “| dkx, 
Re S83 


oo 


wo? . £. 
v= | Sepsis. + 2) ES 
Cc k2 = s2 
—oo x 1 


&. 
=+- $4 (s;— p) ——=— 
2(Si— p) Pa 2 


a, 


w? ; & 
ey) 1z 
\ str {se Sia t) oes 
x 


Sy 


Wz,=> 
—oo 


ee S2(S, ap D) | dk, 


.s2 


qu qu 
US py Rte) 


Pp ‘ P 
where we have introduced the notation: 
A = ei?! (s, — ep) (S2 — &2p) 
— e~'F! (1 + &1p) (Se + Sop); 
A’ = e'?! (s; — p)(S2 — p) 
— e—!?! (5, +. p) (So + p). 


The quantity q runs through values from zero to 
infinity, while p runs through real values from w/c 
to zero, and pure imaginary values from zero to 
ico. The first correspond to undamped plane 
waves in the space between the two media, while 
the second refer to exponentially damped (so-called 
‘*inhomogeneous’’) plane waves. 


2. CALCULATION OF THE FORCE OF ATTRACTION 


We shall calculate the force F of mutual attrac- 
tion, acting on unit surface of each of the bodies, 
as the xx-component of the Maxwell stress tensor. 
The tensor calculated from the expressions 
obtained above for monochromatic field components 
must still be integrated over all frequencies. For 
the definition of the time factor which has been used, in 
particular in formula (1.2), the integration over dw 
must be extended between the limits - 0 and + ». 
We shall integrate only over positive values of w 
and so shall define the stress tensor as twice its 
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usual expression. Thus 
©O 


F=|Fodo = q\ (Ei + Be 


0 


(221) 


ma Ex: t= Hex} r=0 do. 
The dash over a symbol signifies a statistical 
averaging, to which the Fourier components g of 
the random field must be subjected. The averaging 
of components g referring to the same medium is 
carried out with the aid of Eq. (1.4) (with 
appropriate value of «” ). Quantities 8, and g,, 
referring to different media, are statistically 
independent, so the average of their products 
gives zero. 

Writing the squares of the integrals (1.9) in the 
usual way as double integrals, and carrying out 
one integration over the 6 - functions, we obtain 
after some transformations 


-+-00 eo 
1 * 
rea | Jiley + Wy P+ FT| dy — yl? (2.2) 
+ Flo. + wel 


@ 


2 2 
+ SLE |v. — wel} 2nq dg dhe, 
where one must substitute in place of v, w, the 
expressions in the integrands of Eq. (1.13), and 
the average product g;g; is to be taken simply as 
(Ae” /4r) 6,,- The integration over dk is carried 
out with the help of the formula 


Pon ; 
: aes iw 
\ jars ~~ [s2(s—'s*) © 


We replace the integration over dq by integration 
over dp, setting gdq=pdp. 
After a sequence of transformations, we can 
represent F’., in the following form: 
h ho 


oie oT: 


* Sean( lett cena 


ri ee ee i)! 
2 L(Si—*1p) (S2 — €2p) 


(2.3) 


4 >} + e.c. 


where c.c. denotes the complex conjugate expres- 
sion, and the integration with respect to p is to be 
carried out in the plane of the complex variable p, 
over the segment (a/c, 0) of the real axis and over 


the whole upper half of the imaginary axis. 

It is an essential point that it turns out to be 
possible to represent Fas the real part of an 
integral of an analytic function of p, despite the 
fact that the expression (2.2) was obtained by 
taking square moduli of the field components. This 
can be done, if we note that on our integration 
path p is either pure real or pure imaginary. The 
integrand in Eq. (2.3) coincides with the integrand 
in Eq. (2.2), (after carrying out the 4, integration 
in the latter, and replacing qdq by pdp), for just 
such values of p. But, having verified this, we 
can from now on regard this expression as an 
analytic function over the whole plane of the 
complex variable p, which enables us to make 
various transformations of the path of integration. 

The expression (2.3) is itself finite, but 
contains terms which diverge upon integration over 
@. These are the terms with w°, which appear as a 
result of the p integration of the terms with 4 in 
the curly brackets. However, this divergent term 
does not depend on the separation / of the bodies, 
and therefore has no connection with the problem of 
interest to us of the force of mutual attraction, and 
should be dropped. It represents the back reaction 
of the field produced by the body on the body 
itself, and is in fact compensated by similar forces 
on the other sides of the body. 

For the following investigation of the integral 
(2.3), we change the notation, replacing p by wp/c 
and s by ws/c. Also omitting the terms with /, 
we have, finally, 


h 


anc? 


\P ce (2.4) 


eo 


X Re |) pro cth Bes [ei bP) 2 +2) p-sipate_ 1) 


; 27 \\(si— Pp) (Sa—P) 


4 FSi 1p) (SeteeP) , si petje 42 
r aes (Sa— esp) © “ie 1] } dpde, 
43=V % (6) — 1 + p; 

S26 V 22 (0) seh a ifire 


The paths of integration for p and w are shown in 
Fig. 2a by the thick lines. 

If we may consider the temperature of the bodies 
to be equal to zero (the necessary conditions for 
this will be explained later) then coth—@ in 


Keq. (2.4) is replaced by unity. We eae 
consider formula (2.4) for just this case. 

Formula (2.4) is inconvenient because it is in 
complex form, and because the integrand contains 


the expression e-2!#P!/°, which oscillates along 
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4 +, 


We, 2 


the real part of the path of integration over p. 

The last fact makes the integration particularly 
difficult for large values of J, when the oscil- 
lation becomes very rapid. We can eliminate these dif- 
ficulties by suitable changes of the paths of 
integration in the planes of the complex variables 
@ and p. Namely, we shall transform these paths 
so that the p integration is taken only over real, 
and the w integration only over imaginary values; 


then the exponent in e2iapl/c 


For the brevity, we shall denote the upper right 
quadrants of the w and p planes ( together with the 
semi-axes which bound them) as Q,,andQ. We 
break up the path of integration over p in Eq: (2.4) 
into two parts, and first consider the one in which 
p runs through real values from unity to zero. 
Since we want to change the path of the w 
integration from the positive real to the positive 
imaginary axis, we must investigate the question 
of the existence of singular points of the integrand 
as a function of @ in the region Q., 

According to the well-known general properties 
of the function ¢ (@), its imaginary part « " >0 
everywhere in Q except on the imaginary axis, 
where «” =0. On the latter, ew) is real and 
positive, decreasing monotonically from some 
value ¢(0) > 1 for w = 0 to unity for w@ =i. There- 
fore the square root s = /e—1+p2 =s‘+is" 
(with real p) does not vanish anywhere within Q 
i.e., there are no branch points. From this it fol- 
lows in turn that the inequalities s’>0, s" >0, 
which are valid on the real semi-axis, are also 
valid everywhere within Q_, 

The integrand might have poles at the roots of 
the denimonator in Eq. (2.4), i-e., the roots of the 
equations 


(si + p) (Sa +P) _ eripalle 


(ip) =P) e) 


(sr + £1P) (Sz + €2p) — e2ipal/e 
(Si — €1p) (S2 — E2p) : 


But since s4s”, and e” are positive ( in the 
region Q_,) it is easy to see that for real p the 
moduli 


S + ep 


S+p | 
[cee ak Say 


>I, 


will be real everywhere. 


p w p 
1 
c 
and since |e2!P®!/¢ | <1, it is clear that Eqs. 
(2.5) can have no roots. Thus the integrand has no 


singularities in Q,, It also drops sufficiently 
rapidly at infinity, so the path of integration over 
« can be shifted to the imaginary axis. 

Next we turn to that part of the integral in which 
p runs through pure imaginary values from zero to 
ico. Here we must change both paths of integra- 
tion, over p and over w. However, we cannot make 
these changes in a simple succession, since, for 
example, it is impossible to show that in the 
general case there are no poles of the integrand in 
Q., for arbitrary imaginary values of p. But in 
integrating a function of several (in our case, two) 
complex variables, we have very great freedom in 
shifting the contours. Thus we can change from 
integration over certain contours Cand C, to 
other paths C “ and C/, if we can in any way 
simultaneously shift the paths without having them 
pass through any singular points of the integrand. 
In the present case, such a procedure would be the 
simultaneous shift of the paths in the quadrants 
Q., and Cy during which the product ip remains 


real (and, clearly, negative ): 


Im {top} =0; Re {top} <0. (2.6) 
In particular, the initial paths (real semi-axis for 
@, imaginary semi-axis for p) and the final paths. 
(imaginary semi-axis for , real semi-axis for p) 
satisfy this condition. 

Such a transformation is , in fact, possible, for 
example,by introducing in place of the variable w 
in the original integral the real positive variable 
#® =-iwp, then shifting the integration over p from 
the imaginary to the real axis (for fixed values of 
x), and finally introducing w once more as the 
imaginary quantity w = ix/p. Here, too, the 
integrand can have no branch points, since s could 
go to zero only for simultaneous pure imaginary 
values of w and p, which event is excluded by 
condition (2.6). Therefore, we need only show that 
there are no roots of Eqs. (2.5) for values of p in 


the region Q_ for arbitrary real values of x. This 
presents no difficulties for the first of the equa- 


tions, since the modulus | $+? | > 1 generally 
Sanh 
for all w and p in Q,, and 0” which is easily 


78 


demonstrated by noting that s“>0, s >0; 
The investigation is far more complicated for 
the second of Eqs. (2.5). We shall here outline the 
method of proof, assuming for simplicity that the 
two media are identical. From the equality: 
(2422) = em 2x1 
S—ep y 


(227) 


s=Ve(ix/p)—1+P’, 


we conclude that (s +ep) /(s—ep) must bea 
real number less than unity in absolute value. 
From this it follows in turn that there must be a 
relation between the values of the complex 
quantities s, p, ¢ of the form 


a>0, (2.8) 


where a is some positive real number; one verifies 
easily that such a relation is possible only for 
€’>0. This in turn excludes the possibility of 
having roots for values of x and p for which the 
argument of the function ¢(ix/p) is very small or 
very large, since we know that ¢*> 0 in both 

these cases. There can also be no roots for very 
large values of p, since then s ~ p, and it would 
follow from (2.8) that s = - ]/a, i.e., the value of s 
would be real and negative, which is impossible. 

We shall first show that Eq. (2.7) has no roots 
for infinitesimal values of the parameter 1. As we 
have pointed out, very large values of x are excluded 
for arbitrary /. For finite x, the right side of Eq. 
(2.7) approaches unity as 1—0. The left side of 
the equation can tend to unity only if p> 0, (since s 
does not go to zero anywhere). But then we would 
also have to have x — 0 (in order that the ratio 
x/p remain finite), and the right side of Eg. (2.7) 
will approach unity for / + 0 faster than the left 
side, so that for sufficiently small / , there can be 
no roots in any case. 

We show further that for arbitrary values of | 
there are no roots on the boundaries of the region 
Q,'- In fact, infinitely large values of p are ex- 
cluded as shown above, while the axis of abscissas 
(real p) is out, since the function (ix/p) of 
imaginary argument is real and positive. The 
ordinate axis (imaginary p) is excluded, since for 
such p the relation (2.8), when squared, would 
give a quadratic equation for e; 


ea? | p|+e-(1+]| p |?) =0 


from which it would follow that ¢ were real, which 
is impossible (for real argument ix/p). 
With increasing 1, roots could steal into the 


a Except for the irrelevant , trivial root p = 0 for x = 0, 
whose position does not depend on 1. 
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region Q. only across its boundaries. Therefore, 
the absence of roots for very small /, and the fact 
that there are no roots on the boundaries of Cp for 
arbitrary 1, shows that there are no roots anywhere 
in Q. for arbitrary values of a 

Thus the required change of integration path can 
be carried out in both parts of the integral. Upon 
adding the two parts, the integrals over p from zero 
to unity cancel, and we obtain the following expres- 
sion for the force of interaction for 7’ = 0): 


h 
2m2c> 


F —= 
(2.9) 


ae 


(Si + per) (S2 + PE2) pevttie _ 1 | * ign di 
ate ee (Sg — pE2) aa : jap as 


( the path of integration is shown in Fig. 2b). Here 
we have introduced the notation w =i € for 


imaginary values of w, and ¢, and e€, are to be 
* . 5 nd 
taken as the real functions eG &) and € g(t &). We 


have dropped the ‘‘Re’’, since the expression 

given is manifestly real. Formula (2.9) makes it 
possible, in principle, to compute the force F for 
any separation J, if only the functions «(i €) are 
known for both bodies. The latter can be expressed 
in terms of the value of the in aginary part of the 
function ¢(w) for real w by 


e(@@) —1= 4 | 22 Shae. 


= “2 4 &2 (2.10) 
Thus we may say that the law of interaction of 
bodies is determined if we give the functions 

e" (w); (we shall see, in Sec. 5, that this remains 
true for temperatures different from zero). 


3. THE CASE OF SMALL SEPARATIONS 


We first consider the limiting case of distances 
1 which are small compared to the wavelengths 
that are important in the absorption spectra of the 
bodies (for a more exact formulation of this 
condition, see below). The temperatures which can 
occur for condensed bodies are always small 
compared to the values 7 w ( e.g., in the visible 
region of the spectrum) which are important here. 
Therefore we may set T = 0, and use formula (2.9). 


* The possibility of a root sneaking in at the point 
w= 0 is also excluded: for this to occur there would 
have to be a double root at w= 0 for some value of li 
which does not occur. 
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Because of the presence of the exponentially 


increasing factor e2?£!/¢ in the denominators of 
the integrands, the main contributions to the 
integral over p\come from values of p, for which 
pél/c ~ 1. But then p > 1, so that, in finding the 
leading terms, we can set, S,=S, =p. In this ap- 
proximation, the first term in square brackets in 
Eq. (2.9) becomes zero. After introducing the 


integration variable x = 2lpé/c, the second term 
gives* 


= h \ dx dé 
167° Rie — \ Eo+1 jer (3.1) 
€;—1 /\ e,—-1 


(in this approximation, the lower limit 2léE/c of the 
x integration is set equal to zero). 

Formula (3.1) determines the force of attraction 
in the limiting case of small /. The force turns 
out to be inversely proportional to the cube of the 
separation, which, as was to be expected, is in 
accordance with the usual van der Waals force 
between two atoms(neglecting retardation). With 
increasing €, the functions e(i €) — ] decrease 
monotonically to zero. Thus,starting with some 
en oy , larger values of & cease giving any 
significant contribution to the integral; the condi- 
tion on the smallness of / is that 1 <«<c/€. 

Let us show how the transition to the limit of 
interaction of individual atoms is carried out in 
Eq. (3.1). For this purpose, we assume that both 
media are sufficiently rarefied. Then the 
differences ¢, — ] and «, — ] are close to zero, and 


we have, from Eq. (3.1), to sufficient accuracy, 


F = gap | \xter(— De — Daxdt 
ae reels E 
~ 32728 | [e (5) =) [es (is) as 1] dé. 


Expressing ¢ (i €) in terms of the values of €" (w) 
on the real axis of w,in accérdance with Kq. 
(2.10), we obtain 


[oo] 


| fer (@) — 1] [eo (#4) — 1] a 


0 


* This same result could have been gotten directly 
from Eq. (2.4), with the paths of integration shown in 
Fig. 2a, by noting that the main contribution to ay p 
integral comes from imaginary values of p. Asa se f 
noted, imaginary values of p correspond to laren y 
damped (‘‘inhomogeneous’’) plane waves. It is He : y 
natural that just this part of the fluctuation field (and no 
the undamped, true plane waves) gives the main : 
contribution to the interaction force for separations a 
which retardation effects are stil] unimportant. 


pp P1@28, (63) €5 (9) 
7 \ \ \ dw, dw. 
0 0 


(@} + &) (of + 6) 


and find for the force F 
co CO 

P= Tap 
0 0 


This force corresponds to an interaction of the 
atoms with energy 


3h 
OS aa 


CH uv 
ey («) E> (@) 


@, + Ws 


do dvs. (3 9) 


(3.3) 


CO © va " 
€, (@;) Ey (@p) 
Xx } omen? wae dw, dos, 


where N is the number of atoms per unit volume. 

[ Equation (3.2) is obtained from Eq. (3.3) by 
integrating over both half-spaces and then 
differentiating with respect to the distance / 
between themj. Formula (3.3) agrees exactly with 
the well-known formula of London5, obtained by 
applying ordinary perturbation theory to the dipole 
interaction of two atoms. In making the comparison, 
one must note that the imaginary part of e(@) is 
related to the spectral density f(w) of ‘oscillator 
strengths’”’ by the relation 


cos!’ (w) = (2n?e? | m) Nf; 


while the oscillator strengths are themselves 
expressed as usual in terms of the squares of the 
matrix elements of the dipole moment of the atom. 

Formula (3.1) can be represented sufficiently 
accurately for all practical purposes in a simple 
form. Let us assume, for brevity, that both bodies 
are identical. The integral with respect to x, in 
Eq. (3.1), depends, aside from the parameter, on the 
quantity [(e + 1)/(e- 1)]? , which takes on values 
never less than unity (unity is reached for ¢ — »). 
Figure 3 shows a graph of the integral 


oo 
Bex ds 
4+ \ ae*—1 
0 
as a function of the parameter a. This integral 
tends to unity for a — oo, but we see that even for a=] 
it differs from unity by at most 20% and that this dif- 
ference drops rapidly with increasing a. So we can 


5 R. Eisenschitz and F. London, Z. Physik 60, 491 
(1930) 
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iLq 


f 2 3 y 5 
Fic. 3 


practically write Eq. (3.1) in the form 


poets f(t) a 


8r2 \ e (if) —1 Cy 


(with a similar formula if the bodies are different). 
To evaluate the accuracy of the limiting law of 
interaction which we have obtained, it is useful to 
have the next term in the expansion of the function 
F(l). A calculation using the same general formula 

(2.9) gives (for identical bodies) the expression 


h \ &? [e (ig) — 1]? dé, 


~ 8n2c2/ e (i€) +1 (3.5) 


which should be added to Eq. (3.4). However, it is 
impossible to give a concrete evaluation of the 
range of applicability of the limiting law without 
specific knowledge of the function ¢(i€). 


4. THE CASE OF LARGE SEPARATIONS 


We now go over to the opposite limiting case of 
distances which are large compared to the 
fundamental wavelengths in the absorption 
spectrum of the bodies. Once again we shall first 
take the temperature to be equal to zero; for the 
meaning of this approximation in the present case, 
see below. 

Again we introduce a new integration variable 
x =2pl &/c in the general formula, but we now 
keep as our second variable not € (as in Sec. 3), 
but rather p: 


raat TSTBEHta 


(Sy + €1P) (Sz + £2P) px 
us f \(S1 — €yp) (S2 — eap) © 


iy 


(4.1) 
= 1) ‘| dpde, 


s=e(i ge) s=V eta) 


Because of the presence of e” in the denominators, 
the main contribution to the x integral comes from 
x ~ 1, so since p > 1, the argument of the function 
e, for large /, is close to zero over the whole 


important range of values of the variables. In ac- 
cordance with this, we may simply replace ¢, and 
e by their values for w = 0, i.e., 
dielectric constants, which we denote by e 


by the static 


sits : 
10 20 
We know that for metals the function ¢(@) tends 
toward infinity as @ — 0; in this case we must set 
In this way we finally obtain the follow- 


€, == 00. 


result: 


1a 
(Sig — P) (Sa) — P) J 

; (4.2) 
EL ee + £10 P) (S20 + E20?) eet | sap dx, 


(Sip — £10P) (S29 — 20 P) 


Sie {{iset AY 0B or — 
= pep 
si OL 


Sip =Ver—1 + p*, Soo= V ex—1 se Jee: 


Here the force of attraction is inversely propor- 
tional to /4. It should be noted that in this limit- 
ing case it depends only on the static dielectric 
constants of the two media. 

The integration with respect to p in Eq. (4.2) 
can be carried out in terms of elementary 
functions, after which there remains a single 
integral over x, depending on the two constant 
parameters €,, and¢,,. We shall not give the 
corresponding, very complicated, general expres- 
sions, the more so since for purposes of riumerical 
integration it is clearly more convenient to start 
directly from the double integral of Eq. (4.2). 


Let us consider some special cases. In particu- 
lar, a simple result is obtained for two metals. 


Setting €, ) = €))= %, we get 
co co * : 
ame ee (4.3) 
= iene poe ar 2(e* 1) & 240° 


This force does not depend in any way on the 
nature of the metals [which was not the case for 
small separations (Sec. 3), where the magnitude of 
the interaction depended on the function ¢(i &) for 
all values of € and not just at = 0]. Formula 
(4.3) coincides with the formula, obtained by Casimir? , 
for this special case, by considering the normal 
modes of the field in the gap between two walls 
which are ideally reflecting at all frequencies. 

For two identical dielectrics (¢ 


10 £20 £0) we 
give the result obtained from Eq. (4.2) by 
numerical integration: 

he 1? —i\? 
Foy - woe —+) & (£9), (4.4) 


6 
H. B. G. Casimir, Proc. Nederl. Akad. 
sevahet e ad. Wetensch.,51, 
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where ¢(e,) is a function whose values are shown 


in the graph of Fig. 4 (the curve DD). For ¢. > 00, 


ree function approaches unity according to the 
aw 


det 
V & 
(Note that this formula is accurate only for very 
large values of Eq) For «. > 1, the function 


© (&) = 1— In ae (4.5) 


0 
ple,) approaches a finite limit, 0.35, corresponding 


to the limiting law (4.7) (see below). This limit is, 
however, practically reached for €,) ~ 4, after which 
le.) remains practically constant. 


In the same Fig. 4 we show the curve (DM) of the 
similar function which gives the force of attraction 
between a metal and a dielectric eon Sty Ey) 
according to the formula: 


tne ee Ey — 1 (4.6) 
=F We +1 % (0)- 

Finally we carry out the transition to interaction 
of individual atoms in Eq. (4.2). To do this, we 
assume as in Sec. 3 that both media are sufficiently 


rarefied, i.e., that the differences Sree! and €, 9- 1 


are small. 

Keeping only the first non-vanishing terms in the 
expansion of the integrands of Eq. (4.2) in powers 
of these differences, we get 


h 
f= ae (C10 aa (235 1) 


c ( 1—2p?+ 2p! 
x\ xe-+dx\ -—F dp 
P 
0 1 


or 
Wes _ 
hee ee (e19 — 1) (220 — }). (4.7) 


This force corresponds to interaction of the atoms 
with energy 


Es 23h (1) —1) (E29 —1) 
647 R? N?2 
23hc 


ae ae 4nR? Xj Xo, 


U — 
(4.8) 


where %,, % are the static polarizabilities of the 
two atoms. This formula coincides with the 
results of reference ] for the van der Waals forces, 
including retardation effects; we have here obtained 
it from macroscopic considerations. 

To estimate the accuracy and range of validity 
of the formulas obtained, we must again, as in Sec. 


3, find the next term in the expansion of the 
function F (1). We shall amie for the case of 


two metals, which we assume to be identical. 
Formula (4.3) is gotten from (4.1) if we set 


eraen acon the latter. 


the next term in the expansion, we must use that 
form for the function e(w) which is valid in the 
frequency region which is important in the integra- 
tion. As we have seen, the important region is 
w/c ~ l/l, i.e., XV 1. Accordingly, we set 


But if we also want to get 


e (0) = — 4ne?N/ mo?, (4.9) 
where JN is the number density of free electrons in 
the metal; this formula, which is sufficiently good 
for our purposes, gives the general behavior of 

€(w) in the infrared region of the spectrum +. When 
substituting in Eq. (4.1), we must replace w by 

icx/2pl; then expanding the integrand in powers of 


1/l, we obtain 


f= he ante m 
~ at 5 ea V xN 
Cc ©o 
x Nese) 
; (e* —1)? + P 


from which, finally, 
jae ae € m 
jks al Sie Ve 


* If we set €(i€) =1+ a/(we + €?) (so that 
(A= Ibet a/@- ), then calculation of F from formulas 
(3.4) and (4.4) shows that the two values match for 
l=c/q@,. This computation allows us to conclude that 
the characteristic length for comparison with / is not the 
wavelength in the absorption region, but rather \/27. 


* For still larger values of X, the function €(@) goes 
over into € = 47iad /w, where o is the ordinary electrical 
conductivity of the metal. However, the corresponding 
frequency region gives a very small contribution to the 
integral. 


(4.10) 
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So, tentatively setting N = 5.9 X 1022cm-3 (for 
silver), we find that the second term is small 
compared to the first, if 1 > 0.6 yp. 

We note that the second term in the expansion, 
which we have found here, could not be obtained 
‘by the method applied in reference 6 for getting the 
leading term. 


5. THE EFFECT OF TEMPERATURE ON THE FORCE 
OF INTERACTION 


While we can practically always consider the 
temperature of the bodies to be equal to zero for 
the limiting case of small separations (sec. 3), the 
effect of temperature may be substantial for large 
separations. Anticipating later results, we state 
that the condition for setting T = 0 is roughly 
speaking, /T/Ac <1. For sufficiently low 
temperatures, this condition will of course always 
be compatible with the condition determining the 
lower bound of values of J for which the limiting 
law obtained in Sec. 4 is valid. But these two 


conditions may, as for example at room temperature, 


turn out to be incompatible; then the region in 
which the limiting laws obtained in Sec. 4 are ap- 
plicable actually does not exist. 

To obtain the formulas including the effect of 
temperature, we turn to the original expression 
(2.4) and see how, for T # 0, we must change the 
transformations which led to formula (2.9) in the 
case of JT =0. The function coth iw / 2T has an 
infinite number of poles, located on the imaginary 
axis, and equal to 

Padfl' 


On = By =i a, 


z (5.1) 


where n is an integer. Therefore, upon shifting 
the path of integration to the imaginary axis, we 
must go around these poles on semicircles ( as 
shown in Fig. 2c). These circuits give contribu- 
tions to the real part of the integral, which are 
equal to iz times the residue of the integrand at 
the pole. (The integration over the segments of 
the imaginary axis between the poles gives a pure 
imaginary number, which drops out when we take 
the real part of the expression). 

The point with n = 0 (w = 0) requires special 
consideration. At first glance it might appear 
that this point is not a pole of the integrand in the 
integral over w in (2.4), because of the presence 
of the factor m3. However, this factor vanishes 
upon integration over p [cf. also the expression 
(2.3) for F I. The presence of a pole at the point 
@ = 0 does not of course lead to divergence of 
(2.4), since for m — 0 along the real axis the 
divergent contribution to the integral is pure 


imaginary, and drops out when we take the real 
part. [This can be seen more clearly from the ex- 
pression (2.3) for Py , which remains finite for 

w =O]. 

To take this point into account when transform- 
ing the path of integration, we shall suppose that 
the integration over w in Eq. (2.4) is carried from 
some sufficiently small 6 to ~ ( and not from zero 
to infinity); as we showed above, the real part of 
the integral is not changed when we do this. 

Upon shifting the contour to the imaginary axis, a 
circuit is added along a quarter-circle around the 
point w = 0 (Fig. 2c). This circuit gives a 
contribution to the integral equal to i7/2 times the 
corresponding residue. 


To simplify writing of formulas, we shall assume 
the bodies to be identical; generalization to dif- 
ferent bodies, on the basis of the general form of 
Eq. (2.4), is obvious. 

We thus obtain the following formula: 


n=01 
Sia ar Ge, 2 a —1 
Gree ye. 


Sa=Ven—I +p, el). (6.2) 


The prime on the summation sign means that the 
term with n = 0 should be taken with a factor ¥. 
Replacing p by the integration variable x = pn, we 
rewrite (5.2) in the form: 


Om dA ore NS, + x2 + —1 
Fm ee Oy | tes) enrste — 1 
==) 


5: (5.3) 


NS, — E,X 


nS, oa one 4 4mlT x |e ]-1 
litre! \ dx, 


nsn= VCE, em e(t" a). 

Formula (5.2) or (5.3) enables us, in principle, to 
calculate the force F for any value of i and any 
temperature. We see that, for T = 0 also, it is 
Fra to know the values of the function 
e(i €). 

For T > 0, the distances between poles also 
tend to zero, the summation over n can be replaced 
by an integration over €, and we return to formula 
(2.6) which does not contain T. By determining the 
first correction to this formula, we can establish 
a criterion for setting T = 0 in calculating the at- 
tractive force. We shall do this for metals, 
applying formula (4.9) for e(w) as we did in Sec. 4. 

According to the Euler sum formula we have, for 
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a function f(n) which together with all its 
derivatives goes to zero for n — «, 


x fe) = \f(n) dn ots ae (0) 
— af" (0) +... 


In our case the function f(n) is the integral under 
the summation sign in (5.3). In the calculation we 
shall assume that / is small compared to fic/T, but 
still large compared to the quantity (c/e),/m/N 
which is characteristic for the metal. Then 


f(0O) =0, f” (0) = 2 and thus 


me hic 48 (IT \4 
F= 55 (1-3 (ie) | 
Thus, at room temperature the correction is already 
small if / <5; comparison with the criterion 
obtained in Sec. 4 shows that in this case there is 
a region in which the formulas there obtained are 
applicable*. 
In the opposite limiting case of large values of 


IT Ac, we need keep only the first term in the sum 
in Eq. (5.3), i-e., n = 0: 


4n2T* 


h3c3 


(5.4) 


F= 


Cc 
( xdx 


So ee rare Lae 
d [eo + 1) / (eo— 4))2 exp Ai x} oF 
or 


x7dx 


T foe} 
= Top \ [(& + 4) /(o— 1) Ph e* — 4 


(5.5) 


aoe (2 = if 
re Jeaarg 
Thus for sufficiently large separations, the inter- 
action force stops dropping so rapidly, and once 
again follows a ]//3 law, with a coefficient which 
depends on the temperature and on the static value 
of the dielectric constant. This fact has 
apparently not been previously noted anywhere in 
the literature. 

All the other terms in the sum (5.3) decrease 
exponentially for large /T/fic. So, including the 


first correction term, we obtain for two metals 


* With the function ¢ = 47ia/w (cf footnote, p- 81) we 
would get a very much greater upper limit for /. 


F=,([1+2 (57) exp {—4n71/ic}]. (5-6) 


Let us say a few words about the comparison of 
the results of the theory presented in this paper 
with experiment. Direct measurements of molecular 
attractive forces are very difficult, and apparently 
the only work in which the authors have succeeded 
in eliminating all spurious effects is that of 
Abrikosova and Deriagin?. These authors measured 
the attractive force between quartz plates for 
separations 0.1] - 0.4. Exact comparison with 
theory would require sufficiently complete 
knowledge of the optical characteristics of the 
material over its absorption regions; without this 
we cannot construct the function e(i €). However, 
the character of the absorption in quartz enables us. 
to make an approximate theoretical estimate**. 
Considering the crudeness of this estimate, and 
possible errors in the measurement, we may state 
that the agreement between the theory and the 
experimental data is satisfactory. 

In conclussion I express my sincere thanks to 
Academician L. D. Landau for discussion of the 
problems considered here. I also thank 
I. I. Abrikosova and B. V. Deriagin for discussion 
of the experimental data, and J. G. Krutikova who 
carried out the numerical calculations mentioned 
in the text. 


7 |. I, Abrikosova and B. V. Deriagin, Dokl. Akad. 
Nauk SSSR, 90, 1055 (1953); I. I. Abrikoseva. Disserta- 
tion, Phys. Chem. Irst., Academy of Sciences USSR, 
1954. 

** Note added in proof.- Quartz has strong absorption 
in the ultraviolet (starting at about 0, 15») and in the 
infrared (starting at a few 1), between which regions it 
is transparent. The separations used inthe 
experiments fall in the region of transparency; in making 
the estimate we may assume that / is small compared to 
A /2m (cf footnote, p. _) for the right absorption edge, 
and large compared to the left absorption edge. The 
contribution of the ultraviolet absorption region to the 
force F can be evaluated from formula (4.4), setting & 
equal to the square of the refractive index in the region 
of optical transparency. The contribution of the infrared 
region is given by formula (3.4); in order of magnitude it 
is a factor l@_/c smaller (w, is the infrared absorption 
frequency), and can be neglected in a rough estimate of 
F. Thus we obtain for the force a 1//4 law, with a coef- 
ficient determined as above. This estimate is raised for 
larger separations and lowered for smaller separations. 


Translated by M. Hamermesh 
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A class of equations possessing internal degrees of freedom is investigated from the 
formal point of view for its possibilities in describing the /? particle as an excited 


state of the nucleon. 


N his works, I. E. Tamm sopecte ly returned to 

the idea of excited nucleon states . 

Discoveries of new particles in recent years 
(hyperons, heavy mesons) make natural further 
investigations of different possibilities for intro- 
ducing some kind of internal degrees of freedom for 
the elementary particles. The discovery of a 
hyperon heavier than the A” particle --- the X 
hyperon --- and the latter’s disintegration cascade 

nA ame OB Nam de p+a_ makes plausible, if 
not conclusive, the hypothesis that the hyperons 
can be represented as excited states of nucleons. 

We shall investigate the possibility of one such 
hyperon model from this point of view. 

One of us has made an attempt to write the equa- 
tions of an elementary particle with an increasing 
mass spe ctrum”. One of these equations has the 
form 


o2 
Tah elostee |- 06,08, 


0 \2 n 
oe 


+ §,6, (1) 


+ 2 


seman 


where €, =1,,/r, is the dimensionless internal de- 
gree of os om, Tr, is the length constant, x is the 
“center of mass’’ coordinate of the particle, k 
is its momentum, ¢ is the pseudoscalar meson 
field, and n is an integer. 

Equation (1) is outside the framework of the 
class of equations investigated in reference 3. 


1 7 ; 
V. L. Ginzburg and I. E. Tamm, J. E _T 
Phys. USSR 17, 227 (1947) xper. Theoret. 


2 
M. A. Markov, Dokl. Akad. Nauk SSSR 101, 51 (1955) 


3 
I. M. Gel’fand and A. Iaglom, J. Exper. Theoret. 
Phys. USSR 18, 703 (1948) 


We shall regard the A° particle then as an ex- 
cited state of the nucleon. We should like to 
state clearly that our purpose is merely to discuss 
the possibilities of a class of similar equations, 
and that this investigation at the present time 
might have only a formal significance. The selec- 
tion of a definite form of Eq. (1) itself is associ- 
ated with a wide freedom of choice. 

For simplicity we shall let n = 1 in Eq. (1). 

Now the following properties are characteristic 
of the A° particle: 

a) The disintegration of the A’ particle into a 
proton and a7 meson: 


A° > p+rnrt(Q= 35 mev). (2) 


b) A long lifetime: T~ 3 x 10°*° sec. 

c) A A? particle, apparently, may be found in a 
complex nucleus in a bound state. 

d) The creation of A° particles in a gas from 
©° particles. 

e) A relatively high probability for the creation 
of particles in the reaction 7~ + p > A°s @°. 

We shall investigate the disintegration of a A° 
particle at rest. The constant a in Eq. (1) is 
determined from the observation a) for the disin- 
tegration of XN: a= bo + Q ~ 180 mev. It charac- 
terizes the energy interval between two levels of 
the excited nucleon. 


The unperturbed wave function of Eq. (1) has the 
form 


eS Um (x) Xnyn,ngNo (Ai), (3) 
where U_(x) is the solution of the usual Dirac 
equation in the formof a plane wave corresponding 
to amass m. The function y for the unexcited 
state of the nucleon, for example, has the form 


X%oooo—= const exp = = ae Seu" , (4). 


m? 
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In the non-relativistic approximation the function 
(4) becomes 


Xoooo=Constexp{—(@+&+84 2 (5) 


The mass operator in Eq. (1) in this case admits 
the simple expression 


[--mtali+e+8+8— s (6) 


ae az 


That is, in the rest system we have a four— 
dimensional oscillator in the literal sense of the 
word, inasmuch as the real time component S 
enters in Eqs. (5) and (6) with the same sign as 
the other three components. 

Let us consider initially the A° particle as the 
first excited state of the nucleon. The internal 
wave function Xj 999 of the A’ particle at rest, for 
example, assumes the form 


Saya. (7) 


nro 


X1000 = 


4 
ee ee) 


In the present variation of the theory, four different 
states of the A° particle are possible: x1 999° 
x wax »X . 

ae Se eendescribed by Eq. (15)* the state 
Xo001 is excluded. 

Neglecting the recoil of the proton upon disin- 
tegration of the particle at rest, we obtain for the 
final state of the proton the internal function 


exp {—F@+8+8+ 8}. © 


Xoo00 = > 
To 


We shall write the interaction, under whose in- 
fluence the transition from state (7) to state (8) 
takes place, in the form 


* Taking into account the recoil gives certain ad- 
ditional possibilities for the formation of short-lived 
excited states with small spin and long-lived ones with 
large spin. The point is that if the recoil is taken into 
account, it turns out that transitions from the excited to 
the ground state are allowed ifng =") +9 +3: We 
are indebted for this observation to L. G. Zastavenko. 


ie he 5 Tre 
FI’ = gy 7 TEV Exp {—E(Ruburo + ki xy}. (9) 
pee matrix element vorrespondii.g to the reaction 

N’ + p +77 will be written in the following manner: 


(U5, BysUy0(kr0) 


V En 


doy wat fn) £ (10) 


2 
x exp|— 2 (a + A+ Ab #8), 


where 7; is the component of the momentumof the 
7 meson (or proton). The form-factor in Eq. (10) 
is retained by us in the non-relativistic approxima- 
tion. This factor would have the relativistic form 


2 kP p™)2 p 
exp|— “2 (azaz +25 a MI (107) 


P pP 
RE RP 


If the momentum of the proton? 4? = 0, and 

AS = m_, we obtain the form-factor (10). For the 
probability of the process discussed we obtain the 
expression 

1 gt pa (Ze i Pe 


oi  % (11) 


eka 2 2 2 
x exp|— a (P+ PE+ P+ Pa)], 


where P is the momentum of the decay proton (or 
meson). The multiplier Reine in Eq. (11) ap- 
pears as a consequence of the assumed pseudo- 
scalar interaction; for scalar mesons it is replaced 
by unity. 

From the given lifetime of the A° particle it is 
possible to determine the second constant in Eq. 
(1), the ‘‘sizes’’ r, of the oscillator, assuming that 
the relative smallness of in Eq. (11) is com- 
pletely a consequence of the smallness of io Put- 
ting f ~ Hye (ky~ he / Vee m,~ Sua? we 
obtain for rg ° the estimate 


ro) A / RNa fhe (12) 
Ue \Ugclt ie 
Assuming that (Ac/g 2) ~ 1, we obtain 

ryo~ 107? cm. (13) 


Let us now suppose that the A° particle is as- 
sociated with the nth excited state of a nucleon. 


Then, using similar crude estimates, we obtain 


86 
rio & (%_ Re moe ony \" (14) 
0 Pp per 2 Pp 
or 
fad ay tie wal eae , 
Page fee an ge) ° (147) 


For n = 6 we obtain for a the estimate 


r) ~ 10735 cm. 


In other words, the quantities oy for the nucleon 
rapidly increase as the excitation number assumed 
to be characteristic of the nucleon increases, until 
for n = 6 the critical size, r ~~ 10°!? em, is reached. 
These magnitudes depend only slightly on the size 
of the interaction constant (g2/%c)*". 

The smallness of (4), ‘ in Eq. (10) also de- 
termines the smallness of the probability for the 
inverse process of the creation of a single parti- 
cle for the interaction of a A° meson with a proton. 
It can be noted here that if the A’ particle in the 
present model is associated with the first excited 
state of the nucleon, then single* creation of the 
LX particle is forbidden up to very high energies of 
the incident meson (47 ~ 1/r\)”), If we assume 
that the A° particle is represented by a nucleon of 
higher excitation, then ou becomes larger, and the 
energy region for the single creation ofa w 
particle moves toward smaller energies CEPT pe) 
For n =5, 6, Pete ~ 107}3em. 

In other words, the creation of single A’ parti- 
cles from 7” mesons obtained from the cosmotron 
is not forbidden for energies of the 7~ meson 
~ 1.5 bev,%-~ 2 x 10°!4cm for the case of a large 


n factor Cae If n were sufficiently large it 


* That is, without the accompaniment of @° particles: 
for example, 7 +p> N47. 
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would be possible to produce single A° particles 
by the scattering of such mesons on nucleons. We 
are concerned here with cross sections not much 
smaller than the cross sections for the scattering 
of mesons on nucleons. 

The energy threshold for the creation of a single 
A° particle might be indicated within the frame work 
of the present theory for the magnitude of r). 

All these remarks apply also to those formula- 
tions which, while not giving a detailed mathe- 
matical description of the particle, explain its 
long lifetime by a large self-momentum . Un- 
fortunately, correlation experiments, which in 
principle might give an answer to the question of 


the magnitude of the self-momentum of the Ng 
particle are, as yet, given with poor statistics. 
The indicated considerations are capable of 
explaining only some of the listed properties of the 
A° particles, that is, a) and b). Inasmuch as the 
A® particle is considered as an excited nucleon 
with all the resultant consequences from this for 


the interaction of the A° particle with the 7~ 
meson field (one and the same g“/7c), then it is 


evident that the A° particle might be found in 
complex nuclei in a bound state (property c). 
Quantitative data conceming the energy binding 
of the A° particle in nuclei might here prove to be 
essential. 

It is evident that properties d) and e) demand a 
new hypothesis, since here we encounter a new 
field (the ©° field). In reference 4 an attempt is 
made to interpret these properties of the A’ 
particles also, proceeding from the idea of excited 
nucleon states. 


*M. A. Markov, Dokl. Akad. Nauk SSSR 101, 449 (1955) 


Translated by E. V. Ivash 
161 


SOVIET PHYSICS JETP 


VOLUME 2, NUMBER 1 


JANUARY, 1956 


On the Problem of Anti-Protons in the Primary Stream of Cosmic Rays 
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Analysis of data on the measurement of the east-we 


altitudes demonstrates that it is thorough] 


st asymmetry of cosmic rays at high 


y impermissible to exclude the possibility of the 


presence of a certain proportion (up to 13%) of negatively charged particles in the primary 


low. Computation shows that in the pri 


mary flow of cosmic rays, the proportion of anti- 


protons formed in interstellar space cannot exceed 0.2%, and apparently the presence of 
anti-protons cannot explain the results of measurement of east-west asymmetry. 


OMPARISON of the intensity of cosmic rays 
C measured at high altitudes arriving from the 
west with the intensity of cosmic rays arriving 
from the east, provides, as is generally known, the 
possibility of determining the sign of the charge on 
the particles in primary cosmic radiation. The 
magnitude of east-west asymmetry is characterized 


by the equation 


2 (Iy—Ty) (1) 
ly ++ & 


Ay- = 


where /,, /,, is the intensity of the cosmic rays 
arriving,respectively from the west and the east. 

If k is the percentage of negatively charged 
(negative) particles present in the primary radiation, 
then 


where A ae is the magnitude of east-west asym- 
metry when the cosmic rays consist solely of 
positively charged (positive) particles. Equation 
(2), which is valid if it is assumed that the energy 
spectra of particles of both signs are identical, — 
makes it possible to find the proportion of negative 
particles in the primary stream of cosmic rays. 

In 1949, Vernov, Grigorov, and others! carried 
out measurements of east-west asymmetry in the 
stratosphere and determined that for the hard 
component (passing through 8 cm of Pb) this | 
magnitude comprises approximately 70%. This 
demonstrated that the dominant role in the primary 
stream of cosmic rays is played by positive 
particles. An analogous result was later obtained 


oa 


1 ¢. N. Vernov, N. L. Grigorov, N. A. Dobrotin, 
Su s ee slon F. D. Savin and A. I. Kurakin, Dokl. 


Akad. Nauk SSSR 68, 253 (1949) 
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in other researches2"®, However, there is a 
definite divergence between measured east-west 
asymmetry and the asymmetry to be expected on the 
basis of purely positive primary articles. The 
integral energy spectrum of primary particles at 
definite energy intervals can be represented in the 
form of an exponential function E ™, where the 
exponent varies from y ~ ] in the range of energy 
near 1.4 x 10? ev, to y = 2.5 at energies greater 
10!%ev. If the expected east-west asymmetry 

A = _y is calculated and compared with the 
results of experiment! ( ae a a 70%), then from 
Eq. (2) it is possible to find that proportion of 
negative particles which would make it possible 

to clarify the observed divergence. The magnitudes 
of Ate _ x and k are given in the following table 

as calculated on the basis of various assumptions 
as to the size of the exponent y. 


¥ { 4,.2| 4,3] 4.5 
Ad 5 in ® 96 | 411 | 448 | 134 


k in % 13.5 | 18,5] 20 23 


Even for a very ‘‘hard’’ (y = 1) spectrum of primary 
particles, the results of measurement do not 
exclude the possibility of the presence of 


4 S. N. Vernov, A. M. Kulikov and A. N. Charakhch’ian 
Dokl. Akad. Nauk SSSR 85, 525 (1952) 

3 J. R. Winckler, T. Stix, K. Dwight and R. Sabin, 
Phys. Rev. 79, 656 (1950) 

4 B. Bhowmik, Phys. Rev. 89, 327 (1953) 

5 J. A. Van Allen and A. V. Gangnes, Phys. Rev. 79, 
51 (1950) 

6S. F. Singer, Phys. Rev. 80, 47 (1950) 
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approximately 13% of negative particles in the 
primary cosmic ray stream. This result can vary 
somewhat, if the cascading of primary particles in 
the stratum of air above the instrument (order of 
magnitude of 15 g/cm2) is taken into consideration. 
No correction for this cascading effect is required 
for measurements carried out beyond the boundaries 
of the atmosphere. Such measurements 5’® showed 


Ay Ee 40% +10% while the expected figure was 


an _ pm 84%. From this wé obtain k = 26. Consid- 
eration of possible reverse flow of the particles 
(‘‘albedo’”’ of the cosmic rays) reduces the value 

of k to approximately 22,if the albedo (the ratio of 
the magnitude of reverse flow to the full magnitude 
of the measured flow) is taken as equal to 15%, and 
can explain the entire divergence observed only if 
it is assumed that the albedo attains 52% at an 
angle of 45°, while direct measurements’ permit a 
magnitude of the albedo not exceeding 10%. 

Since direct experiments® point to the absence 
of any significant number of electrons of great 
energy in the primary cosmic ray stream, jt is 
natural to assume that negative particles in the 
primary stream, if they are actually present there, 
are anti-protons. It is just such a conclusion in 
categorical form which is given by Bhowmik‘. 

It is most natural to assume that anti-protons in 
cosmic rays (see Feinberg®) can form during the 
collision of nucleons of high energy. At the 
present time there is no conclusive theory dealing 
with the interaction of particles at high energies, 


but considerations developed by Fermi° 


and 
Landau?! make it possible to carry out certain 
evaluations of the possible quantity of anti-protons 
in the primary stream of cosmic rays. Since we are 
interested in the upper limit for the number of 
anti-protons in the primary cosmic ray stream, we 
will make use of the results of the researches of 
Fermi, although these results, as can be seen 

from the remarks of Pomeranchuk!2 and Landau!}, 
definitely give inflated values for the number of 


nucleons and anti-nucleons which form. 


7 J. R. Winckler and K. Anderson, Phys. Rev. 93, 596 
(1954) 


Gels Critchfield, E. P. Ney and S. Oleska, Phys. 
Rev. 85, 461 (1952) 


soe L. Feiberg, Results of the Third Conference on 
Problems of Cosmogony, p. 270, Publ. Acad. Sci., USSR, 
1954 


10 ©. Fermi, Usp. Fiz. Nauk 46, 71 (1952) 


ily. D: Landau,-Izv. Akad. Nauk SSSR, Ser. Fiz. 74. 
51 (1953) 


12 |, Ia. Pomeranchuk, Dokl. Akad. Nauk 78, 889 
(1951) 
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It is reasonable to assume that the formation of 
anti-nucleons occurs solely in interstellar space 
and not in the primary sources of the cosmic rays, 
since the acceleration period for particles in the 
primary source is definitely less than the period 
between collisions leading to the appearance of 
anti-nucleons. For this reason the proportion of 
anti-protons ap in the primary stream of cosmic 
rays must be much less than the proportion of 
protons p, which are created in the main by the 
primary sources of the cosmic rays (for example, 
by super-novae!3) or as a result of the breakdown 
of heavy nuclei. 

Considering that the anti-protons, in cosmic rays 
are in equilibrium with the protons, and ignoring 
the effect of ionization losses on the variation in 
the flow of anti-protons, we can write the balancing 


equations As 


| Np (E)o, (E)p (EE 


Esp, 


os \ Nap (E;) [ee a Sannl dE, 
Eo 


co 


-- | 


Eth 


Nop E) 24 (E) w*? (E) dE, 


where p(E) and p*?(E) are the average number of 


anti-protons with an energy greater than Ey 
formed, respectively, from a proton and an anti- 


proton of energy E; N (E)dE and N, (E)dE are the 
differential spectra of the protons and anti-protons; 


a (E) ando® (Eyare the effective cross-sections of 
the processes p-p and ap - p with the formation of 
nucleon pairs; re is the total cross-section of the 
process ap-p, anda, 
the annihilation of nucleonic pairs; E A 10Mc2 is 
the minimum(thresholdenergy at which the formation 
of nucleonic pairs is possible. 

Making use of the equations taken fromthe work of 
Fermi, at E <500Mc?2 we will have Os 0.020 


and p(£) < 0.75, and at | Bde E <50Mc?2, 
Ore 0.010, and p(E) < 0.5. Naturally we must 


consider .°?(E) = 2(E) and On oy and at 
E > 1.8Mc2, on O,~ 0 


is the cross-section of 


geom 


eom 


geom in conformity with 


reference 14, for the cross section of annihilation 


at E > 10iMc? we have a, < 0.0020 and at 
geom 


n 


"3 'V. L. Ginzburg, Dokl. Akad. Nauk 92, 727 (1953) 


14 J. Ashkin, T. Auerbach and R. Marshak, Phys. Rev. 
79, 226 (1950) 
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eom’ 

In view of the fact that there are no particles 
with a momentum of less than ].5Mc ( see reference 
15) in the primary stream of cosmic rays, we will 
now consider the quantity of anti-protons with 
E >1.8Mc*. Here, E.=1.8 Mc2 and in Eq. (3) it 
1s possible to ignore the cross section of annihila- 
tion in comparison with the cross section of col- 
lision. 

The spectrum for the protons, in accordance with 
Neher?®, is written in the form 


Eos 1.8Mc2, ieee 0.050, 


Np(E)dE = Nye" [1 +0.092e"]-"*'de, (4) 


where No is a certain constant, e=E/Mc?, M is 
the mass of the proton at rest. 

The spectrum for the anti-protons is written, 
hypothetically, in the form of the exponential 


function 


Nap (E) dE = Ae * de. 


Under the conditions given above, for €= 2, 
Eq. (3) is transformed into the inequality 


Nap (E > 1.8 Mc?) < 0.0027 Ny Mc?. 


In the case of a ‘‘softer’’ spectrum (& > 2) the 
upper limit for the number of anti-protons in the 
primary stream of cosmic rays will be still lower. 
From Eq. (4) we find the entire number of protons 
with an energy of E > 1.8 MC? 


Np (E > 1,8 Mc?) ~ 1,6 No Mc’. 


From this we find that the proportion of anti- 
protons in the primary stream of cosmic rays 
comprises 


15 Vv. L. Ginzburg and M. I. Fradkin, Dokl. Acad. Nauk 
92, 53] (1953) 


16 H. V. Neher, Phys. Rev. 83, 649 (1951) 


R= 0.0027 | 1.60.17 %,, 


For an energy E > 10Mc2, which Corresponds to 
measurements in the zone of the equator, we have 


Nap(E > 10 Mc?) < 0.0005 N, Mc?, 
Np(E > 10 Mc?) ~ 1.4 Ny Me? 


and 


Rk < 0,0005 / 1.4 0.04%. 


Although the factor & thus found is evidently 
excessive in value, even this factor does not 
conform with modern results of the measurement of 
east-west asymmetry (k ~ 13-20%). 

It is most probable, that in processing available 
experimental data with the aim of determining the 
proportion of negative particles, it is necessary to 
take more completely into consideration such 
effects as cascading in the atmosphere, reverse 
current, etc. Thus, the actual quantity of negative 
particles in the primary stream of cosmic rays is 
apparently small. However, in view of the 
importance of this problem, it appears expedient to 
Carry out experiments with a view to the exact 
determination of the permissible proportion of these 
particles in primary cosmic rays. Jf it turns out 
that the proportion of anti-protons in the primary 
stream of cosmic rays comprises 0.1%, we may 
hope to set up special experiments that will 
isolate these particles 

In conclusion | wish sincerely to thank Prof. 

V. L. Ginzburg, Prof. E. L. Feinberg. 
D. S. Chernavskii, and J. L. Rozental’ for their 


evaluation of the results and their advice. 


Translated by A. Certner 
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A method of measurement of the transverse relaxation times is developed, based on the 
determination of the interval of time between the extrema of the dispersion signal in a weak 
high-frequency magnetic field in the case of a nonadiabatic transition through resonance. 
Relations are obtained (and plotted graphically ) which allow the determination of the time 
of transverse relaxation. As an experimental verification of the method, the dependence of 
the transverse relaxation time on the concentration of paramagnetic ions was measured in 
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aqueous solutions of copper sulfate and ferric nitrate. 


1. STATEMENT OF THE PROBLEM 


P to the present, the problem of the experi- 

mental determination of relaxation times in the 
magnetic resonance of atomic nuclei is still not 
completely clarified in the literature. 

In the present work, a method is set forth for 
the determination of the times of transverse relaxa- 
tion 7 in a weak high-frequency magnetic 
field, i.e., when the following condition is satis- 
fied? 
HE la <1, (1) 


where y is the gyromagnetic ratio of the nucleus 
under consideration, H, is the half amplitude of 
the high-frequency magnetic field, a is a quantity 
proportional to the velocity modulation of the 
longitudinal magnetic field HT”. 


aM dH, 
acl erro (2) 


The theory of magnetic resonance for sufficiently 
small amplitude 1, was given in references 1 and 
2, where it was shown that in the case of linear 
modulation, when a = const, the dispersion of the 
signal u(t) and the absorption v(t) changed with 
time in the following manner: 

Et) Bs al a G9 | 
=| AM (3) 


SN e-U=PiT s sin + (t2 — t'2) dt’; 


go 


1 
S. D. Gvozdover and A. A. Magazanik, J. Exper. 
Theoret. Phys. USSR 20, 705 (1950) 


2 
B. A, Jacobson and R. K. Wangsness, Phys. 
73, 942 (1948) gsness, Phys. Rev. 
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(4) 
v(t) = —|71| HM 


t 
x \ eo tt PETE OS + (¢2 — t’?) dt’, 
(9.2) 
where M, 
If the process of transition through the resonance 
is carried out non-adiabatically, then the dispersion 
of the signal and the absorption have the form of 
curves with several extrema”. 
As has been shown!’®, the signals u and v are 
related by the expression 


d 
at 7, + Se()v =0, (5) 


is the static magnetization. 


where 


Ao (t) = at 


The proposed method of measuring T, is based 
on the determination of the interval of time between 
the first two extrema of the signal of dispersion u 
upon entering into the resonance region. At the 
instant when wu has an extremum, du/dt = 0; there- 
fore, for such times, we have, by Eq. (5), 


aT pt = —u(t)/v (bt). (6) 


If we now introduce the new variables 7 


=V(a/2)t’ and denote 


je es 


3 
F. Bloch, Phys. Rev. 70, 460 (1946) 
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then Eq. (6) takes the form 


2 
<= te[P— 9, (8) 
where 
tg?(@, r) = Q/P; (9) 
Jims \ e~sin yay; (10) 
eh \ e*" cos 42a; (11) 
Q ax Qo (x) ou Q (a, r): (12) 
P= Py (1) + Py (er) 
Qo («) = CmnteSin 1" a7 (13) 
0 
mT f oe no 
ey 2 (cos; |0.5 —C (=) 
+ sinZ|0.5—5(=)]}; 
Po («) =) e-*9 cos 72d 7 
0 
7 a2 ‘2 
= V % {cos ¥ [0.5 — 5($)| 
Pe fa2\]L. 
—sin[0.5—C\%)]}: 
S and C are Fresnel integrals; 
Oe) =e sin ay, (14) 


Te 
i 
‘g 
Pi (@, r) = \ e*" cos 42 dn. 

0 

In this way the positions of the extrema of the sig- 
nal wu are determined by the transcendental Eq. (8), 
and for the determination of the time of transverse 
relaxation 7, it is necessary to find the values of 

the roots of this equation. 


2. DETERMINATION OF Q AND P FOR 
r=+ta/2 


In the general case, the integrals Q and P [ Eqs. 
(10) and (11) ] are not expressed by tabulated func- 
tions. However, these integrals can be determined 


for two particular values r = to /2. 
We multiply Eq. (10) by j=— 1. and add to it 
Eq. (11): 


— 1e— ja? /4 
P= PaO sel W. is) 


where 


w= | expli(n—j2)Nan 


—co d 


(16) 


Noting that r is a function of a, we differentiate 
W with respect to « and integrate dW/d a for the 
conditions r = + o/2, obtaining 


[Flrozeps (17) 
= ef 1Cy + 1/,(—j +1) 2d). 
0 


To determine the constant of integration Cy in Eq. 
(17), we set «= 0 and make use of Eq. (13): 


Fles= / Fd + f= Co. 


Thus, we find from Eq. (17) 


[P(%, 1) ]r-—are 
= [ cos —sin | Ve bert ( a i; 
[Q(@, r)]r—ar2 


= [cos $ sin lf = {1 —erf igs) 


where 
Zz 


(eat 


0 


2 


Va 


erf(z) = 


is the error integral, 


Pee nha = 4 (sin + cos) 


x (eran 4 y/ 3 (oF —sin gh 
0 


7S) 
tee 
R 
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4 
il 
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y (eld i Vf 2(eo8% 4 sin =). 
0 


3. SEPARATION OF THE ROOTS OF THE 
TRANSCENDENTAL EQUATION (8) FOR «= 0 


To separate the roots of Kq. (8),we consider 
first the case a =0, i.e., by Eq. (7), T, =. Re- 
writing Eq. (8) in the form 


or =atg[r?—Y(a, r)], 


we find that there is a minimum root, for which, 


from Eq. (9), 
[Jano = 7/4. (20) 


i) 


for KgK= 0, To,—1 — OF 


Moreover, there exist a succession of roots for 
ge ; 
finite ae for which 


for c= 0, em a y (0, fo,m) oy 


= > +5(m— 1), m= 1,2,3,. ne 


The root of interest to us, in this case, nearest to 
79-17 will correspond to m = 1 in view of Eq. (21). 


roa — ¥(0, roan) = 7/2 (22) 
or, by Eqs. (9), (13), (14), 
— ctgr? =tg 9(0, r,,) (23) 


= sy Va/2+ oh rtd | 


0 
=e pes =i 
a aVETE + | cos-ndn| 
0 


Representing Eq. (23) in the form 


0.5+C(r?,) 


— tg (r2 — Nuese see OSL ; 
E015 SMG 5) 


and making use of the tables of Fresnel inte- 
grals4, we find, by the method of iteration, 


re, = 2.327, (24) 


whence 
foi = 1525: 


4. Jahnke and F. Emde, Tables of Functions 


4. DETERMINATION OF THE FIRST ROOT OF 
r_, IN THE GENERAL CASE 


For the determination of the position of the first 
minimum root r_, in the general case (a # 0), we 


can, in conformity with Eq. (8), carry out the itera- 
tion according to the scheme 


eA CBee C5) 


where by ne are meant the successive approxima- 
tions of the desired root. We begin the iteration 
from the values determined by Eq. (20): 


ra) = Stg[0—-F|=—F, (26) 
12) = 5 te|Z— Wn (27) 
But, by Eqs. (9) and (18), 
ee eal 


2 
[)]-—a/e = - te > ’ 
whence, in accord with Eq. (27), 
ge =e On (28) 


Inasmuch as the two successive approximations 
(26) and (28) coincide, the exact value of the first 
extremum is 


ry»~=—«/2. (29) 


Thus, the first extremum of the signal sets in for 
negative values of r, i.e. up to the onset of reso- 
nance, which corresponds to r =0. 


5. DETERMINATION OF THE POSITION OF THE 
SUBSEQUENT ROOT IN THE GENERAL CASE 


To determine the position of the subsequent root 
in Eq. (8) for the case a0, we must know the 
values of the integrals Q and P [ Eqs. (10) and 
(11) ]. We introduce the quantity 


{= P,(«, r) + jQ, (a, r) (30) 


= eis exp {i (ns) han. 
and the new variable 
t=Vilr—j$)=<+ yy, (31) 


where 


x=(ut+5)/V2 y=(1—5)/V3, 
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we get : 
ve : : The integral entering into I, is calculated with the 
1 Exp {j (= =) edt. (32) aid of tables of the real and imaginary parts of the 
? probability integral of complex argument 
The limits of integration have the following values: : ” Vee re 
he \ edt = “* fe [V(xe, ye) (38) 
One. Xo) V2) (33) : 
y,=—«/2V2; REM Co Pe eeks 
for ear es (r ae 5) [V2 where U and V denote, respectively, the real and 
4 imaginary parts of the probability integral. 
Let ve Be Expressing x, and Yq in terms of o and rand 
bE ees (7 =) / os substituting Eq. (38) in Eq. (36), we find the ex- 


: ; : ression for | 
We carry out the integration over two intervals of 2 


the complex variable: es oy Ks ' 
‘2 a 4 [oe > Ga exp {i leg a “kv —jU) 9) 
\ etdt = \ edt — \ etdt. (34) 
t; 0 0 : aff C& TT 
From Eq. (34), we see that in the integration from + J exp {J (+ $e al : 
ee ry : Separating the real and imaginary parts, wehave 
t= (1e=7) x. = 
= ge ar te 2 (40 ) 
Denoting Re ls ale [((V — U)cosr 
2 = f2 g é 2 
soni ay 2 +(V+ U)sinr?] + [cos = = si =|: 
we get ty ie 
\ eftdt = ei la) \ e—i¥ dE. 35 Vege ee, ing? 
0 (35) MS i FE {e ((V — U)sin: 


Je ee of Eqs. (34) and (35) in Eq. (32), (VSD costae [cos Z se SIL 
takes the torm 
to 
=exp{j[+—F]}\ eat tie" — Brat ing useof Eqs. (12), (13), (80), (37) and (40), 
0 


we find the final expressions for the integrals Q 


«/2 and P; : 
x Jett = ls + hy Q= \ e** sin. 4? a7, (41) 
0 ~co 
where /, and /, denote the first and second terms, _ 2 V Fler [(V — U)sinr? —(V + U) cos r?] 


respectively. The integral which enters into /, is 


calculated with the aid of the Fresnel integrals oe 


2 
« pag +2 cos + sin |}; 
(eed — eae (+)- js(+}}. ; ’ ‘ 
0 


P= . e*1 cos 2 dx, 
The real and imaginary parts of /, have the form ie uf (42) 
= 2a 
eae Vi a ae es ies [((V — U)cosr?+(V+ U)sin r?| 
; - 2V 2 
a? a2 (< ) . caw ee 
aee — —C{—]}sin ; 2 , 
2 [S(z) eos oe | +2[cos + —sin |}. 
Tus a Substituting Eqs. (41) and (42) into Eq. (8), we 
ee oy —— 


° V. N. Faddeeva and N. M. Terent’ev, Tables of the 


SON Ga aot = Values of the Probability Integral of Complex Argument, 
x[S(F) in + C(G )eos ee GITTL, 1954 
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get the equation for the determination of the posi- 


% V+U + 2e7—*" [ sin (+ 


tions of the extrema of the function u(2): 


a2 5 a? 
eras — cos | 7 q : 


Pi bee ee eee (43) 
2 eric oe? yoy ie 
V —U + 2e5* [ sin (x? — + cos{r? — are 

a/2 | Tu | Ar | a/2 | Tai | Ar 
0.0000 1 D2 ee 25) 4.4142 1.63 3,04 
0.1414 1.49 1.63 4.7680 1S Bis) 
0.3535 1.46 al ston! 2.4748 vane) 4.63 
0.7074 4.45 2.16 

where U and V are functions of x, and y,, deter- resonance becomes adiabatic, as is known®, and 


mined in accordance with Eq. (33). 

In order to find the positions of the subsequent 
extremum rj, Eq. (43) is solved by interpolation 
by the chord method. The results which were com- 
puted appear in the Table and are drawn in Fig. 1 
in the form of the curve r,,. The curve Ar=r,, 
—TLypHTyy to / 2 appears in this same drawing. 
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FIG. 1. The position of the second extremum r4) and 


the distance between the first and second extrema Ar 
of the signal of dispersion in a weak high-frequency 


magnetic field for nonadiabatic transition through 
resonance. 


From the graph in Fig. 1 it follows that the posi- 
tion of the extremum r,> depends on a/2, and for 


an increase of «/2 from a value ~ 0.6, the quantity 


ar : fs 
q imetoases monotonically, remaining, however, 
always tess than «/2. 


6. THE VALUE OF THE ROOT r 4) AS a/2 > c 


For a decrease in the transverse relaxation time 
T, (i.e., as a» co) the process of transition through 


corresponds to the case of “‘slow passage”. In 
this case, the signal of dispersion has only two 
extrema, located at equal distances from the mo- 
ment of resonance. It can be shown that for 

a co the value r,; > 0/2. We make use of the 
iteration scheme (25), given in Sec. 4, and assume 
that r) = 0/2. Then, 


i 
a 2 
ce = te | = (Yaa (44) 
From Eqs. (9) and (19), it follows that as a> «, 


while from Eq. (44) 


r2) =a / 2. (45) 


Since, as r= 0/2,a~> 0, Eq. (44) becomes an 
indentity, the position of the following extremum 
becomes 


(7 4)a soe | 2 (46) 


and, consequently, 
Poy = |Py (: 


7. THE CHANGE OF THE FORM OF THE DISPERSION 
OF THE SIGNAL 


According to theory», the form of the observed 
signals depends on the magnitude of the parameter 
Va Ee, For values of Va T’, > 1, the vibrations 
appear beyond resonance. Keeping in mind that, 


by Eq. (7) 
Val, ra V2/ a, 


and taking into consideration the graphs in Fig. 
1, we find that the form of the dispersion of the 
signal must change in the following way; upon a 
decrease in «/2, the distance between the first 
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and second extrema ( Ar) must decrease and, be- 
ginning with «/2 <1, vibrations must appear 
whose amplitude increases upon further decrease 


in a/2. 


Oscillograms of the dispersion of the signal are 


given in Fig. 2. These illustrate the change in 
the shape of the signals for change in «1/2. The 
oscillograms were obtained for aqueous solutions 
of different concentrations of copper sulfate and 
ferric nitrate. All the oscillograms were taken 
under identical conditions. The corresponding 
values of «/2 are given in the captions for the 
figures. The oscillograms verify the conclusions 
of the theory of the dependence of the form of the 
curves on o/2. 


8. METHOD OF DETERMINATION OF 7 2 


In the practical application of this method, the 
dispersion of the signal is observed in a weak 


highfrequency magnetic field of frequency w°. To 


the constant magnetic field 1),there is added a 
magnetic field of amplitude H_ and audio fre- 
quency ® , such that the resultant magnetic 
field is equal to 


H, = Hy + Ha Sin Opt. (47) 


If the signal w(¢) is located in a linear segment 
at the center of the oscillogram, then, by Eq. 
(47), 


= | ‘| TT,,@n: (48) 


Behind the linear part of the modulation there 
are regions where the velocity of modulation and 
the time of transition through resonance are con- 
stant within the limits of accuracy chosen. For 
the determination of 7, it is necessary that the 
distance between the first and second extrema lie 
in the linear part, while the remaining part of the 
signal u(t) can be located in intervals with vary- 


ing velocity; it is only important that the signal be 
damped out at the onset of the following resonance, 


which arises on the reverse path of the develop- 
ment. 

Measuring (along the oscillogram) the distance 
between the first and second extrema and knowing 
the amplitude and frequency of the modulating 
field, we can determine the time ¢. Then, by Eqs. 
(7) and (48), 


® S. D. Gvozdover and N. M. Ievskaia, J. Exper. 
Theoret. Phys. USSR 25, 435 (1953) 


Ar = V iat encyfalil Hate a Th (49) 


We determine o/2 graphically for a given Ar from 
Fig. 1, and compute 7, from Eq. (7): 


T= yale)" vamos (=): 0 


The error in the determination of 7, arising from 
the use of Eq. (50), is determined by the errors in 
the measurement of 17_, wo. At and the error in the 
determination of «/2 from the graph. 

If the above calculated quantities are determined 
with possible errors Ht: 1%, @ : 1%, At: 3%, 
a/2: 1%, then for the case that Ar lies at the 
middle of the graph, i.e., for 2 <Ar < 4, (which 
ordinarily takes place for suitable choice of the 
velocity of modulation), the maximum possible er 
ror in determining 7_ amounts to 8-15%. For 
smaller values of Ar, the error in the determination 
of T, increases. 

The present method of determining T, is suf- 
ficiently simple and gives an accuracy. not less 
than the methods described earlier in the literature. 
The principal advantage of this method is the fact 
that one can work in a nonstabilized constant mag- 
netic field, which greatly simplifies the arrange- 
ment for the measurement of the time of transverse 
relaxation. 


9. EXPERIMENTAL TEST OF THE METHOD 


To test the method just described, the values 
of the transverse relaxation times 7. were 
measured for aqueous solutions of different con- 
centrations of copper sulfate (CuSO, ) and ferric 
nitrate [Fe(NO,),]. The dependence of 7, on 
the concentration of the paramagnetic ions Cu** 
(curves J and 2) and of the ions Fe***( curve 3) 
in the solution is indicated in Fig. 3. The accur- 
acy of measurement of 7, was about 10%. 

It follows from Fig. 3 that for reduced concen- 
trations the transverse relaxation time approaches 
a limit whose magnitude is determined by the in- 
homogeneous constant magnetic field. The amount 
of inhomogeneity of the constant magnetic field 
aloug the specimen AH, was estimated by the 
value of 7, measured for distilled water by the 
formula 


= (he AS pi 
wea int as, Bie 


2 BH 2 int 


’ 


where H._ , = intensity of the internal field, 7, ,_. 
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FIG. 2. The change in shape of the signals of dispersion 
in dependence on «%/2. The oscillograms were obtained (1) 
from 0.5 M solution of Fe (NO, ) 


3 


9° (2) from 1M solution 


CuSO, ; (3) from 0.2M solution of CuSO, under the following 


conditions: frequency of modulation 50 cps, amplitude of 
modulation 2.38 oersteds, half amplitude of high-frequency 


field, 0.03 oersted. Values of «1/2: 1-1.35; 2~ 0.85; 


3-0.46. 


and T, om are the values of the transverse relaxa- 
tion times, determined respectively for the internal 
field and the inhomgeneity. (As is known’, for 
distilled water, T, >> Ts: anom*) 

In the results shown in Fig. 3, (curves 4, 5, 6) 
the value of the inhomogeneity was respectively 
equal to 0.072; 0.081; 0.11 oersted, which cor- 
responds to 2.43 x 107°; 2.72 x 107°; 3.72 x 10°°% 
of the value of the constant field. 

The dependence of i int? determined according 
to Eq. (51) by taking into account the effect of the 
inhomogeneity, on the concentration of the para- 
magnetic ions is shown in Fig. 3 for Cu** ions 
(curve 7) and for the Fe*t* ions (curve 8). It 


follows from the drawing that the dependence of 


N. Bloembergen, Nuclear Magnetic Relaxation, The 
Hague, 1948 


> 


Ty np OD the concentration of the paramagnetic 
ions is a straight line on the logarithmic scale. 
The lines for the aqueous solutions of copper 
sulfate and ferric nitrate are parallel to each other 
and are inclined at 45° with respect to the ab- 
scfssa. Such a dependence shows that the trans- 
verse relaxation time 7, , , produced by the in- 
ternal field is inversely proportional to the con- 
centration of the paramagnetic ions. 

A comparison of the results of measurements 
with the data given by Bloembergen’ (curve 9) 
shows that the value of T, for aqueous solutions 
of ferric nitrate, obtained in the present research 
for large concentrations, where the inhomogeneity 
is small, agrees with the results of Bloembergen 
within the limits of experimental error. For small 
concentrations, the resultant values of ie e di f- 


fer from the is obtained in reference 7 by Stout 
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FIG. 3. Dependence of T, and T,;,, on the concentration 
of paramagnetic ions N for aqueous solutions of CuSO, and 
Fe (NO,),. The concentration N is expressed in number of 


ions/cm’. Measurements for Cu’? ions: A for conditions 
when 7) ; hom 1S determined by curve 4; O for conditions 


when T,. is determined by curve 5; measurements for 


2inhom 
Fe‘ ions under conditions when T,. is determined 
2 inhom 


by curve 6. 


40%. This difference can be explained by the Thus, the agreement of the results within the 

fact that the accuracy of the determination of limits of experimental error confirms the possi- 

fo) is significantly less as a result of errors in bility of application of the method developed here. 
int ———— 


the measurement of I, Translated by R. T. Beyer 
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: 0 : = 5 
An etempe was made to observe the formation of A--particles in collisions of 670 mev 


protons wit 
particles with the decay scheme 


carbon nuclei. In principle, the experiment allowed the detection of /\Y- 
9+n+79, 
were detected by means of a telescope of scintillation and Cerenkov counters. 
found that the cross section for the creation of 


amma-rays from the decay of 7 9-mesons 
It was 
0-particles has a value of 04, & 10°31 


em2/ nucleon. Conclusions are drawn on the mechanism of creation of A-particles. 


INTRODUCTION 


4 bets mechanism of the creation of hyperons is 
unknown as yet. In earlier papers”, diffi- 
culties were pointed out as to the explanation of 
the existence of heavy mesons and hyperons (in 
particular, the A  -particles ) which are created 
with a high probability in high energy collisions 
and have long lifetimes. An attempt to eliminate 
such difficulties leads to the following alterna- 
tive: either the process of the formation of A - 
particles is not the reverse process of their 
decay, or, conversely, the process of their creation 
is the reverse of the decay process; but then the 
matrix element depends exceptionally strongly on 
the energy. This strong dependence of the matrix 
element on the energy could be found, for instance, 
in the case of a very large spin of the particles. 
The first possibility was examined in references 
2 and 3, where a conclusion was reached on the 
basis of a phenomenological analysis of the ex- 
perimental data relative to the creation of Ne 
particles and heavy mesons as to the possibility 
of the following transformation scheme of the 
nucleon: 


(N) 2 (A°) + (heavy meson) (N = nucleon) (1) 


'M. P. Balandin, B. D. Balashov, V. A. Zhukov, B. M. 
Pontecorvo and G. I. Selivanov, Report of the Inst. for 


Nuclear Problems, Acad. Sci., USSR (1954) 


2B. M. Pontecorvo, Report of the Inst. for Nuclear 
Problems, Acad. Sci., USSR (1951); J. Exper. Theoret. 
Phys. USSR 29, 140 (1955); Soviet Phys. 2, 135 (1956) 


3 A. Pais, Phys. Rev. 86, 663 (1952) 


* The present paper is based on the results of work per- 
formed in 1954 and was described earlier in a report of 
the Institute for Nuclear Problems of the Academy of 
Sciences of the USSR’. 


The above scheme describes a virtual transfor- 
mation of-the nucleon, analogous to the Yukawa 
process (N) > (N)+(7). The heavy meson re- 
quires a strong interaction between the nucleon 
and the A°-particle. The scheme (1) permits us to 
put aside the difficulties connected with the dura- 
tion of the lifetime and the probability of formation, 
not only of the A°-particles, but also of the heavy 
mesons. 

Certain indications of the correctness of the 
scheme (1) were obtained, for example, in the 
experiments of Fowler et al*, performed with the 
cosmotron. In these experiments, simultaneous 
formation of a A -particle and a heavy neutral 
meson was observed upon bombarding hydrogen with 
am -mesons with an energy of 1500 mev. 


THE EFFECTIVE THRESHOLD FOR THE 
FORMATION OF A°-PARTICLES 


Let us first examine the reactions of formation of 
the A°-particles in nucleon-nucleon collisions. We 
will assume the above-described scheme (1) as 
correct. If that is the case, the cross section for 
the N+N>A°4N reaction, which has a threshold 
of 371 mev*, should be exceedingly small. Among 
the processes which in this case could have a sig- 


nigicant cross section, we will examine the follow- 
ing: 


NENG N A + heavy meson 


N+N> N44 


(2) 
(3) 

* The mass of the A°-particle is assumed to be equal 
to 2182 m,. 


4 W. F. Fowler, R. P. Shutt, A. M. Thorndike and W. L. 
Whittemore, Phys. Rev. 93, 861 (1954) 
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FORMATION OF A°-PARTICLES BY PROTONS 


The effective threshold for the formation of A°- 


particles will be understood as being the lowest 
value among the possible thresholds correspond- 
ing to the reactions (2) and (3). The threshold of 
(2) cannot be evaluated because the mass of the 
heavy meson, M., which participates in the reac- 
tion, is unknown. However, if it is assumed that 
M,. = 965 m,, the threshold of the reaction (2) be- 
comes 1577 mev. The reaction (3), according to 
the scheme (1), should proceed via intermediate 
virtual transitions which represent, in the first 
place, the emission of a N particle simultaneously 
with that of a heavy meson, and then the absorption 
of this meson followed by the formation of a second 
A°-particle. The threshold for this reaction is 
775 mev. 

In the case of the collision of a nucleon with a 


complex nucleus, the effective threshold 5 becomes 
significantly lower and can be evaluated in the 
momentum approximation, if the intranuclear motion 
of the nucleons is taken into account. Assuming a 
maximum “‘Fermi energy”’ of the nucleons inside 

of the nucleus equal to 20 mev, we obtain the 

value 6 ~ 450 mev. It is interesting to observe 
that in the estimate of the threshold for the forma- 
tion of the A°-particles by nucleons on nuclei, no 
difficulties arise from the Pauli principle, such 
difficulties being found in the evaluation of the 
threshold for the formation of 7-mesons by nucleons 
on nuclei. 

Passing on to the processes of formation of A°- 
particles by 7-mesons we will consider the reaction 
a7+(N, N) > A° +N. Its threshold is equal to 40 
mev. As in the previous case, with our former as- 
sumption, the cross section of this reaction should 
be extremely small. In connection with this, it is 
advisable to examine the following two reactions: 


17+N-+ A° + heavy meson (4) 
TUN, NYS Ww 4. (5) 


If M,, = 965 m,, the threshold of (4) will be 757 
mev. The threshold of the reaction (5) has the 
value of 242 mev. 


A SHORT SURVEY OF THE PAPERS RELATED TO 
THE FORMATION OF HYPERONS BY 
PARTICLES WITH AN ENERGY UP TO 500 MEV 


Bernardini and Segre” established the fact that 


5 G. Bernardini and A. Segre, Quoted in Phys. Rev. 
92, 727 (1953) 
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the cross section for the formation of A°-particles 
by bremsstrahlung photons of a maximum energy of 
330 mev constitute 10-4 of the cross section for 
the creation of charged 7-mesons. 

The process of the formation of A0-particles in 
collisions of protons with carbon nuclei was in- 
vestigated in references 6 and 7. The cross sec- 
tion for this process, as found in reference 6, for a 
proton energy of 430 mev, has a value of less than 
0.35 x 10°?"cm?. According to more refined ex- 
periments performed by Garwin’, the value of the 
cross section for the formation of A°-particles in 
p-C collisions, even for a proton energy of 450 mev, 
does not exceed 1073!cm?. 

A pape by Schein et al ® is devoted to the forma- 
tion of A-particles by 7 -mesons on carbon, at 
an energy of 227 mev. In this work, 5 cases of the 
creation of A°-particles were observed on photo- 
graphic plates, butthe value of the corresponding 
cross section is not quoted. Nevertheless, there 
is reason to believe that the preliminary data pub- 
lished by Schein contradict the results of Garwin’s 
work. Therefore, it seemed very interesting to try 
to obsérve the formation of A°-particles by 
nucleons of energies between 500 and 1000 mev. 


EXPERIMENTAL ARRANGEMENT 


The basis of the present experiment is the 
method proposed by Garwin. In principle, this 
method allows us to observe A°-particles which 
disintegrate according to the scheme 


ACen (6) 


The idea is that A°-particles can be identified by 
means of the 7 °-mesons being created at a certain 
distance from the target bombarded by protons. 
Notwithstanding the fact that the decay of A°- 
particles with the emission of 7 °-mesons has not 
been observed, we may affirm with certainty that 
the probability of the process (6) must be compar- 
ablewith the probability of decay according to the 
scheme A >p +7 - Such an affirmation is based 
on the experimental fact that the process of ex- 
change scattering of 7-mesons by nucleons (the 


S A. H. Rosenfeld andS. B. Treiman, Phys. Rev. 92, 
727 (1953) 
” R. L. Garwin, Phys. Rev. 90, 274 (1953) 


8M. Schein, D. Haskin, R. Glasser, F. Fainberg and 
K. Brown, Congres International sur le rayonnement 


cosmique, Bagnere de Bigorre (1953) 
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17 +p >m° +n reaction) has a high probability. 

The scheme of the experiment is indicated in 
Fig: WV. 

The graphite target was irradiated by protons 
with an energy of 670 mev, which were acceler- 
ated in the synchrocyclotron of the Institute for 
Nuclear Problems. The displacement of the target, 
radially and azimuthally, was performed by remote 
control. The remote control provided a significant 
reduction of the working time for the experiment 
and in addition permitted measurements under 
steady operating conditions of the synchrocyclo- 
tron. With the aid of an electrical indicating sys- 
tem provided with a servo potentiometer, the posi- 
tion of the target was indicated with an accuracy 
of +0.025 cm. The direction of motion of the 
circulating beam of protons was changed by revers- 


ing the magnetic field , H, of the synchrocyclotron 
(in Fig. 2 this is shown by the corresponding 
arrows). The collimator of y-rays was directed 
along the radius of the equilibrium orbit of the 
circulating beam. It consisted of 3 blocks of 
lead, all being 15 cm long. All blocks had rec- 
tangular openings, 0.7 x 1.5 cm. One of these 
blocks was placed in the 60 x 60 x 60 cm lead 
shield, at a distance of 210 cm from the target. 
The two other blocks were placed in the iron 
shield, 2.7 m thick. The distance between the 
extreme blocks was 4m. The y-ray detector was 
placed at a distance of 8.5 m from the target. 
Around the detector a 15 cm thick iron shield was 
placed; in front, there was an additional lead 


shield, 60 cm thick. 


Fic. 1. Schematic diagram of the experiment. J. remote controlled 


target, 0.25 cm of C; 2. 
protons for normal H; 4. 


eam of protons at reversed H; 3. beam of 
y-ray collimator; 5. 7-meson collimator; 


6,9. iron shielding; 7. concrete shielding; 8. supplementary lead 
shielding; 10. deflecting magnet; 11,16. converter 1; 12. converter 


Ae Te. 
an amplifie 


-ray detector; 14. m-meson detector; 15. y-ray detector in 
view; 17. toluene scintillation counter (upper, JAS 


lower, B); 18. Cerenkov counters, of plexiglass (upper, C; lower, D). 
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“8-4 O+6 +8 +12 mie 


FIG. 2. Dependence of the intensity of yay at the outlet of the 


collimator (an 0.7 x 1.5 cm opening) ont 


e azimuth of the target. 


The full curve J was calculated for a target thickness of 0.5 cm; 
the full curve 2, for a thickness of 0.25 cm. The dotted curves 


correspond to a point target. 


THE y-RAY DETECTOR 


The ray detector consisted of a telescope of 
two scintillation counters (A, B) and two Cerenkov 
counters (C, D). Toluene crystals were used as 
scintillators. The crystal of the counter A had the 
dimensions 5 x 5 x 0.5 cm, while B was 4x4 x0.5 
cm. In the Cerenkov counters, plexiglass of 
cylindrical form was used, with a diameter of 6 cm 
and a thickness of 3.5 cm. The light pulses from 
the toluene and plexiglass were registered by 
photomultipliers of the FEU-19 type. The pulses 
from each counter went through an amplifier with a 
pass band of 50 me and an amplification coefficient 
of 100 and were fed into the input of a triple co- 
incidence circuit. The counter A was connected 
for anticoincidence. 

Events of the BCD-A type were registered, which 
corresponded to the simultaneous appearance of 
pulses in the three counters (B, C, D). The tele- 


scope was provided with two lead converters (J, 
2), both 4x4 x0.5 cm. The arrangement of the 
converters is shown in Fig. 1. The intensity of 
the y-rays, /, was determined by measuring the 
difference in the number of events (BCD-A), given 
by the arrangement with the converter 1, but with- 
out the converter 2, and the number of events (BCD- 
A)_ with the converter 2 and without 7. At the 
position of the target which coincided with the 
axis of the collimator, the frequency of the events 
(BCD-A), was 2.5-3% of the frequency of the 
events (BCD-A),. 


THE MONITOR 


As a monitor, a BF’, -filled counter was used, 
being placed out of the limits of the lead shield 
indicated in Fig. 1. To clarify the possibility of 
using the BF’ ,-counter as a monitor, the following 
experiments were performed: 

1) The indications of the BF g-counter and those 
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of a supplementary telescope of three scintillation 
counters were registered simultaneously. With 
this telescope the 7 ~mesons passing a separate 
collimator and a deflecting magnet were registered 
(Fig. 1). On changing the intensity of the syn- 
chrocyclotron by a factor of several times,the indi- 
cation of the BF, counter changed proportionally 
to the indication of the 7 - meson detector. 

2) The indications of the BF’, counter were 
registered at various azimuthal positions of the 
target. The use of remote control permitted the 
rapid return of the target to its original position, 
without interruption of the operation of the syn- 
chrocyclotron. We could thus estimate the con- 
stancy of the proton beam intensity during the 
measurements. It was found that at a constant in- 
tensity of the circulating proton beam the indica- 
tions of the counter do not depend on the displace- 
ments of the target of several centimeters. 

Thus, the control experiments performed showed 
that the BF’, counter can be used as a satisfactory 
monitor in our experiment. 


MEASUREMENTS 


The initial measurements constituted an inves- 
tigation of the properties of the collimator. With a 
graphite target 0.5 cm thick, the intensity of y- 
rays, /, was plotted as a function of the azimuthal 
target position. The obtained experimental data 
are represented in Fig. 2. The errors indicated in 
this figure are statistical. In the same graph the 
errors introduced by the inaccuracy in the deter- 
mination of the position of the azimuth of the target 
are also given. 

According to the experimental data obtained 
with a target of the originally specified thickness, 
with this thickness it was not possible to deter- 
mine the dimensions of the region of visibility of 
the target. For this reason, a thinner target of 
graphite was used, 0.25 cm thick, during the 
fundamental measurements. The experiments per- 
formed with this latter target allowed the determina- 
tion of the dimensions of the visible region with a 
much higher accuracy. Experience showed that the 
loss of intensity caused by the decrease of the 
thickness of the target was insignificant, a fact 
which probably can be explained by the multiple 
passing of the protons through the target. The 
curves represented in Fig. 2 by full lines were 
calculated for targets respectively 0.5 and 2.5 cm 
thick. The dotted curves correspond to a point 
target. One can see that the experimental data 
agree well with the calculated ones, this being a 
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proof of the correct installation of the target. 

The intensity of the y-rays, /,., at a position 
of the target which coincided with the collimator 
axis exceeded 10* times the intensity of y-rays 
coming from the target at a position displaced 0.5 
cm from the edge of the region of visibility. There- 
fore, the data on the intensity of y-rays at a posi- 
tion of the target out of the limits of the region of 
visibility, are represented separately in Fig. 3as functions 


of] ,,- The experimental points represented in 
this figure for the normal and the reversed direc- 
tions of the field H are normalized to the same 
ray intensity, namely,the one at a position of the 
target on the axis of the collimator (0 on Figs. 2 
and 3). From the Fig. 3 it is seen that for the 
normal as well as for the reversed direction of the 
field H, on approaching the target to the edges of 
the region of visibility, the intensity of the y- 
rays increases at a rate independent of the particu- 
lar side of the collimator axis on which the target 
is located. This supports the argument that the 
observed increase of the intensity of the y-rays 
is not conditioned by the number of 7 °-mesons from 
the decay of A’-particles, but is connected with 
processes of emission of y-rays by the walls of the 
collimator due to the electrons formed in the walls. 
Let A(+ x) be the difference in the intensity of 
y-rays for the normal and reversed directions of 
the field H at a position of the target to the right 
of the collimator axis; analogously, A(~ x) cor- 
responds to the position of the target at left of the 
axis. Then, with the target out of the limits of the 
region of visibility, the intensity of the y-rays, 
I,,(|x|), caused by the decay of A°-particles, 
will be expressed as 


A(x) ~ AC -x 
I x0 ( | % |) = Seas 
Here we eliminate the error which could arise due 
to the difference in the backgrounds of the normal 
and the reversed field direction of H. 

In Fig. 4 the ratio I jo (| x |)/1 ay for different 
distances of the target to the collimator axis is 
represented, 

From the obtained experimental data it follows 
that, for a distance of the target in the 1.4-2.0 cm 
range, the average intensity of the y-rays, Tho. 
caused by the decay of A°-particles, constitutes 
0.1 +0.4 pulses/min. The comparison of this mag- 
nitude with the intensity of the y-rays at the posi- 


tion of the target on the collimator axis eae? 


= 30,000 pulses/min ) indicates that the intensity 
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FIG. 3. The intensity of y-rays, for a position of the target out 
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Fic. 4. Intensity of y-rays caused by 7°-mesons 
from the decay of -particles. 


108 


104 


of rays from the decay of A°-particles cannot much 
exceed] x 107>. 

The intensity /, is conditioned by the decay 
of 7 °-mesons which originate in the target. There- 
fore, the measurement of the creation cross section 
for the 7°-mesons by protons on carbon provides a 
possibility of determining the upper limit of the 
cross section 7 A0 (C) for the creation of XN. 
particles. The cross section for the creation of 
7 °-mesons by protons on carbon was found by us 
in a separate experiment’, which was performed in 
an extracted beam of protons, the approximate 
value of the cross section being 30 x 10°27 om?2. 
Neglecting a small correction which takes into ac- 
count the difference in angular distributions of the 
y-rays originated by 7 °-mesons created in the 
target from the 7 -mesons created as a result of 
the A°-particle decay, we shall have: 


a yo (C) 
Ino (| 1) = Tags 12 DG Gy (7) 


Here «(| x |) is the fraction of A0-particles 
which decay in the field of visibility of the colli- 
mator. Assuming the mean lifetime of A-particles 
tombe Soal0n- sec, which in our case corresponds 


to a decay mean free path of ~ 5 cm, weshall 
have « ~ 0.2. Hence, by Eq. (7): 


@ xo(C)i<) 103°? cm. 


Thus, based on the results of our experiment, one 
can conclude that the cross section for the creation 


of A°-particles by protons with an energy of 670 
mev cannot be greater than 107°! cm?/nucleon. 


DISCUSSION 


The small value of the formation cross section 
ofthe A°-particles in the interaction of protons with 
anenergy of 670 mev with complex nuclei is in 
agreement with the hypothesis of the fundamental 
transformation scheme (1) of a nucleon. 

Let us compare the results obtained by us with 
the results of Schein et al®, where five cases of 
formation of particles by 7 -mesons were ob- 
served. 


The efiergy of the’ =.meson beam in Schein’s 


? B. D. Balashov, V. A. Zhukov, B. M. Pontecorvo and 
G. I. Selivanov, Report of the Inst.for Nuclear Problems, 
Acad. Sci., USSR (1954) 
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experiment was 227 mev. This value was very 

near to the threshold of formation of A’-particles 

by the 7— + (p, n) > Ao + A° reaction. Having this 
in view, the positive results of Schein’ s experiment 


can be considered as an indication of the fact that 
the formation of A -particles corresponds to the 


virtual process( NV) > (A?) +(7). If this is true, 
inour work A°-particles formed by the N + N > aN 
+N reaction should be observed. It must be re- 
membered, however, that no value for the cross sec- 
tion for the formation of A--particles is given in the 
work by Schein et al, and therefore, it is too soon 
to affirm positively that there are contradictions 
between that work and ours. 

It is of interest to pose a question as to what 
conclusion can be reached about the VN+N>A 
+N reaction, according to the results of our ex- 
periment. It is known‘ that the cross section of 
formation of A-particles at very high energies (sev- 


eral thousand mev) has an order of magnitude of 
10°7‘cm2/nucleon. In the paper of Chernikov?®, 


the average value of the cross section for the cre- 
ation of pairs of A-particles in collisions of 
nucleons with an energy of 600 mev with nuclei 
was estimated on the assumption that the cross 
section of 10°?” cm*/nucleon, found at high en- 
ergies, corresponds mainly to the process of forma- 
tion of two A-particles. In the same calculations, 
the momentum distribution of the nucleons in a 
nucleus was taken into account, and it was assumed 
that the matrix element does not depend on the 
energy. The cross section, estimated in this man- 
ner, appeared to be 10°2? cm?/nucleon, i.e., at 
least 100 times greater than the value for the ex- 
perimental cross section obtained by us. Having 
in view the arbitrary nature of the assumptions 
made, we can conclude that there is only a slight 
indication of the small probability of the N + N 

+ A +A process at high energies as compared to 
the probability of the processes for the creation 
of A-particles in general. A more definite con- 
clusion could be reached if the masses of the A°- 
particles and the positive hyperons were equal. 
Data from cosmic ray work also point to the con- 
clusion that the appearance of two A°-particles is 
a relatively improbable phenomenon. In fact, we 
know of no case of simultaneous observation of 
two events of the ’° type, where both could be 
identified as A’-particle decays. On the contrary, 
cases of simultaneous birth of A°- and 6°-particles 


£0 N. A. Chernikov, Report of the Inst. for Nuclear 
Problems, Acad. Sci., USSR (1954) 
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were observed. 

The question arises as to why the VN+N>A 
+ A reaction is improbable if the scheme (1) is 
true? Let us examine one of the possibilities of 


forbiddenness/of this reaction. The large value 
of the probability of formation of A-particles in 


high energy collisions conduces to the idea that in 
creation processes of this type the hypothesis of 
charge independence is applicable. However, in 
decay processes which have a low probability the 
isotopic spin cannot be conserved. Therefore, on 
the basis of the known decay scheme, A >N +7, 
one cannot conclude a priori that the isotopic spin 
of the A-particles remains a half-integer. In con- 
nection with this, one can assume that the spin of 
a A-particle is an integer. In this case it is easily 
seen that the reaction VN + N » A + A is forbidden. 
If so, the isotopic spin Tg of the heavy meson 
responsible for the forces between the nucleons 
and the A-particle is very probably equal to 1/2, 
i.e., only the positive and the neutral modality of 
such mesons (6+, 9°) exist. 

A simple method is available for a verification of 
the hypothesis that T)=1/2. It consists in com- 
paring the number of A’-particles which are formed 
in hydrogen and deuterium in the bombardment of 
7~-mesons with an energy of the order of 1000mev. 
If the above-mentioned hypothesis is correct, the 


cross section for the formation of A’-particles in 
H and D must have comparable values. This fol- 


lows from the fact that the neutron in a deuteron 


cannot contribute to the formation of A°-particles, 
because with this assumption the reaction 7 +n 


+ A° + 67 would be impossible. 
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CONCLUSIONS 


1. The cross section for the formation of A°- 
particles in collisions of protons with an CIS of 
i 


670 mev with carbon nuclei cannot exceed 107 
cm~/nucleon. 


2. In nucleon-nucleon collisions, no A°-particles 
are created according to the N +N > A®° 4 N reac- 
tion. 

3. The small value of the cross section for the 
formation of A°-particles in the interaction of 
protons with an energy of 670 mev with complex 
nuclei agrees with the hypothesis of the funda- 
mental transformation of a nucleon according to 
the scheme 


(NV) > (A°) + (heavy meson ). 


4, There is some indication of the fact that at 
high energies the reaction N+ N> A+ A is im- 
probable as compared to the processes of creation 
of hyperons in general. This conclusion could be 
reached with greater conviction if the masses of 
A°-particles and positive hyperons were equal. 

The authors deem it a pleasant duty to express 
their gratitude to V. V. Krivitsky and A. 1. Mukhin 
for the help rendered in the installation of the 
collimator, and also to the group of co-workers of 
the maintenance division who permitted us to 
perform the present work by assuring a steady 
operation of the synchrocyclotron. 


Translated by B. Cimbleris 
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The Average Number of Neutrons per Fission Event in the 
Photodisintegration of Uranium and Thorium 


B. N. BALUEV, B. I. GAvRILOV, G. N. ZATSEPINA AND L. E. LAZAREVA 
P. N. Lebedev Institute of Physics, Academy of Sciences, USSR 
(Submitted to JETP editor May 31, 1955) 
J. Exper. Theoret. Phys. USSR 29, 280-285 (September, 1955) 


The average number of neutrons v from a single fission event has been measured in the 
photodisintegration of uranium and thorium with a mean nuclear excitation energy of 12 mev. 
For uranium, the value of vis 6.2 +0.5, for thorium 14.2 1.2. The measured quantities 
allowed evaluation of the relative fission probability in photodisintegration of uranium and 
thorium nuclei. 


N the laboratory of V. I. Veksler during 1951 - The intensity of y radiation was measured with a 
I 1952, the average number of photoneutrons v thin walled ionization chamber placed between the 
from a single fission event was measured in the target and the sample (Fig. 1). The chamber was 
photodisintegration of uranium and thorium by connected to an integrating circuit which acted 


bremsstrahlung with maximum energy 1p ie 18.6 mev as a dosimeter. 

(average energy of nuclear excitation ~ 12 mev). 

The work was done with a synchroton which gave MEASUREMENT OF THE ABSOLUTE NUMBER OF 
150 y - pulses per second. The width of a single NEUTRONS 

pulse was ~ 20 p sec. To determine the values 
of v, the absolute emission of photoneutrons and 
fission fragments was measured, using the same 

number of nuclei and the same radiation dosage. 


Neutrons emitted from the sample during y irradia- 
tion were slowed in the surrounding paraffin, and 
registered in the ionization chamber (KN - 14) 
filled with BF... Figure ] shows the positions of 


IPG, ile Physical arrangement (dimension in cm) : ] — 
internal synchroton target; 2 — paraffin block 70 cm high; 
3 — sample; 4 — BF, ionization chamber; 5 — thin 

walled chamber with plane parallel electrodes for 
measurement of y radiation dose ( electrodes made of 50u 
aluminum foil; windows in the shielding cover made of 

of 50 » aluminum foil). 
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the paraffin block, sample, and ionization chamber. 
The paraffin block is 80 x 80cm, with a height of 
70 cm. Samples in the form of 4cm diameter disks 
were placed in the center of the block. Incident 
y- tays paseed through a round, 5 cm diameter, 
opening in the paraffin. The KN-14 chamber could 
be moved along a channel perpendicular to the 

y - fay axis in order to measure the spatial distribu- 
tion of neutron density. 

Strong ionization occurred in the chamber during 
the passage of the y - rays. Therefore,neutrons 
were registerd in the time interval between 
y pulses, which followed each other every 
6667 psec. The final tube of the ionization 
chamber amplifier was gated after each y pulse, 
passing neutron pulses into counting circuits, 
and closed again before the next y pulse. By vary- 
ing the beginning of the neutron counting time 
referred to the y pulse, the dependence of the 
neutron count on time was measured. The neutron 
lifetime determined in this way was 
zn 13 +3 py sec. 

Counting of neutrons began after a delay 
of 20 uw sec, and ended after 2500 p sec. 
Practically all neutrons were absorbed by the 
paraffin during this time interval. The correction 
for neutrons missed in the first 20 sec after the 
y pulse was 12%. Uncertainty in the delay time 
did not exceed 5 psec, and the error in neutron 
count in a single series of measurements did not 
exceed ~ 3%. 

Calibration of the absolute emission of neutrons 
from irradiation of uranium and thorium samples was 
done with a Ra +Be source. The intensity of this 
source, measured by several methods, was 
(4.69 +0.27) x 10° neutrons per second. 

Figures 2 and 3 show the spatial distribution of 
neutrons p(r)r? for the Ra + Be source, uranium and 
thorium, superimposed at the point r=10 cm, where the 
ionization chamber was located during the measure- 
ments. The points for r > 35 are obtained by 
exponential extrapolation of the curve ends. The 
area under the curve p (r)r? for the source is 
k = 1.27 +0.05 times larger than the area under the 
uranium curve, and & = 1.34 +0.05 times larger 
than the area under the thorium curve. 

Due to the large neutron background accompany- 
ing the y - ray bundle, it was necessary to work 
with large samples. Sample weight for uranium was 
284 gm, and for thorium, 120 gm. Neutron back- 
ground was respectively ~ 10% and 20%. 

In order to maintain the same neutron measuring 
conditions in the presence of the samples, which 
were strongly neutron absorbing, and in the 
absence of the samples during the background 
measurements, samples were placed in a cadmium 
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box (wall thickness 0.5 mm). An identical empty 
box was placed at the sample position during 
background measurements. During calibration, the 


Ra +Be source was also placed inside such a box. 

During passage through such thick samples as 
are necessary in this experiment, the y - ray 
intensity decreases considerably, and the original 
energy distribution changes. The true neutron 
emission was obtained by extrapolating specific 
neutron emissions for various sample thicknesses 
to zero sample thickness. Both samples were 
made of four flat aluminum containers with an in- 
ner diameter of 4 cm, and top and bottom thickness 
0.5 mm. For the uranium sample each container 
was filled with 71 gm of the powdered metal; for 
thorium four such containers were filled with 
pressed shavings (30 gm in each container). 
Neutron emission was measured when one, two, 
three and four containers were placed inside the 
cadmium box. For better extrapolation, neutron 
emission was also measured from sample thicknesses 
of one half that of a container. Fig. 4 shows the 
specific neutron emission for various sample 
thicknesses of the two materials. The specific 
emission obtained from the entire sample ( 4 con- 
tainers) has been taken as unity. Specific neutron 
emission, extrapolated to zero sample thickness, 
is 1/x%, where x= 0.59 +0.02 for uranium, and 
x= 0.80 +0.02 for thorium. 

Measurements of the number of neutrons from 
Ra +Be source in the presence of the samples 


showed that resonance absorption in the sample 
of neutrons passing through the cadmium, and fast 
neutron induced fission both effect the measured 
neutron emission by not more than one percent. 


MEASUREMENT OF THE ABSOLUTE NUMBER OF 
PHOTOFISSION EVENTS 


The absolute number of fission events was 
measured by observing fission fragments in an 
ionization chamber placed in the paraffin block 
instead of the sample. 

To record fission fragments during the passage 
of y quanta, when large ionization was produced, 
a differential chamber was used. The chamber had 
three electrodes: a central collecting, and two 
outside electrodes to which voltages of opposite 
polarities were applied. A thin layer of oxide 
(U,0,) or (ThO,) with a diameter of 4 cm was 


deposited on the negative chamber electrode. 
Ionization impulses arising simultaneously in the 
identical halves of the chamber from y quanta 
arrive at the amplifier grid with opposite sign, and 
cancel. It is thus possible to observe pulses from 
fission fragments. Pulses due to incomplete 
cancellation were several times smaller than those 
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Fic. 2. Spatial distribution of neutrons from uranium. 
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FIG. 3. Spatial distribution of neutrons from thorium. 


due to o-particles emitted by the uranium and 
thorium layers. These pulses were cut off during 
the fission fragment count. 

The chamber wae filled with chemically pure 
argon at a pressure of 1.5 atmospheres, and 
utilized the electron part of the pulse, which 
insured low noise and an absence of microphonic 
effects. The electrodes had 7 cm diameter in order 
that fragments emitted from the edge of the layer 


would not leave the confines of the chamber and be 
missed, 

An electronic circuit counted pulses which were 
> 2.5 times the maximum ocparticle pulse. 

The oxide layers used in the measurements were 
prepared by baking water solutions of uranium 
nitrate and thorium in nitric acid. The deposition 
was on aluminum foil in the course of several 


hours at 500°. 
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Fic. 4. Relative emission of photoneutrons during irradiation of 
various thickness targets. The abscissa is marked in thicknesses 
of 1, 2, 3, 4 containers. The thickness of each container with 
uranium was 5.65 gm/cm2, and with thorium, 2.38 gm/cm?2, 


The uranium measurements were carried out 
with a single layer whose weight was determined 
by the number of o-particles emitted. For the 
layer used, w = 1.78 +0.02 mg, which corresponded 
to a thickness of 0.17 mg/cm“ of the oxide. 
Thorium measurements were made with two layers: 
w,= 1.38 +0.04 mg; Ww, = 2.36 £0.07 mg. The 
weight of the thorium layers was determined from 
the amount of solution of known concentration 
which was deposited on the surface used in the 
measurements. The solution concentration was 
found by weighing the ThO, produced after slow 
evaporation and subsequent baking of a known 
volume of the solution. A correction to the fission 
fragment count was made for each layer. Since the 
areal density of a layer was of the order of 
several tenths mg/cm2 , the correction to the fis- 
sion fragment count was not over several percent. 

During y irradiation of the layers, various fission 
events could have been caused by background 
neutrons or photoneutrons emitted from the 
ionization chamber walls. Measurement of fission 
fragments during the bombardment of the layers by 
neutrons from the Ra + Be source showed that the 
neutron induced fission events did not exceed 0.2% of 
the total number of registered fissions. 


RESULTS 


The average number of neutrons v emitted per 
photofission event was obtained: for uranium 
6.2 +0.5; for thorium 14.2 +1.2. The value of v 
for thorium is the average of two values 


= 14:1 11.) and Dae 14.4 +1.3 which were 


obtained for the two thorium layers. 
The measured values of v allow evaluation of the 


photofission probability in uranium and thorium. 

During irradiation of these nuclei with y-rays of 

E___ = 18.6 mev, four reactions involving photo- 
max i. 3 

neutrons are energetically possible: 


G5) et) sets ae an dae) 


The following Table shows the various reaction 
thresholds. The probability for photoproton emis- 
sion for nuclei of Z > 80 is a few tenths of a per- 
cent. The probability for a (y, y’) reaction should 
not exceed several percent?. 


Table 
Reaction* | Uts® (MeV) | Th*#* (MeV) 
(y, Ff) 5.08+0.15 5,40+0,22 
CM NAc 5.97+0.10 6.35+0,04 
(y, 27) 11,4+0.2 11.85+0,2 
(y, nf) 11.6+0.3 12.15+0.3 


*Experimentally determingd thresholds for 
(y, n) and (y, f ) are given’. 

Thresholds of (y, nf) and (y, 27) are the sum 
of the experimentally determined first neutron 
binding energy, and the calculated second neutron 
pind ye energy and fission threshhold of U2%? and 
pits 


1 J. R. Huizenga, L. B. Magnusson, P. R. Fields, 
M. H. Studier and R. B. Duffield, Phys. Rev. 82, 561 
(1951); L. B. Magnusson, J. R. Huizenga, P. R. Fields, 
M. H. Studier, Phys. Rev. 84, 166(1951) 


2 A. G. W. Cameron and L. Katz, Phys. Rev. 84, 608 
(1951) 
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Thus at the present excitation energies, photofission 
and photoneutron emission are essentially the only 
competing processes of uranium and thorium 
photodisintegration. 

The fraction of nuclei « which fission as a 
result of (y, f ) and (y, nf) reactions is 
Cae f ce a nf )/ Fry ; the fraction of nuclei 8 


which decay by the emission of one or two 


neutrons is (6, aoe a ee, [oy where G_ is the 
average absorption cross section for the effective 
quanta; this is equal to the sum of the average 


cross sections of all competing reactions 
(GO, 7205 27! oy. 30 

The measured quantity v = vy tn (B/a), where 
Vy is the average number of neutrons emitted from 
the nucleus undergoing fission and 7i the average 
number of neutrons emitted in the photodisintegra- 
tion of a nucleus through the reactions (y, 7 ) and 
(y, 2n). 

In agreement with the y quantum energy depend- 
ence of the photofission cross section obtained by 
I. V. Chuvilo, the average excitation energy of 
fissioning uranium and thorium nuclei irradiated by 
bremsstrahlung of E_ = 18.6 mev is ~ 12 mev. - 
With such excitation the average number of neutrons 
accompanying fission is around three. From the 
known reaction yields of (y, 2n) for bismuth and 
tantalum’, and also from calculations based on 
statistical theory, 7 =~ ].2-—1.4. Substituting 
these values for Vo and 7% into the expression for 
v, we obtain: 


a, = 0.27 + 0,30: 
(£)..= (* = = = =~ 9.3 +8.0. 


3 
J. Halpern, R. Nathans and A. K. Mann, Phys. Rev. 
88, 679 (1952) 
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arp = 0.10 +0.11. 


The values obtained for «|, and a,, give an 
upper limit to the average fission probability of an 
excited U?3® or Th?3? nucleus, since « includes 
fission events resulting from the (y, nf) reaction, 
where the nucleus remaining after emission of the 
first neutron undergoes fission. 

The above values show that during the absorp- 
tion of 12 mev y quanta, the fission probability of 
uranium is ~ 1/4 to 1/5 and the fission probability 
of thorium is ~ 1/10. These agree with similar 
evaluations made by other authors‘. 

The average absorption cross sections for y 
quanta by uranium and thorium nuclei do not differ 
by more than a few percent, and therefore the 
ratio & / a), must be equal to the ratio of the 


photofission cross sections of these elements. The 
value obtained for the ratio oe 2.7 is in 


good agreement with results given in other work®. 

There is only one measurement of v in the 
literature, where a similar method was used to 
measure v for uranium for E .. = 23 mev’. The 
value obtained, vy = 10.5 +2, contradicts all 
available data for the average photofission 
probability of uranium. No reports of measure- 
ments of v for thorium have appeared in the 
literature. 


* R. B. Duffield and J. R. Huizenga, Phys. Rev. 89, 
1042 (1953); J. S. Levinger and H. A. Bethe, Phys. Rev. 
85. 577 (1952 

5J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 
(1950) 


6 
J. R. Huizenga, J. E. Gindler and R. B. Duffield, 
Phys. Rev. 95. 1009 (1954) 


‘ F. K. Goward, E. J. Jones, H. H. Watson and D. J. 
Lees, Proc. Phys. Soc. (London) A64, 95 (1951) 


Translated by G. L. Gerstein 
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Asymmetry of Fragment Ranges in the Fission of Heavy Nuclei by Ultrafast Particles 
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From the data of a study of fission of U, Bi and W by 660 mev protons, carried out in fine- 
grained nuclear P-9 emulsions, we have constructed the distribution of the ratio of fragment 
ranges for various excitation energies of the fissioning nucleus. We find that with increasing 
excitation energy the fraction of strongly asymmetric fissions increases; this increase is sig- 
nificantly greater for Bi than for U. For excitation energies 2 400 mev, the character of fission 
is the same for U, Bi and W. The region of excitation energy in which fission is most sym- 
metric is estimated to be 60-100 mev for uranium, and ~ 100 mev for Bi. 


INTRODUCTION 


leg distribution of fragment masses from the 

fission of heavy nuclei by slow neutrons is a 
double-peaked curve, indicating the asymmetric 
character of the fission. With increasing energy of 
the particles producing the fission, the mass dis- 
tribution becomes more symmetric, so that for 90 
mev neutrons the spectrum of fragment masses has 
one sharp maximum. 

Thus, in this region of excitation energy of the 
U nucleus, the role of the symmetric form of fission 
increases with increasing excitation. The change 
in the character of fission for still greater excita- 
tion energies is extremely interesting and is of 
importance for clarifying the mechanism of nuclear 
fission at high excitation energies. 

Unfortunately, radiochemical methods can be 
applied to this problem only in the range of energy 
of the incident particle for which the fissioning 
nucleus is completely black, since only then can 
we identify the excitation energy of the nucleus 
with the energy of the particle. In the high energy 
range a_ given energy of the incident particle 
will give a whole spectrum of nuclei at various 
excitation energies, and only an insignificant 
number of nuclei will have excitation energies 
equal to the kinetic energy of the particle. In ap- 
plying radiochemical methods to study the fission 
products, we can only get some average excitation 
energy, which depends slightly on the particle 
energy in the region where the nucleus is trans- 
parent, so that it is difficult to detectany change 
in the character of fission which may exist. 

An attempt has been made in the present work 
to determine the character of fission of heavy 
nucleias a function of excitation energy for high 
excitation ( > 100 mev). 

EXPERIMENTAL DATA 


ill 


As a first attempt to solve the problem, we have 
used the method of thick-layered emulsions. Type 
P- 9 nuclear plates, loaded with uranium, bismuth 
and wolfram by soaking in appropriate aqueous solu- 
tions, were irradiated with a 660 mev proton beam. 
The developed plates were searched under a micro- 
scope to study cases of fission of these nuclei. 
The fission of heavy nuclei by protons of a given 
energy is frequently accompanied by the emission 
of several charged particles; as shown in reference 
1, the emergence of a certain number of charged 
particles corresponds to a definite average angle 
between the fragment directions, and consequently 
to a definite excitation energy of the nucleus. 
Therefore, if we classify cases of fission accord- 
ing to the number n of charged particles emitted 
during fission, we automatically select fissioning 
nuclei with a given excitation energy. 

Figure 1 shows the distribution in range in emul- 
sion of individual fragments from the fission of U, 
as a function of the excitation energy of the fis- 
sioning nucleus (~ 200 fragments were measured 
in each group). Distributions are shown for E 
~ 60, 240 and 540 mev together with the range 
distribution for thermal fission of U, for com- 
parison. 

From consideration of Fig. 1, we can arrive at 
the following conclusions: 

1. The mostprobable range of the fragments de- 
creases with increasing excitation energy; this is 
apparently related to the decrease in kinetic energy 
of the fragments because of the lowering of the Z 


of the nucleus before fission. 

2. Unlike the fission by slow neutrons, the 
range distribution of the fragments shows a single 
wel]l-défined maximum, but the half-width of the 


distribution curve increases substantially as we go 
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Fic. 1. Range distribution of individual fragments from uranium fission: 


+-— fission of (Nak. by thermal neutrons, O - fission of uranium for Ee 


= 60 mev, A — fission of uranium for Bie =~ 240 mev, ® - fission of uranium 
for Os = 540 mev. 


to high excitation energies. Table and Figs. 2 and 3 show the results of 

Since this increase in half-width of the fragment measurements of the ratio ie (1 ‘i is are the 
range distribution suggests an increase in the ranges of the heavy and light fragments, respec- 
fraction of asymmetric fissions with increasing tively ) for various excitation energies of U and 
excitation energy, we have studied the distribution Bi, as well as for the fission of W. 
of the ratio of the ranges of the two fragments for The Table also gives the distribution of the 
various excitation energies in U, Bi and W. The ratio of fragment ranges for fission of y235 by slow 
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neutrons, observed in the same type of emulsion. 
DISCUSSION OF EXPERIMENTAL DATA 


From the Table and Figs. which have been pre- 
sented, we can draw some very important con- 
clusions if we are convinced that the features of 
the distributions of ranges and range ratios ob- 
served in the experiment are related to the mass 
distribution of the fragments. A basis for such a 
conclusion is that fact that for fission of U by 
thermal neutrons the range distribution of the 
fragments mimics the mass distribution of the 
fragments, so that asymmetry of fission with re- 
spect to fragment ranges can signify only an asym- 
metry of fission with respect to fragment masses. 
Moreover, in all cases the spectrum of fragment 
ranges has a less marked dependence, so that we 
may hope that the changes observed in the spectra 
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Fic. 2. Distribution of the ratio J) /1, of ranges of 


fragments from fission of U for various excitation ener- 
gies: O- E. = 60 mev, A- E,., © 240 mev; e- 


ex 
E ~ 380 mev, x - fission by thermal neutrons. 
exc 


change in bismuth than in uranium. 
3. For excitation energies ~ 400 mev, the 
character of fission is the same for all the nuclei, 


U, Bi and W. 


In order to convince ourselves that the observed 
asymmetry in fragment ranges was not caused by the 


of fragment ranges occur even more markedly in the 
spectra of fragment masses* 


The dependence of l/l, ra in Figs. 2 and 3 


is very interesting. From analysis of these data 
we can draw the conclusion that with increasing 
excitation energy (i.e., energy transferred to the 
nucleus by the 660 mev proton) the fraction of 
strongly asymmetric fissions increases for both U 
and Bi. This applies to excitations > 60 mev for 
uranium, and > 150 mev for bismuth. If we draw 
the same distributions for fixed excitation energy 
and for the various nuclei (Figs. 4, 5, 6) we can 
reach the following conclusions: 

1. For not too high excitation energy (~ 100 
mev ), the fraction of symmetric fissions is greater 
for bismuth than for uranium. 

2. As the excitation energy is increased, the 
character of fission undergoes a more marked 
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Fic. 3. Distribution of ratio 1, /l, of ranges 
of fragments from fission of Bi for various ex- 
citation energies: O - Eee = 150 mev, A- 


E = 240 mev, ®@-E = 380 mev. 
exc exc 


* Similar conclusions can be drawn from reference 2, 
where it was shown that in 96% of the cases of uranium 
fission, longer range was associated with smaller mass. 


27h Mathieu and P. Demers, Canad. J. Phys: 31, 97 
(1953) 
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Fic. 4. Distribution of ratio of fragment FIG. 5. Distribution of ratio of fragment 
ranges for fission of U and Bi, for initial ranges for fission of U and Bi, for initial 
excitation energy =~ 150 mev: O - Bi. A-U. exCitation energy ~ 240 mev: Gs U, A - Bi. 
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Fic. 6. Distribution of the ratio of fragment ranges 
from the fission of U, Bi and W for excitation energy 
= 400 mev: O - U, e - Bi, x-W. 
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translational velocity of the fissioning nucleus, we 


calculated the resulting asymmetry for maximum 
velocity of the uranium nucleus (excitation energy 


~ 600 mev), assuming that the fission is symmetric. 


It tumed out that the maximum possible asymmetry 
in this case was /,/l,, = 1.13, which could by no 
means account for the distribution of J, /l,. In ad- 


dition, if there were actually an effect of the trans- 


lational velocity on the asymmetry in fragment 
ranges, then it would be difficult to explain the 
large effect of the velocity on the range distribu- 
tion of fragments from uranium fission and the 
small effect on the range distribution from the 
lighter Bi nucleus, whose velocity is larger for 
equal excitation energy. 

These remarks lead to the conclusion that at 
high excitation energy an asymmetric form of 
nuclear fission begins to play an important role. 
This increase in the role of strongly asymmetric 
fissions with excitation energy can be expressed 
very roughly in terms of the variation of the ratio 
of fissions with J, /l, >1.45 to fissions with 
Lilt, < 1.15 (cf Fig. 7). From the graph we can 
make a crude estimate of the range of excitation 
energy in which the fission of U and Bi is most 
symmetric. We may expect that this region will 
occur in the range 60-100 mev for uranium, and 
close to the threshold for emissive fission, i.e., 
~ 100 mev for bismuth. 
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FIG. 7. Dependence of asymmetry of fission 
of U and Bi on excitation energy: 1. U, 2. Bi. 


In conclusion we should point out that none ofthe 


existing hypotheses for explaining the character 
of nuclear fission fits the present case. In addi- 
tion, one is obliged to assume that the character 
of fission is determined, not by the excitation 

energy remaining in the nucleus at the moment of 
fission after the emission of particles, but rather 


by the initial energy of excitation of the nucleus 


as a result of its interaction with the proton. This 
makes it necessary to study these questions further. 


The authors take this opportunity to express their 


thanks to Prof. N. A. Perfilov for participating in 


discussion of the results of the present work. 


Translated by M. Hamermesh 
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We have investigated the fission of uranium in P-9 fine-grained nuclear emulsions, soaked 


in aqueous solutions of uranium salts and irradiated with 660 mev protons. 


The angular dis- 


tribution of fission fragments relative to the direction of the proton beam was studied at ex- 
citation energies of the uranium nucleus ~ 75, 150 and 300 mev. The angular distribution of 


the fragments can be described approximately by the 


function a + bsin* Q. The anisotropy 


increases somewhat with increasing excitation energy. 


INTRODUCTION 


T HE presently available experimental data on 

angular distribution of fragments from the fission 
of heavy nuclei show that there is an appreciable 
anisotropy in the distribution of fragments relative 
to the direction of the beam of particles producing 
the fission. The character of this anisotropy de- 
pends essentially on the type of particle interact- 
ing with the nuclei. 

Already in 1953 it was shown, in work carried out 
in our laboratory , that there is an appreciable an- 
isotropy in the angular distribution of fragments 
from fission of uranium by 460 mev protons. The 
ratio of the number of fragments in the direction of 
the beam and perpendicular to it is substantially 
less than unity. Roughly the same type of aniso- 


tropy was observed in the photofission of thorium 
In this case the angular distribution can be ex- 


pressed as 


2 


I (p)=a+b sin? 


where gis the angle measured from the direction of 
the gamma ray beam. 

Later there appeared reports in the literature of 
investigations of the angular distribution of frag- 
ments from fission of uranium and thorium by neu- 
trons from thermal energy up to 20 mev, and by 22 
mev protons. It was shown? that for fission of 
thorium by 22 mev protons the angular distribution 
is satisfactorily described by a formula of the 
type / (y)=a + bcos” g where the ratio b/a in- 
creases with increasing ratio of mass of the fission 


EV at: Ostroumoy, Otch. RIAN (Report of Radium 
Inst., Acad. Sci., USSR) 1953 
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E. J. Winhold et al, Phys. Rev. 87, 1139 (1952) 
3 B. I. Cohen et al, Phys. Rev. 94, 625 (1954) 
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fragments. In addition, the dependence of the angu 
lar distribution of fission fragments on the energy 
of the incident neutrons was investigated*. For 
fission by neutrons with energy 10°"; 2.5; 4.6; 7.5; 
14.3; and 20.4 mev, the ratios of yields of fragments 
at angles 0° and 90° were: 0.99; 1.02; 1.13; 1.36; 
1.27; 1.11. Thus, as the neutron energy is in- 
creased in this range, the anisotropy first increases 
and then decreases, but for all energies in this 
interval the angular distribution is described by 

the formula 


I(e)~ (1 + acos? ¢ + bcos‘ 9). 


In the present work we studied the angular dis- 
tribution of fragments from fission of uranium by 
660 mev protons. 


EXPERIMENTAL DATA 


The angular distribution of fragments from fission 
by 660 mev protons was studied using thick-layered 
emulsions. Fine-grained nuclear emulsions, type 
P-9, (prepared in the laboratory of N. A Perfilov), 
were soaked in a solution of uranium salt and ir- 
radiated with a beam of protons. The developed 
plates were searched for cases of fission of U, and 
the projected angles between the direction of 
emergence of the fragments and the direction of the 
proton beam were measured. Then, to separate 
cases of fission with a definite excitation energy, 
the number of charged particles accompanying the 
fission was counted. As wasshown previously ”,a 
given number of charged particles from fission is 
associated with a definite average angle between 


* J. E. Brolley et al, Phys. Rev. 95, 651 (1954) 
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THE ANGULAR DISTRIBUTION OF FISSION FRAGMENTS 


the two fragments, and consequently, with a defi- 
nite excitation energy of the fissioning nucleus. 

Table I gives the results of measurement of the 
angular distribution of uranium fission fragments 
for high excitation energies. 


TABLE [ 
eee en MR Re on, 


Number of fissions accompanied b 
charged particles oe 


Angle 

interval | | 

n—0, — 
(degrees) Ex60 mev Ex ts0 ‘mev Pe ae 
esha Uebel ite a IR ON a 
0—10 114 59 

10—20 419 60 e 
20—30 124 61 63 
30—40 130 60 70 
40—50 123 70 93 
00—60 123 77 96 
60—70 134 73 90 
70—80 139 77 104 
80—90 132 87 114 


Figure 1] is a histogram of the angular distribu- 
tion of all observed cases of fission. 
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Fic. 1. Angular distribution of uranium 


fission fragments with respect to the direc- 
tion of the 660 mev proton beam. The dot- 


ted curve is the function Neg/No=1+0.29sin® 


DISCUSSION OF RESULTS 


If we try to describe the angular distribution 
shown in Fig. 1 by a function of sin ¢, then we see 
that the function must contain at least the fourth 
power of sin?. The dotted curve in Fig. 1 shows 
the variation V.,/N, =1 +0.29 sin‘ 9. 

With increasing excitation energy, the angular 
distribution changes very slowly, and the aniso- 


EL, 


tropy increases somewhat. If we express the anis- 
otropy as the ratio of the number of fissions in the 
interval 60-90° to the number of fissions in the 
interval 0-30°, we get the following variation in the 
anisotropy (Table II). 


TABLE II 
EB axe MeV) | ~60 | ~150 | ~320 
Anisotropy Ne>s0" |4.1340.4 |1.31-40.15 /1.35-40.16 


e<30° 


All our statements refer to the distribution of pro- 
jections of fission fragment tracks on the plane of 
the emulsion. As for the spatial distribution of the 
fragments, we should point out that the ansiotropy 
of the distribution per unit solid angle, along the 
beam and perpendicular to it, will be even some- 
what greater than the anisotropy in the distribution 
of the projections. 

If we look at the whole range of nuclear excita- 
tion energies for irradiation with nucleons, we can 
plot the dependence of the anisotropy of the distri- 
bution on excitation energy (Fig. 2). 


We find it difficult at present to explain either 
the shape of the angular distribution of fragments 
or its dependence on excitation energy. There un- 
doubtedly is some explanation for the fact that 
there is a well-defined narrow range of energy 
within which the anisotropy of the fission fragment 
distribution reverses its character. We should men- 
tion another important fact. As shown by other 
work ©, there is a definite connection between the 
excitation energy of the uranium nucleus and the 
range distribution of the fragments. With increasing 
excitation ener gy of the uranium nucleus, the asym- 
metry in the distribution of fission fragment 
ranges increases. Thus, simultaneously with the 
increase in anisotropy of fission relative to the 
direction of the incident proton beam there is an 
increase in the contribution of the asymmetric 
form of nuclear fission. This variation is clear 


from Table III. 


In conclusion, we should note that one may 
speculate that the observed anisotropy in the 
angular distribution of fission fragments and its 
“6 V. P. Shamov and O. V. Lozhkin, Otch. RIAN (Report 
Radium Inst., Acad. Sci., USSR) (1955); J. Exper. 
Theoret. Phys. USSR 29, 286 (1955); Soviet Phys. 2, 111 
(1956) 


118 O.V.LOZHKIN, N. A. PERFILOV AND V. P. SHAMOV 


[Np e30° 


os oa 
SS SS ae 


Anisotropy, My >60 


8 


0 40 80 120 160 200 240 280 320 MeV 
Excitation Energy 
FIG. 2. Dependence of the anisotropy in distribution 
of fragments from fission of uranium on the excitation 


energy of the nucleus. The initial part of the curve is 
taken from the data of reference 4. 


TABLE III 


E___(mev) ~60 ~150 | ~320 
xC 


e 


Anisotropy in angular distribution: 
No>60° 1.13 1.34 4.35 
No<20° 


Asymmetry in range of fragments: 


N(1,/1, >1.49) 0,28 0.45 0.86 
NG, /1,<1.15) 


relation to the asymmetry of fission may be ful study. 
directly connected with the very mechanismof the 
fission process, and therefore deserves most care- _—‘ Translated by M. Hamermesh 
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Twenty characteristics distinguishing the ‘‘specific’’ zones from the rest of the nuclide 
system are listed. Almost all characteristics are substantially different for odd and even Z. 
The author’s opinion is that the specific zones cannot be considered as regions influenced 


by the “‘magic’’ numbers; on the contrary, the 
of the specific zones. 


magic’’ numbers are considered a consequence 


| 1947 I pointed out? specific regions (zones) in 
which the atomic numbers Z have many proper- 
ties that distinguish them from all other Z 
numbers. The first such property is that the odd Z 
of these regions each have two isotopes. This 
first distinction vanishes if the atomic nuclei are 
characterized by the A number rather than the Z 
number. In this case, however, there are several 
nuclides having the same A number ( two and some- 
times even three ), but they do not fall in any 
specific zones. Apparently, it is sensible to as- 
sume that Z.(the proton number) is the principal 
characteristic of the nucleus, for there can be no 
atomic nucleus without any protons. Although the 
neutron, in accordance with modern representations, 
is an equally valid component of the atomic nu- 
cleus, we nevertheless do not know of any real 
nuclide consisting of neutrons alone. An atom of 
matter exists only if it contains a proton. Follow- 
ing Cherdyntsev’s initiative, Goeppert-Mayer and 
Teller advanced a hypothesis concerning poly- 
neutron bodies, but such were never observed. The 
number Z establishes not only the chemical, but 
also the physical, nature of matter. 

The regions referred to are the Z-number inter- 
vals from 16 to 20 (first specific zone ); from 28 
to 38 (second specific zone, which is, however, 
more complicatedin character) from 46 to 52 (or 
54) (third specificzone ), from 58 to 62 (or 64) 
(fourth, not clearly defined) and from 72 to 82 
(fifth specific zone, also complex). I tried to 
prove in several articles certain specific proper- 
ties of these zones. However, my attempts to 
highlight them apparently were not recognized by 
other physicists. Recently, I found still another 
set of features that distinguish these Z regions 


1 y. A. Levitskaia, Dokl. Akad. Nauk SSSR 55, 399 
(1947) 


and I am listing below all the features, both old 
and new, in order to exhibit more clearly the role 
of these regions in the formation of the nuclei. 

1. The first feature, as was already indicated, 
is the existence of two isotopes for odd Z. How- 
ever, the specific zones extend somewhat beyond 


this region and include also the neighboring even 
Z. In Fig. 1, a dotted line passing through all the 
curves marks the specific zones. The fourth zone, 
for which no complete data are available, is not 
marked. 

2. The second distinct feature is the discontinu- 
ity in the number of free neutrons of the most a- 
bundant isotope (see reference 1). It is very 
clearly pronounced up to Z = 48, and then becomes 
less and less distinct. 

3. The third remarkable feature is the sym- 
metric distribution of the odd nuclei with two iso- 
topes about the above-mentioned discontinuity in 
the number of free neutrons. 

4. The fourth feature is the accumulation of the 
maximum number of odd -Z isotopes in this region. 
This is shown by curve / of Fig. 1. 

5. Curve //, showing (NV - Z)/Z for the odd 
nuclei corroborates the fourth feature. Curve // 
has maxima at the same points as the first curve. 


Curve /]’ shows CN ninm Z)/Z versus Z. It 


also points to a certain connection with the 
specific zones, although not as clearly as curve 
II. On the other hand, curve ///, which gives 
(N-Z)/Z for the most abundant isotopes, does 
emphasize feature No. 2 and accentuates the 
specific zones very sharply. 

A characteristic feature of the nuclide system is 
the clearly pronounced pairing of the nuclear 
particles. Nuclei with even numbers of protons 
play a predominant role among the nuclei. The 
neutrons occur mostly in even numbers. Even Z 
have predominantly even NV, odd Z always have 
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even NV, except for the baits nucleus which turns 


out to be naturally ie. We shall discuss 
only values of Z for the stable nuclides, that is, 
we shall consider Z up to 84. The very close re- 
lationship between the proton and the neutron is 
universally known. This connection is also clearly 
exhibited in a system in which the nuclei become 
more complicated. We shall therefore pay attention 
to the pairing feature. 
acteristic: 

6. The ratio between the number of neutron 
pairs and the number of proton pairs also reaches a 
maximum in the specific zones (curve //). This 
feature is naturally not independent but is a corol- 
lary of the fifth one. 

Of interest in connection with the pairing of 
particles is the existence of odd N. This is ob 
served only in conjunction with even Z. If we 
follow the sequence of nuclei having even Z, we 
see that a nucleus having odd N occurs once for 
all Z up to 48, except Z = 18, in which there is no 
such nucleus, and Z = 42, which has two such 
nuclei, evidently because of the neighboring un- 
stable Z =42. Every even-Z nucleus above Z =48 
has two odd-N isotopes, except for Z = 50 and 
Z = 60, in which there are three such nuclei,Z = 
which has none, and Z = 66, 74, 73 and 82, which 


have one each. No specific zones are indicated 


This points to a sixth char- 


with respect to the number of nuclei with odd N. 
However, if we list the values of odd-N in se- 
quence, they behave in a regular fashion up to 

Z = 16, starting with unity (at Z =2); at Z = 16 
there is a discontinuity of 6, and further on we ob- 
serve a discontinuity by 4 in the specific zones. 

7. The seventh feature are the discontinuities in 
the consecutive even N (even nuclei) in the 
specific zones. 

The discontinuities result in dropping out of 
several odd N, which generally are not found in the 
stable nuclei at all: 19 and 21 in the first specific 
zone, 35, 39 and 45 in the second, 57 and 61 in the 
third, 89, 115 and 123 in the fifth. This points to 
the following feature: 

8. The specifc zones contain values of odd N 
that do not correspond to a single stable nucleus. 

The fact that the greatest number of isotopes 
and the highest values of N/Z, and with this also 
of A/Z, are located in the specific zones, indi- 
cates that the nuclei have a maximum lifetime 
(maximum stability) in these zones. American 
investigators have introduced the concept of magic 
numbers of proton and neutrons. These numbers 
(20, 28, 50, 82 and 126) are the upper bound of the 
specific zones, with the exception of 28, which is 
a lower bound. As far as the number of neutrons 
goes, 20 and 28 are in the first zone, 50 is in the 
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second, 82 is in the fourth and 126 is at the upper 
end of the fifth. The American investigators point 
at a minimum effective capture neutron cross sec- 
tion 7, as being the principal feature of nuclear 


stability. Evidently this applies only to the slow- 
est, thermal neutrons. The effective cross section 
depends strongly on the neutron energy and at 
higher energies we encounter cases of resonance 
or near-resonance. Ifthe specific zones are re- 
gions of more stable nuclei, the minimum of o, 
should not be sharp, but sufficiently diffuse in the 
specific zones. It is quite difficult to plot the 
effective cross section as a function of Z, since 
different isotopes having the same Z may have 
different values of o,. Nevertheless, if one of the 
isotopes have a very small ¢, the total o, may be 
considerably reduced. Table 2 on page 13 of 
reference 2 lists o, for individual isotopes of 
various elements obtained by thermal activation. 
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Reference 3 contains a table of o, for thermal 
neutrons and for rapid (1 mev) neutrons. At 
thermal energies there are such large discontinui- 
ties in o, from one value of Z to the next, that it 


becomes necessary to plot separate curves for even 
and odd Z (and most ordinates have several 

points each at that ). Curve V of Fig. 2 shows 
that for even Z, up to Z = 22, the values of a 

are generally small, and that the minimum of G, 

is observed in Aree (isotope of low abundance ), 
and not in Can This is followed by a sharp rise; 


a decrease starts at Z = 28 and we have a mini- 
mum value at Z = 32 to 38. A rise occurs again at 
Z=40. A decrease starts at Z = 45 and small 
values are observed up to Z =58. The minimum 
values are found for Z = 50 and 54. In regions of 
larger Z (there are no values up to Z = 70) we have 
extremely large values for Z from 70 to 80, which 
are followed by a reduction at Z =78. At Z =82 
and 83, we have a minimum. 


Fic. 2. Curve V -- 0, for even (points ) and odd(crosses) values of Z at 


thermal energies; VI -- ditto for 1 mev energy. 


According to the data of the same reference the 
values of o, are generally small at 1 mev up to 
Z = 20, with a minimum at Z = 14 (curve V/ yA’ 
Z =20, arise begins; at Z = 28, itis already con- 
siderable,.and at Z = 30, we have a maximum. A 
decrease starts at Z = 32 with a minimum at Z =38, 
followed by a subsequent decrease starting at 
Z = 50; a minimum is reached at Z = 54. The value 
is again very large in the region beyond Z = 70; 
but a decrease starts again at Z = 80. 

I plotted o, from Goodman’s Tables for 10 mev 


neutrons (curve VII, Fig. 3). He apparently 


2. Goodman; Effective Neutron Cross Sections of 
Elements, 1948 


gives total values of o,. A minimum occurs at 


Z=16. From Z = 16 to Z = 24, there are no values 
for even Z. Arise starts at Z = 24 and a maximum 
occurs at Z = 28 ( but there is no resonance here ). 
From Z = 30 to Z = 36, we observe relatively 

small values of o,. A minimum occurs also at 

Z =50, andanevenloweroneat Z=54. Arise 
starts at Z = 54, and a maximum occurs at Z = 76. 
A decrease begins at Z = 78, but a minimum is 


reached at Z = 80; Z = 82 yields a large value of 
oO. 


t 
Reference 4 gives a rather large long table of 
3 D. J. Hughes, R. C. Garth and J. S. Levin, Phys. 
Rev. 91, 1423 (1953) 


4 R. H. Hildebrand and C. E. Leith, Phys. Rev. 80, 
842 (1950) 


122 Mis Ne Ie 


o, for various Z at 42 mev. The curve plotted from 
this table (curve VIII, Fig. 3) no longer exhibits 
the considerable discontinuities between even and 
odd nuclei. This curve shows clearly a smooth 
reduction in 0, from Z = 28 to Z = 38 and from 
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Z = 46 to Z=54, The behavior of 0, for the odd Z 
is approximately the same. There are undoubtedly 


valid grounds for stating the existence of the fol- 
lowing features: 
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Fic. 3. Curve VII - G, versus Z for neutrons with 10 mev; VIII -- ditto 
for 42 mev. 


9. The effective capture cross sections become 
smaller in the region of the specific zone. 

10. The magic Z numbers lie on the boundaries 
of the specific zones, while the magic N numbers 
lie at the upper bounds of the specific zones. 

Let us now proceed to the radioactive properties. 
Four of these have already been indicated in my 
earlier works: 

11. Naturally radioactive nuclei occur at the 
boundaries of the specific zones. 


12. The Shchukarev-Mattauch pairs (isobars of 


neighboring Z) are found in the specific zones. 
13. The longest half-lives of the isotopes next 

heavier than the isotopes of the stable nuclei are 

located at the boundaries of the specific zones® 


This is directly related to properties 11 and 12. 

For even nuclei the longest half-lives of the plus- 
active nuclei lie also in the specific zone (curve 
IX, Fig. 4), mostly at the boundaries of the larger 
Z. The odd nuclei exhibit no definite regularity 


with respect to the half-lives of the plus-active 
nuclei. 


OI2Z34567890 


Fic. 4. Curve IX -- logarithms of the half-lives of the first plus-active nuclei; 


X -- gamma-ray energy of first unstable B isotope. 


15. K electron capture is concentrated princi- 


pally in the specific zones with the half-life being 
highest for even nuclei®. 


In addition, let us consider the gamma-radiation 
curve of the isotope that is one unit mass number 


smaller than the stable nucleus. This isotope 


: M. A. Levitskaia and L. P. Rapoport, Dokl. Akad. 
Naku SSSR 70, 817 (1950) 


5 
M. A. Levitskaia, Dokl. 


Akad. N 
(1948) auk SSSR 61, 55 
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emits a B -particle. The greater the change pro- 
duced by this emission in the stable nucleus, the 
higher the energy level reaches by this nucleus (the 
stronger the excitation of the nucleus ) and the 
greater the energy of the quantum emitted as a 
result of the B-radiation. The gamma-ray energies 
of such isotopes for even Z are plotted in curve 

X of Fig. 4; this curve has minima between Z =30 
and Z = 38, between Z = 45 and Z = 54, and be- 
tween Z = 78 and Z = 82. If we disregard the very 
low abundance isotopes, the first zone also con- 
tains minima. As far as the odd nuclei are con- 
cerned, they have maximum gamma-ray energies in 
the same regions. The small gamma-ray energy 
associated with the emission of a f- particle is 
apparently proof that the nucleus is very close to 
stable equilibrium. Thus, we obtain the sixteenth 
feature: 

16. The energy of the gamma-rays accompanying 
the decay of the first B- active isotope has a 
minimum in the region of the specific zones. 

The seventeenth feature is the following fact 


reported earlier by myself and by Rapoport ’s 
1 e isomer states are concentrated almost 


exclusively in the specific zones. 

In nuclear transmutations, the specific zones 
manifest themselves in the (n, 2n) reaction. The 
emission of two neutrons by capture of a single 
neutron can naturally be proof of a stronger or 
weaker neutron bond in the nucleus. The (n, 2n) 
reaction is observed principally in the first- 
lightest isotope. In even nuclei having large Z it 
occurs also in the intermediate nuclei. However, 
we Shall only consider the occurrence of the reac- 
tion in the first-lightest isotope. In the case of 
even nuclei this reaction is not observed in the 
specific zones. In the case of Ca its occurrence 
is doubtful, and it does not occur for Z = 16 and 
Z =18. In the second zone it is entirely absent 
for Z = 34, 36, 38, and it is absent for the first 
stable isotope of Z = 32. It is absent in the third 
zone for Z = 46, and is observed for Z = 50 only 
in the last heaviest isotope which is of very low 
content. It is absent for the first isotope of 
Z = 52, and is entirely absent for Z = 54. Above 
Z =56 the data are generally doubtful; the (n, 2n) 
reaction has not been observed for the first iso- 
topes of even nuclei, but is always observed for 
odd nuclei. This again proves the greater stability 
of the even nuclei, particularly in the specific 


7M. A. Levitskaia and L. P. Rapoport, Dokl. Akad. 
Nauk SSSR 74, 953 (1950) 


zones. Thus, we have another feature: 

18. The (n, 2n) reaction does not occur for the 
lightest isotopes of even nuclei in the specific 
zones. 

19. The next feature is the increased stability 
of the isobars in the specific zones, as reported in 
reference 8. 

In general, the absolute value of binding energy 
of an isobar increases with Z, but the opposite 
takes place in the specific zone: the difference 
between the energies of the isobars with larger 
and smaller Z starts to decrease at the beginning 
of the specific zone, and in the center of the zone 
the isobar with smaller Z has a higher binding 
energy than the isobar corresponding to the larger 
Z. This is clearly pronounced in the first and 
second specific zones, as shown in the Table. ' Un- 
fortunately, the binding energies are unknown for 
the remaining specific zones, but the same is ex- 
pected to hold there although it has not yet been 
observed. 

20. The last feature is the fluctuation in the 
specific zones of the Z,4 numbers and of the lower 


point of the Bethe-Weizsaecker parabolas of the 
isobars, as reported by I. Curie?. The author of 
this reference gives a curve of Z, versus Z and 
versus A. The value of Z increases almost line- 
arly but fluctuates widely (sinusoidally ) in several 
regions. These regions are the Z intervals 16-21, 
29-35, 42-43, 48-52, 61-64, 66-68, 56-58 and 71-81. 
These regions are the specific zones, regions near 
unstable Z, or regions containing naturally radio- 
active isotopes. I. Curie’s asso ciates!° have 
replaced the single isobar parabola in these regions 
with two intersecting parabolas to obtain a smoother 
plot for Z,. There is no doubt, however, that in 
the specific zones the fluctuations of Z, are 
partly related to the nineteenth feature. The 
specific zones do not exhibit any unique behavior 
with respect to such important nuclear quantities 
as the spin and quadrupole moment. In fact, for 
odd Z up to Z = 43 the maximum spins lie at the 
upper bounds of the specific zones. Beyond Z=43, 
the maximum spins are observed at both boundaries 
of the specific zones. The same can also be 


. M. A. Levitskaia, Tr. VGU (Reports pf Voronezh 
State University ), Phys. Math. Collection, 1954 


9 
I. Curie, J. Phys. et Radium 6, 209 (1945) 
ie R. Bouchez, J. Robert and J. Tobailem, J. Phys. 


et Radium 14, 281 (1953) 
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Binding Energies of Isobars and Their Differences 


Binding Binding 
Isobar | Energy Difference Isobar Energy Difference 
Sa 271,74 Cre 444,94 
732 eee 54 —0,85 
Si? 269, 48 Tie 445,76 
Ae 306, 14 Feo, 469,27 
—1,5 aati 
s 307, 64 (ony ey 
Cx, 340, 40 Nios 500,543 
a =i) se —3,82 
An 341,62 Fes: 504,360 
TS 397,32 , Zine, 553,219 
a a —9,034 
Can (B95! 222) Nit 562, 250 
48 ‘ 
nes 416,73 : Gey 554,34 
a ua —10,00 
Gace TS ae Zink 604,34 
50 7 
Ory 435,30 ‘Seat 640, 192 
7150 my 1,02 2 S025 
ip 134, 28 Gels 643,517 


binding energy for a single particle hardly means 


said concerning the quadrupole moments, as it fol- 
anything in view of the large number of isotopes 


lows from the Gordy curve (see Fig. 1 in reference 
11). for even Z. Let us plot the energy of combination 
It is next necessary to describe the behavior of of one proton and one neutron, inasmuch as this 
is made possible by the existing tables of atomic 


masses. 


the energy in the specific zones. The average 


15 20 $0 3:20 8 H Bai Zz 


FIG. 5. a- combining energy of one proton plotted as a 
function of Z; b -- combining energy of a single neutron. 
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Figure 5a shows the energy of combination of a 
proton as a function of Z. A solid line joins the 
even-protonpoints and a dotted line joins the 
odd-proton points (crosses ). We see that the 
energy of combination of the proton drops off in 
the first specific zone and has a deep minimum at 
the upper end of the zone for both odd and even 
protons. Figure 5b shows the energy of combina- 
tion for one neutron. It is difficult to draw solid 
curves because the energy has several values for 
the same number of neutrons. The first zone 
contains the 16th to 26th neutrons, the second 
zone from the 30th upward. We see again a drop 
in the energy of combination in the first specific zone 


and relative maxima at Z = 18, 28 and 34. 

The value of the combining energy is closely 
related to the question of nucleon shells and evalu- 
ation of these quantities should be the topic of a 
separate investigation. 

All the characteristics indicated in this article 
are convincing proof that the “‘specific’’zones 
represent regions of abrupt nuclear changes associ- 
ated with an increase in the stability of the nuclei, 
and the magic numbers are apparently a result of 
these zones. 


Translated by J. G. Adashko 
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On the basis of the theory of the polar model of a metal in the form developed by ’ 
Bogoliubov and Tiablikov, starting fon the calculation of the magnetic and magnetoelastic 


interaction of the electrons in the lattice, a step-by-step quantum mechanical theory of 
magnetostriction of hexagonal monocrystals is developed. The low temperature energy 
spectrum of the crystal is calculated, as well as the free energy and the temperature 
dependent of the constants of magnetostriction. 
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INTRODUCTION 


HE quantum theory of ferromagnetism began 
its development after it had been established 
by the researches of Frenkel’? and later by 
Heisenberg” that the basic property of ferromag- 
nets---the presence of spontaneous magnetization--- 
was explained by electrical exchange forces. The 
classical theory of magnetic-anisotropic proper- 
ties of ferromagnets, which is fundamental to the 
theories of the curves of technical magnetization, 
is connected with the well-known researches of 
Akulov’, who also pointed out that the magnetic 
anisotropic properties of ferromagnets are de- 
termined by the magnetic interaction of electron 
spins and orbits in the ferromagnetic crystal. 

The most important magneto-anisotropic proper- 
ties of ferromagnets are the magnetic-energetic 
anistropy and magnetostriction. The quantum 
theory of these properties must be built on the 
basis of both exchange and magnetic interactions. 
If we can say that a sufficient number of re- 
searches, both Soviet and foreign4-°, were devoted 
to the theory of‘magnetic anisotropy, we must add 
that the quantum theory of magnetostriction has 
been only very slightly investigated. Only one 
research, due to Vonsovskii’, is devoted to this 
problem. In this work, a quantum mechanical 


1 Ta. 1. Frenkel’, Z. Phys. 49, 31 (1928) 

sf Heisenberg, Z. Phys. 49, 619 (1928) 

3.N.S. Akulov, Ferromagnetism, Moscow, 1939 

4S. V. Vonsovskii, J. Exper. Theoret. Phys. USSR 8, 
1104 (1938) 


5 
J. Van-Vleck, Phys. Rev. 52, 1178 (1937); H. 
Brooks, Phys. Rev. 58, 909 (1940) 


SB aoy. Tiablikov, J. Exper. Theoret. Phys. USSR 20, 
661 (1950) 


7S. V. Vonsovskii, J. Exper. Theoret. Phys. USSR 10, 
762 (1940) 


analysis is given, with the use of the method of 
energetic centers of gravity, of the phenomenon of 
magnetostriction in cubic crystals for the region of 
temperatures close to the Curie point. 

The aim of the present work was the step-by- 
step formation of a quantum mechanical theory of 
magnetostriction of ferromagnetic monocrystals 
with hexagonally symmetric lattices at low 
temperatures. The analysis is made on the basis 
of the theory of the polar model of a metal in the 
form developed by the researches of .Bogoliubov 
and Tiablikov®*®, j.e., in the many electron scheme 
with the use of the method of approximate second 
quantization. 


MODEL OF THE SYSTEM AND THE INITIAL 
HAMILTONIAN 


We shall consider the crystalline lattice of hex- 
agonal symmetry; let a “‘ferromagnetic”’ electron 
in the grand state be located at each lattice site. 
We shall assume that the atoms in the lattice 
are placed sufficiently far apart that the overlap 
of the orbits of electrons at neighboring sites is 
not great. We shall assume that the integral of 
non-orthogonality of the atomic wave functions of 
the different nodes is small in comparison to 
unity. In the corresponding scheme of excitation, 
the wave function of the ground state is completely 
determined by the occupation number for all 
sites. It is also assumed that the ground level 
of the system is separated from the excited levels 
by an energy gap. We shall consider the introduc- 
tion of a system of ferromagnetic electrons in this 
lattice only in the range of low temperatures,where 


8 
N. N. Bogoliubov and S. V. Tiablikov, J. Exper. 
Theoret. Phys. USSR 19, 251, 256 (1950) 


9 
N. N. Bogoliubov, Lectures on Quantum Statistics, 
Kiev, 1949 (in Ukrainian) 


1OKG 


QUANTUM THEORY OF MAGNETOSTRICTION 


the excitation of the system can be r 
weak. 

Let the system be located in an external ma g- 
netic field, sufficiently strong so that the crystal 
can be regarded as magnetized almost to saturation. 
We shall consider both exchange and magnetic 
interaction. In this case, as also in reference 6 
the Hamiltonian of the system in “equivalent’’ 
form can be written in terms of the 


egarded as 


Spin operator 
H = Go— Sus} 1) q) 
fra 


x s Gap is ty) Sons 
tis fe 
a, B 


where Cog fr fis the tensor of the electron 
interaction, which, upon ignoring the magnetic 
interaction, degenerates into a scalar which repre- 
sents the usual exchange integral; G, is a constant 
in the sense that it is independent of the spin 
operators. 

The magnetic interaction of the electrons in the 
ferromagnetic lattice brings about a displacement 
of the atoms from their equilibrium positions, which 
brings about a spontaneous deformation of the lat- 
tice. We shall consider that these displacements 
are not large, and that the deformations are homo- 
geneous. Inasmuch as one can consider that 
CoB (fy, fo) = Ga gl fy - f.) in an actual lattice, 
we expand each of the components of the tensor 
G..g in a series of small displacements relative to 
the equilibrium position, and restrict ourselves to 
terms which are linear in the components of the 
deformation tensor u... Then (keeping the previous 
designation f for the positions of the sites in 
equilibrium), the equivalent Hamiltonian of the 
spontaneously deformed lattice can be written in 
the form 

KH = Gy — pes vly*S7 —1/5 (2) 

Wiss 


S Gel fis fa) SESE 


ti, fe 
a, ic) 
a "Ie = > Aj is fo) S4SPuij 


fis fe if 
«, B 


or 


H =G—, > Dig (fi, LSS), (3) 
fis fa 
a, B 


a: > wily Sf; Das(fi, Fo) = Gas (fis Fo) 


f, * 


+ Swi Al? fu fo), 
ij 


where ae f,) is the tensor of magnetic inter- 
action, y* is the direction cosine of the magnetic 
field. (Inasmuch as the tensor G, describes the 
magnetic interaction in generalized form, the evi- 
dent form of the dependence of A*P on the com- 

ij 
ponents G. , and their derivatives is not brought 


out here, and will not be made use of in what 
follows.) In this manner, the Hamiltonian of the 
system in the form (2) will appear as the initial 
Hamiltonian of our problem. 

The calculation of the terms of magnetic and 
magneto-elastic interaction permits the removal 
of exchange degeneracy even in the zeroth approxi- 
mation. The parametric character of the dependence 
of the Hamiltonian (2) on the components of the 
deformation tensor makes possible the use of the 
general scheme of the method of finding the ground 
level and the energy spectrum that is described in 
the book of Bogoliubov®’. For this purpose, we ex- 
press the Hamiltonian (3) by Fermi operators Any 


making use of the well-known relations 


(4) 


x + oe 
Sf = af, 1,47, y, + af, 1,07, —1,, 
ce we + 
S = taf, 1,47, 1), — OF. 1),4f, 12)» 
zw ag ote 
S7 = Af, 1,0, 1), — Af, 1,4f, 1/5, 
with the condition 
+ + 
Af, 1,4, 1), + Gf, 1/,.0F, 7, = 1. (5) 
The Hamiltonian takes the form 
HK = (6) 


a 1/5 SS B Ch. Ie Vi» Yay “1, -) Aj Af vA fv! fev 
; Ag” 
+ >) A (J; Vay 7) apy, Afvy' 


(for the present, we omit the constant term Ge): 
The quantities BU, fos Vi> Vos Vii v5) and 
A(f, vy, vz) will be completely determined as 
known functions of the components of the tensors 


Go, ATE u,. and the field H. 
«B ij tj 
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DETERMINATION OF THE GROUND LEVEL AND THE 
ENERGY SPECTRUM 


The ground level of the system is found by a 
quasi-classical method, replacing the operators 
ay, by the c-numbers 0) (f, v) which are subject 


to the condition 


DOA YA Y=1 (2 


and which satisfy the equations 
Gee (8) 
x 9 (Fes Ye) 9 (far v2) 90 (fr %1) 
+ DVA Cas Yas 2) 9 (Fas Y2) = Yo (Fs) 80 (f1%)- 


We transform Eq. (6) to the operators ay, with the 
help of the function 6,,(f, v): 


ay = D)9(f, azo (= 0.1), 


where the 6, (f, v) are orthogonal to 6,(f, v) and 
satisfy the equations 


oa DBA» ies Yi» Yas M4, 9) (9) 
x 6 (fos Ye) % (fos vy) O60 (fi, 4) 
+ DIA (fas 1s %9) 80 (fis %2) = dee (Fr) 80 (firs %)- 


Introducing the operators bres which obey the Bose 
statistics aproximately : 


Djo = Ajoljo, Ofo (10) 
= Ajoljy, Njo = bjabjo (o = 1), 
The Hamiltonian (6) can be reduced, for the case 


of weak excitations, to a quadratic form relative 
to the operators Brey? 


H = Ey + Di 0o(f)—do(f)} Ofoby, AD 


aE > Q (fi Fas1; (Wg) Dibra 
ae ae Gas Fes Qi, ©») Df,00,0 foes 


tay Ps Tan Oy Og) OB 


where 
Q (far fas 1» 2) Ve 
= D)B Sas Fas Ys Yas 1%) 
X 5, (F1+%4) 95 (far %e) D0, (fas Ye) 90 (fas %) 
P(fas far ys ©2) 
= DIB aie oe ate) 
x G5, (fas %1) 853 (Far Ye) 90 (Fas ¥2) 80 (Fs 4): 


The problem of finding the energy spectrum re- 
duces to the reduction of the Hamiltonian (11) to 
diagonal form. For this, we transform Eq. (11) ac- 
cording to the formulas 


ie >» {inser + Unger } ; (13) 
h 
bj, = Dy (unyée + Unfénd s 


where the ¢, are Bose operators and uy, and vy,» 
are the eigenfunctions of the equations 


Eur, = ») Pfu Fa) Dep: (14) 
fa 


at ye Q (fi, Se) Unf, ie Ap Uns, 
ta 

— Eory, = 2 P CfSsf2)iteg 

* ps Q (Far fo) Vay, + Ap Ory, 


(Ay =i (fF) —Ao(F)), 


and satisfy the condition 
Dd) (wnstiney — UnyVirg) = O(A, F') (15) 


LE, is the eigenvalue of the system (14)]. Making 
use of Eq. (13), setting up pair products of the 
operators 6, ., and substituting in Eq. (11), we ob- 
tain, keeping in mind the properties of &;, Up 
Up p 

Gi Ei > Exvng Ong a >, Extn tn. (16) 


The quantity -2 Ey Up v,, can be regarded as a 
correction to the energy level E , ,for which reason we de- 
note itas AE ). The quantity E, is some function of 
the wave number which characterizes the spectrum 
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of elementary excitations. The eigenvalues of the 
operator as C =N, are known; they are the in- 
teeers. 0, 1 2. oe. 

Thus, 


KH = Te4 + AE, st > ExNp. (17) 


The energy of the system with the Hamiltonian in 
the form (17) can be interpreted as the energy of an 
ideal gas of quasi-particles (elementary excita- 
tions ), which obeys the Bose statistics; the 
quantity E, will characterize the energy spectrum 
of the quasi-particles. The energy levels of the 
system will be determined by the collection of oc- 
cupation numbers of the quasi-particles in the 
states E,. In order to establish the dependence of 


the quantities AE, and E, (which are of interest 
to us) on the characteristics of the system, we 
make use of Eqs. (14), the solutions to which we 
shall seek in the form 


Urf = upeitk, Unf = Opeth, (18) 


Substituting Eq. (18) in Eq. (14) and introducing 
the notation 


P= DPG—ferr, as) 
Sa 


OG > Q (fi — fe) ef", 


we get 
((Ex — A) — Q(k)] un — P(A) V2 = 9, (20) 
P* (k) un — [(Ex + A) + Q'(A)] vn =0. 


From the conditions of solvability of these equa- 
tions, an expression is immediately obtained for 
E(k), if we keep in mind that Q(k) is a real 
quantity, 


pee 4 (PMs 2D 


In order to find AE, we must calculate D4 UEP 
by virtue of Eq. (18) it is sufficient to find v?. 


From Eq. (20), eliminating u, and making use of 
the condition (15), we get | x 
= 4 P (k) 

ea = QE, + Om +h 
To bypass the difficulties of solution of the sys- 
tem of Eqs. (8) and (9), we take advantage of the 
procedure set forth by Tiablikov®. In finding the 
the ground level and the minimizing form of the 
function 6, (f, v) we can replace the components 


(22) 
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of the spin operator Sy by components of ordinary 


vectors oe We put the relations which connect 


the components a, with the c-numbers OF, Vn by, 
analogy with Eq. (4), in the form 


of = 0(F, —*/2) (Ff, */2) 
+ 65 (f, 4/2) 9 (Ff, — 4/2), 
of = 1 {00(f, */2) 
80 (f, = Ya) — SF, =e) OCF, Ya), 
of = 0 (f, —*/2) 9 (f, — 1/2) 
— 9 (f, */2) 8o(F; */2). 


Instead of Eq. (7) we will have the condition 
Dilap reals Meine (24) 


Keeping in mind the well-defined conne ction be- 


tween oy and 0, (f, v), we consider the quadratic 
form 


E=—}/, Dime, fy» 4%;;) ot o8 (25) 
“= Dyplysos 
and seek its minimumunder the added condition (24). 


Consequently, the minimizing form of the value of 
the components of can be determined from the 


(23) 


system of 3 N equations 
aad Des pe Ui; ;) oP IG) oF = pity. (26) 


fa, B 
We now find the expression for E,. For this pur- 


pose, we multiply each of the Eqs. (26) by the cor- 
responding Oe and add. As a result, we obtain 


Ey = "ln BD ag Fo Fo 4) Hof, + LAF)-2N 


The equation for the calculation of oye (f, v) in 


terms of o* can be written in the form 
dy (A) 9 fy» ) = DACA) 2# [00% /06% (f,, ¥)]. (28) 


We note that Eq. (9) for determining 9, (f, v)isob- 
tained from Eq. (8) by the formal substitution of 

0, (f), v;) for 6) (f;, v,) (here it is obvious that 
Ay > A,). In the same way we get from Eq. (28) the 
equation for. 0; (fy, v;). 


h, (f,) 6, Cee 7 
= Dre fo: loo 00, (7 Wl ren 


(29) 
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We solve Eqs. (28) and (29) by making use of the 
orthogonality of the functions 9, Chav) 0 nies 
we obtain 


OCF, Na) =V + 9/2, (Fs Ye) (80) 
= ei) 1/ (1 — of)/2, 


0, Ge = */s) = y (1 — 94)/2, Bais 1/2) (31) 


== Cf) VY 1+), 
hi (fi) ms — ho (fi) = (A). 


It was shown earlier that the external magnetic 
field is sufficiently strong; moreover, we assume 
that because of the neamess of the system to. the 
state of magnetic saturation of the spin of all 
sites one can consider the spins parallel and 
therefore the components, are practically in- 
dependent of the site number f. 

We introduce sums over the lattice 


hs Di Gus Fo fr), Ais (32) 
a Dat (fi, fo). 


For a hexagonal lattice ( when the principal 
axis coincides with the axis 0Z) the following 
assumptions can be made relative to the com- 


ponents of the tensors G*P and AP : 


Gap =O for %8; (33) 


GR = On = Gy; Gag = Go b> Ge 


Ei to Sin le Ee 
Aif = Aj’ = Af; Aip= All, 


(34) 
when (a 8) (ij) fori=j and simultane- 
AP £0 ously «= B; 
when (a 8)=(ij) for i #j, n# 8B; 


the other components vanish. 
Introducing the abbreviating notation: 


Got wlGa A Sent, 
se rays ee Gp —Go= A; Ta = % (35a) 
Al /pH =e, Aj/pH =e, A3/pH 
= §3; A; /pH = é, A; /pH = &; 


A} / ptt = 28, (35b) 


where 


A = A; = Dan Ale, (35c) 
ij 


we rewrite Eq. (26), taking into account the as- 
sumptions on the independence of ae on f: 


(e, sae x) oy + ef Og -b &3°ds oe er (36) 
e1 Oy + (2 —x)a, + ego, = — Ye 
£3 Oy “li €2 oy + (¢3 + y—x)o, = — X3- 


According to Eq. (24), the o, are connected by 
the condition 


di =1, (37) 


t 
Because of the assumption on the strong fields, 
the magnitudes of n, «,» €; can be considered 


small, and Eqs. (36) can be solved approximately 
under the condition (37). As a result, we obtain 
relatively simple expressions for a; and A: 


ce rae - {Ta aE = [181 + {281+ Ise }: (38) 
Sy ao ae ot = [net + Y28a + rse8 |} ’ 
oan as {13 as = [189 + 1282 + ses]; 


A= —G,— pH — Avs = Avis uj), (39) 
where 


E(tis is Maj) = (Mu A + toe Are (40) 
+ us3A33) 3 
+ (ty, Ait + tog AB + ttgg A22) 2 
+ (Uy, Alt + tag As 


++ uss Ags) 13 + Qty. Als Ire 


+ 2145 AL 1113 + 2u93 AS YeTs- 


Substituting in the formulas for P(f;, fy) and 
OCs Ip) expressions for B(f,, fo, Vp, vy Vo), 
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9, (f, v) and 6, (f, v), we obtain 


—Q (ff) = 5 [Du (fur fr) + Das fv Al (1 +02) (41) 
+ Dss(fi, f2)(1 — 08) — Diy (Ai, fs) (1 — 03) sin 2 id 
Tg Dafne f) — Daa (Arg iile-<08 cos 2% 


—2 Dis (fi, fe) a3) 1 —o§ sin ¢ — 2Des (fir fr) 9s V1 — a5 COS 9; 


—P(fy fr) =(Du (A. Fa) —Dag (fA Sa)] ( (1-28) cos 2p — asin 29 \ 


— 2D (fry fa) {z (1+08) sin 29 — 05 cos 2¢} 


ie . [2Ds3 (fifo) — Das (ff) — Du furfs)] (1 — 93) 
+ [Dis Fas fe) — 1D os (farfa)] e* (1 — 24) V 1— 


— [Dis (fi, fa) + Dos (fi, fe)] e-!? (1 + 0) 1 — 8, 


where 


oO} 


cos: ===> 
Yi =< 


3 


We now have arranged all the necessary data 
for finding the quantities E,, AE, and E, of 


interest to us. 


Making use of Eqs. (27) and (33) we get for i 
N il 
Ey=— 3 (G+zM (44) 
4 
+ 5 tis Tir Mis) + 2» | 


We introduce the Fourier decomposition 
De(k)= Dy Dif—file me — (45) 
(fa—fr) +0 
= Gag (k) + Dy mjAif(h). 
if 


Inasmuch as we have made assumptions about low 
temperatures, we must limit ourselves to the ap- 
proximation of small wave numbers 


Gag (k) = Gag — 5 Gap fk? + Oa (kt), (40) 


Ag? (k) = Ag a Aip f2k? + Oa (R*). 


sing = 


ber} 


ye > 
Vi oe 


» = arctg = ; (42) 


In such an assumption, it is of course understood 


that we limit ourselves to the approximation of 
nearest neighbors and make a definite averaging 
over the angles in the space of the wave numbers. 
For maximum simplification of the tedious cal- 
culations, we shall use approximate forms in place 


of Eqs. (21) and (22): 


Ey = Q(k) — 2), (47) 
4 | P (k)|2 
dB =—7 (48) 


Multiplying on the right and the left of the expres- 
sion for Q( fy, f,) in Eq. (41) by e”* Yk) and 
summing over f, we get Q(k). Expanding the com- 
ponents 


Dag (k) = Gag (k) + Dy tis APA) 


in a series, in accord with Eq. (46), and sub- 
stituting in Q(4), and also substituting for the 
c, their values from Eq. (38) [taking into account 
Eq. (35) ], we get 
Ey, = 2nH — A(1 — 343) (49) 
+E (tis Ty Mei) + BRP. 


2 Ne So CW SIs VW 


The expression for 8 has a rather formidable ap- 
pearance, but the first term is the greatest: 


B=s(GP+GPl+... (60) 
It is not difficult to note that this quantity is pro- 
portional to the exchange integral. To find AF), 
in accordance with Eq. (48), we must find |P(k) |?. 
The quantity P (&) can be found in the same way 
as Q(k), from Eq. (42) for CAG Bp f.). Inasmuch as 
P(k) is a complex quantity, we can write it in the 
form 


P(k) = P,(k) + Pi (R). (51) 

In this same approximation of Eq. (46) we get 
| P(k)? =a,—a,k? + a, R, (52) 

where the largest term, which we need, is __ 
Ay = Pry + Ph. (53) 


Denoting a certain limiting value of k by n 
(n =a number of the order of unity), we get, ap- 
proximately, for the case of moderately strong 
fields (omitting terms which do not depend on the 


field): 
Ae, = (54) 


ayV > 
Tengen V 2HH — ACL — 315°) +E (tis th i). 
We note that term which corresponds to AE, 
in the expression for the magnetization (M,, ), 
and which is obtained after differentiation accord- 
ing to H, not being dependent on temperature, 
keeps a finite value even at absolute zero and dis- 
appears only in infinitely large fields. This con- 
clusion is still further confirmed by the results 
obtained in the researches of references 6 and 10. 
However, the expression for M,, is obtained much 
more precisely by virtue of the calculation of the 
magneto-elastic interaction (within the framework 
of the assumption on a single ferromagnetic elec- 
tron per atom) *. 
An estimate of the quantity a) shows that a, 
~ A” and, inasmuch as A is of the order of the 


* The problem of the magnetization of ferromagnetics 
in connection with a calculation of the magnetic inter- 
action, touched upon here very superficially, requires 
special consideration and will be treated in another 
article. 


10 T, Holstein and H. Primakoff, Phys. Rev. 58, 
1098 (1940) 


first constant of magnetic anisotropy (relative to 
one atom), i.e., of the order of 107 6 10°*? erg 
or less, in the computatiom of the free energy and 


magnetostriction, we will not consider the correc- 
tion to the ground level, since its effect on the 
final results will be very slight in the accepted 
approximation. 


THE FREE ENERGY AND THE TEMPERATURE 
DEPENDENCE OF THE CONSTANTS OF 
MAGNETOSTRICTION 


All quantities which characterize the energy of 
a spontaneously deformed crystal have now been 
obtained. In order to go over to macroscopic 
quantities, we find the sum-over-states 


Z = Spur {e-~H} (Gi kl) (55) 


In our case the Hamiltonian X has the form of 
Eq. (17); therefore, we obtain the following expres- 
sion for the free energy in the usual way: 


W = £,+ AE, + 9E1n(1—e 7”), (56) 
Making use of Eqs. (44) and (49) for E, and E,, 


we obtain, approximately, 
pega r 7 [Go + Ay’s (57) 
+& (Yis Yi» Ui;) + 2 fT] 


8 Van [9\*h 
— Qn? 4 i 


BAY? + E (is Vis Uy ,) 
x oo a j - 


2uH—A 
a 


We are primarily interested in the character of 
the temperature dependence of the anisotropic and 
magneto-elastic terms of the free energy; there- 
fore, we have specifically isolated in the second 
term of Eq. (57) the factor which contains the 
direction cosines of the vector of the magnetic 
field (at saturation, the direction of the field 
coincides with the direction of the magnetization). 

At temperatures differing only slightly from ab- 
solute zero, the first term in Eq. (57) is the better 
approximation for the free energy. At high tempera- 
tures, the second term of Eq. (57) also begins to 
play arole. The exponential factor 


exp {— [3A13 + € (1:, 1), aij) / (58) 


at small values of the exponent can be expanded 
in a series. Inasmuch as the quantity dy, y., u.) 
PAG 
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is of the order of the magneto-elastic energy per 
atom, itis 3-4 orders of magnitude smaller than A. 
Therefore, the possibility of decomposition is de- 
termined by the condition 


3 >A, (59) 


This condition determines the lower temperature 
limit of applicability of such a decomposition; 


carrying out the latter, we get for the free energy of 
anisotropy 


irine (60) 
{NA 


{3-28 GJ" ol AY a 


and for the free magneto-elastic energy 


ee eee 


2V 8x? \B ep) 


xX exp ie | 5 (Tis Yas Uij) 


= f (9, H)E (yi, 7;, 21;). 


It is evident by direct comparison that Eq. (60) 
for the free energy of anisotropy virtually coin- 
cides with the expression obtained earlier by 
Tiablikov®. 

From the properties of the tensor A*P(f,, f,) for 
the hexagonal lattice, it follows that y 


11 A422 Ty pan ll 62 
Ay = x, Ait = Ags, 33 (62) 
3 FES ee ee 23 13 
=p seg = a2 = A33, 23 = Aj3, 


ivy 11 22 
12 = 2 (Ay; — Ajp). 


Inserting these relations in Eq. (61), we obtain an 
expression, from whose consideration it is evident 
that it is analogous, in the character of its de- 
pendence on y, and U; jr to the classical expression 


for the magneto-elastic energy; hence, the 
quantities as 
Ate N 
ay —S (8, 1) 
will play the role of magneto-elastic coefficients. 
Up to the present time the dependence of the 
energetic quantities with which we have to deal on 
the u,. has been considered parametrically. In 


order to obtain clear expressions for the magneto- 
strictive constants, it is necessary to bring into 
consideration the elastic energy and to determine 
the equilibrium value of the components of the de- 
formation tensor from the condition of minimum free 


(63) 
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energy. This is done in precisely the same way as 
in classical theory. As a result we obtain for the 
magnetostrictive constants the expression 


sit | = ale) (64) 
x exp |— =r), bs 1D eee 6) 


where, for example, 


=F [c,(2AB— AU — AM) c, AB], (65) 


33 


22 ll 
11 — €5A33 ]. 


0 N 

eg Ce aC 
The coefficients c, depend on the elastic con- 
stants of the eye lattice. 


The quantities AG in the complete theory de- 


j 
pend on the matrix elements of the operators of 
magneto-elastic interaction, and are computed with 
the help of the corresponding wave functions. It 


is therefore natural that the resultant constants of 
magnetostriction can be either positive or nega- 
tive. This circumstance is significant, since the 
classical theory accounts only for constants of 
positive sign. This special feature of the quantum 
theory of magnetostriction was pointed out earlier 
by Vonsovskii’. The dependence of the constants 
of magnetostriction on the magnitude of the mag- 
netic field (which stems from the theory) is a 
new and significant result. We note that the 
necessity of such a dependence was shown by 
Akulov?. 

The low temperature limit of applicabliity of the 
resultant formulas for the free energy and the con- 
stants of magnetostriction was defined by the 
inequality (59) above. The upper limit is evi- 
dently determined by the basic physical assump- 
tion of the theory---consideration of only weakly 
interacting systems. Refeiring to this assump- 
tion, we throw away terms of third and fourth 
order relative to the operators a,,, in the Hamil- 
tonian in the operators a Therefore, the upper 
temperature limit can be fixed from an estimate of 
the energy contribution of the discarded terms and 
comparison of them with the energy contribution 
of those that remain. The corresponding calcula- 
tion gives 


(Hira, 


where J is the exchange integral. If, for example, 
accuracy within 20% is desired from (66), it fol- 
lows that the expression for the free energy of 

a ferromagnetic monocrystal (57) and the formulas 


(66) 
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obtained from it for the temperature dependence of 
the constants of magnetostriction are correct to 
the temperature of liquid hydrogen. 


CONCLUSIONS 


1. A systematic quantum-mechanical considera- 
tion of a system of electrons in a ferromagnetic 
monocrystal gives the possibility of explaining 
the phenomenon of magnetostriction and once more 
confirms that the phenomenon of magne tostriction 


is essentially connected to the magnetic interaction 


of the electrons. 


2. The theory gives the temperature dependence 
of the constants of magnetostriction for the hexago- 
nal crystals. 

3. The constants of magnetostriction must dis- 
play a dependence on the magnetic field. In con- 
nection with this fact, representations used in 
quantum theory involving the independence of the 
magnetic constants on the field require more accur- 


ate definition. 


4. A definite analogy exists between the tempera- 


ture dependence of the constants of magnetostric- 
tion and magnetic anisotropy, as is evident from 
the comparison of Eq. (60) with Eq. (61). This 
analogy is connected with the character of the 
energetic spectrum of ferromagnetics at low 
temperatures. 


A. S. GUSEV 


The proposed theory is clearly still incomplete. 
and needs, in the future, refinement and develop- 
ment. Its deficiencies are connected, in the first 
place, with the assumed model of the ferromagnetic 
and, in the second place, with the approximations 
and assumptions made in the course of the calcula- 
tions. In particular, it ought to be relieved of the 
assumption that there must be only one ferromag- 
netic electron at a site; the representation of the 
magnetic interaction in generalized tensor form, for 
all its advantages of generality, still bears a 
phenomenological character, other types of inter- 
action of electrons in the lattice were not studied; 
the case of weak fields, which evidently presents 
definite interest, was not considered. However, 
the initial aspects of the theory permit us, with- 
out any difficulties in principle, to take into ac- 
count many of these factors. 

In conclusion, we note that the method used in 
the present work for consideration of the magneto- 
striction of hexagonal crystals is also applicable 
to other problems of the quantum theory of ferro- 
magnetism and, in particular, it can be extended 
to cubical crystals and to much more complicated 
systems (alloys, antiferromagnets ).. These prob- 
lems, which have an independent interest, will be 
considered in subsequent researches. 


Translated by R. T. Beyer 
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Production processes of vy ~particles and heavy mesons are considered from a 
phenomenological point of view. A mechanism for associated production of V-particles and 
heavy mesons is discussed. The possibility is estimated for relatively stable systems to 
exist, composed of nucleons and V-particles. Detailed consideration is given to the diffi- 
culties connected with the existence of particles which are produced in abundance but have 


a long lifetime. 


The conclusions which are reached may help in forming working hypotheses for the in- 
terpretation of experimental data and for the design of experiments on the production of the 


new particles. 


1. NUCLEONIC CHARGE 


I N considering the problem of the production of 

V{-particles and heavy mesons, it is convenient 
to use the concept of “‘nucleonic charge’’. Ac- 
cording to Zel’dovich*, a nucleon has nucleonic 
charge + y, an antinucleon - y, and the pion, 
muon, election, photon and neutrino have nucleonic 
charge zero. The total nucleonic charge is con- 
served in nuclear reactions. This principle ex- 
presses the fact that nuclear matter is stable. In 
particular, it states that a nucleon cannot trans- 
form into an antinucleon, nor decay into exclusively 
light particles. The concept of nucleonic charge 
is especially useful for describing the V-particle 
which decays into a proton anda pion. The Vi - 
particle, and in general all ‘‘heavy nucleons’’, 
must have nucleonic charge + y. 


2. NOTATION 


We mention the question of notation, because the 
literature discussing the single and associated 
production of particles contains many ambiguous 


* This paper is based on the results of work com- 
pleted in 1951-1953 and already published in reports of 
the Institute of Nuclear Problems ’*. The exposition 


will follow the second report”, and the nomenclature 
‘for the various particles which was current at that time 


will be retained. 

b B. M. Pontecorvo, Report Inst. Nuclear Prob., Acad. 
Sci., USSR (1951) 

z B. M. Pontecorvo, Report Inst. Nuclear Prob., Acad. 
Sci., USSR (1953) 


3 Ia. B. Zel’dovich, Dokl. Akad. Nauk SSSR 86, 505 
(1952) 
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expressions. Any virtual transformation of a 
nucleon, occurring as a first-order process in per- 
turbation theory, we shall represent by the follow- 
ing general scheme: 


A B G (1) 
(one particle with + (one or more 
particles with 
total nucleonic 


(nucleon) 3+ 
nucleonic charge 

+ y) 
charge zero ) 


The order of magnitude of the admixture of the 
state (B + C) in the state of the nucleon defines 
the development-parameter of the perturbation 
theory. In the case whenthe system C consists of 
a single particle, the development-parameter may 
be written in the form g’/fic, where g has the di- 
mension of charge. In this terminology the ex- 
pressions “‘single production’’, ‘‘double produc- 
tion’’, etc., will refer only to the term C of 
scheme (1). 

It should be emphasized that the scheme (1) 
describes only reactions which have non-vanish- 
ing matrix elements in the first approximation. 
For example, the Yukawa process 


(N) > (N) + (7) (N = nucleon) 


describes ‘‘single production’”’ of pions. 


3. LIFETIME OF HEAVY MESONS 


We shall begin with the question of the neutral 
pion decay. The neutral pion decay is generally 
considered as a 3-step process. The first step, 
the creation of a virtual proton-antiproton pair, 
follows directly from the possibility of the Yukawa 
process. In third-order perturbation theory the 
meson decay is described as follows: 
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n> (Py + P.)—>(Pa+ tit Pitt te (9) 


: 2 
sx 


The probability (1/t) ,o of process (2) occurring 
per unit time must involve the product (g_/he) 
x(e2/He)? The interaction of the neutral pion 
with the electromagnetic field, which is mani- 
fested in the two-photon decay, arises fromits 
coupling to the “‘proton vacuum’’. In a similar 
way we shall later use the idea of the coupling 
of other mesons to the ‘‘nucleon vacuum”’ in 
order to draw conclusions about the production 
mechanism of these mesons. 

A very interesting fact to which we must give 
our attention is the following: there exist several 
types of mesons which are produced with high 
probability and have a relatively long lifetime 
Ci sec) against decay into pions. We 
denote such particles* by the letter 7 and call 
them mesons of the class 7. As we shall now 
show, it follows from the definition that mesons of 
the class 7 cannot be created singly in virtual 
processes in which a nucleon remains a nucleon. 
In other words, the fundamental reaction of the 
mucleon in which mesons of class 7 are created 
cannot arise from the scheme 


(N) > (N) + (2). (3) 


In fact, if mesons of the class 7( for example, 7 *- 


mesons ) were produced by the process (3), we 
could write 


te mis Fr ny) ig (m+ m+ na) (4) 
(t+ mitt Pit apioet patie, 


Here the last three steps go with the parameter 
(g*_ /te), and the first goes with the parameter 


(g7/te) which describes the strength of the 
coupling between the class Tmeson and the 


* The following* are mesons of the class T: 7- meson 
(m= 980 m.)s V,-meson (myo ~ 800 m, ), X- meson 


(m, ~ 1500 m,), ¢- meson (m [= 540 m,). It is proba- 


ble that the mesons with mass 500-600 m, observed by 
Alikhanian et al® also belong to the class T. But this 
cannot be stated with certainty, since it is not known 
whether these mesons decay into pions. 


- See, for example, R. Daniel et al, Phil. Mag. 43, 
753 (1952) 


> A. I. Alikhanian, J. Exper. Theoret. Phys. USSR 21, 
1062 (1951) 


nucleon. Assuming scheme (3) to hold, the para- 
meter (g2/A c) can be roughly estimated from the 
known ratio of the production probabilities of 
. 4 2 

pions and mesons of class 7. This gives (g°/8 wp 
> 0.01. A comparison of processes (2) and (4) then 
shows that the lifetime of class 7 mesons should 
be shorter than that of the neutral pion (10°*4 
sec), in sharp contradiction with experiment 
Therefore, process (3) is not responsible for the 
production of class T mesons, unless the produc- 
tion cross section of class 7 mesons has such an 
extreme dependence on energy that the use of the 
principle of detailed balance is unjustified. 

Moreover, the long lifetime of the charged pion 
itself (2 _i~2 x 10°® sec) shows that there 
does not exist a particle ¢, with mass less than 
say 0.3 m_, strongly coupled to the nucleon by the 
scheme 


(N) (A) + (¢). 


4. INADEQUACY OF A PROPOSAL FOR INDIRECT 
PRODUCTION OF CLASS 7 MESONS 


At first glance, the contradiction between the 
abundant production and long lifetime of class T 
mesons might seem to be resolved by postulating 
a heavier meson 0, which would decay with emis- 
sion of a class Tmeson and would be produced 
according to the scheme 


(N) (AN) + (6). (5) 


However, on this hypothesis, an argument similar 
to the one which led to the earlier paradox shows 
that the rate of decay of the @meson into pions 
must be very large. This decay rate must in turn 
be comparable with the rate of the 6-meson decay 
which emits a class T meson, in order that the 
latter particle be observed. Then, through the 
intermediate creation of a virtual 6- meson, the 
class Tmeson would decay rapidly into pions, in 
contradiction with experiment. Hence, the process 
(5) cannot describe the (indirect) production of 
class 7 mesons. 


5. POSSIBLE EXPLANATIONS OF THE LONG 
LIFETIME OF CLASS 7 MESONS 


To resolve the contradiction between the abun- 
dant _ production and the long lifetime of class 
T mesons, we consider two possibilities for the 
production process: 

a) The class T meson is produced in pairs with 
another particle, for example, 


PRODUCTION OF HEAVY MESONS AND Vv; 


(N)—=(N) + (+ + ?), 


however, this possibility, production of inte ger- 
spin particles in pairs, seems very artificial. 

b) Mesons of class 7 are produced singly, but 
the associated particles with nucleonic charge +y 
are not ordinary nucleons: 


(6) 


(N) > (heavy nucleon) + (7). (7) 


In this case, the mesons can clearly be produ ced 
abundantly and yet have a long lifetime. This 
scheme seems logically the most satisfactory. We 
will return to it after considering the origin of Vy - 
particles. 


6. LIFETIME OF V}- PARTICLES 


Just as for class Tmesons, there is a contradiction 
between the abundant production and long lifetime 
of V9- particles. The probability of the process 


Vi Pee x (8) 


: Se eee : 

is only 3 x10” sec™*. It is obvious that the ve - 
particle cannot originate in the same reaction 
which produces pions. In other words, a reaction 


of the type 


(M) > (Vi) + (x) (9) 
is not responsible for the production of Vy -parti- 
cles. This conclusion is made with the same 
reservation, about the applicability of the principle 
of detailed balance, as the similar conclusion in 
Sec. 3 about the production of class 7 mesons. 

The proposal that the V}-particle is produced 
together with a pair of pions 


(N) (Vi) + (e# + 2). 


is equally unsatisfactory. It would be difficult to 
imagine a mechanism which would allowproduction 
of pions in pairs and forbid single production. 

We discuss next the casein which two particles 
are created with opposite nucleonic charge. There 
are the following possibilities* 


a 2B C 
a) (N)->(N) +(Vi + Vi), 
by) (NSN) #(V2 +), 


2) (NVI) + (Vit A) 


* For simplicity, we do not here envisage the exist- 
ence of heavy charged V- particles. 
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Reaction (b) cannot be responsible for the pro- 
duction of V,-particles. By an argument similar to 
that used earlier, it can be shown that (b) implies 
a lifetime of the Vy -particle much shorter than is 
observed. Reaction (a) implies an equally abun- 
dant production of Vy and anti-V$ - parti cles. If 
anti-V9 -particles were actually produced, it should 
not be especially difficult to observe them. The 
fact that they have not yet been observed speaks 
against reaction (a). 

According to experiment®, two V{-particles are 
not commonly produced in a single act. Hence, 
reaction (c) also cannot be responsible for the 
production of yy -particles. 

Therefore, it is reasonable to postulate that in 
the production of V{-particles according to scheme 
(1) there appears a second particle, different from 
the pion, having integer spin and zero nucleonic 
charge: 


A B 
Cy ney tere 


C (10) 
(Charged meson differ 
ent from the pion, with 
nucleonic charge zero). 


It is interesting to notice that in Sec. 5 we arrived 
at a similar scheme (7) in order to explain the 
long lifetime of the class 7 meson. 


7. CONNECTION BETWEEN CLASS 7 MESONS AND 
V-PARTICLES 


It is natural to identify the ‘‘heavy nucleon”’ in 
Eq. (7) with the V‘ -particle and the “charged 
integer-spin meson’ in Eq. (10) with the class T 
meson. Then we obtain the following reaction 


scheme. 
(N)—> (Vi) + (2). (1) 


This removes simultaneously the contradiction be- 
tween abundant production and long lifetime, both 
for particles of class V and class 7. Our argument 
assumes a moderately large value for the develop- 
ment parameter corresponding to reaction (11). 
Nucleonic reactions in which pions are produced 
together with V-particles, and reactions in which 
class T mesons are produced without V-particles, 
are expected to be extremely improbable. Schemati- 
cally, 


© R. Leighton et al, Phys. Rev. 89, 148 (1953) 
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(N) > (V9) + (2), (12) 


(N)—>(V2) + (m), 
(N)—>(N) + (2). 


It must be mentioned that in photographs ° of the 
V{ - decay, tracks of decaying charged mesons of 
class T have not been seen. If scheme (12) is cor- 
rect, this probably means that the class Tmeson 
is either neutral, or is charged and has a lifetime 
longer than 10°° sec (the length of track before de- 
cay must be longer than the size of the Wilson 
chamber). In this connection, the observation 
of charged mesons with mass greater than 500 m_, 
and with a lifetime 10°® ~ 10°° sec, is of interest. 

The symbol V’? in (11) and (12) denotes the 
well-known neutral particle which decays into 
proton and pion. By “‘heavy nucleons of the class 
V’’ we shall mean any long-lived particles which 
have nucleons among their decay-products. Then 
we may postulate the more general reaction 
scheme * 


5,7 


A BeO EC 
CN a Guia) 


(13) 


It would be premature to consider the precise iden- 
tification of particles B and C in (13). 

The scheme (13) is in some respects similar to 
the scheme of Yukawa. The class T meson will 
cause interaction between nucleons and V-particles, 
just as the pion causes interaction between 
ordinary nucleons. This idea is interesting in 
connection with the possible existence of meta- 
stable systems composed of nucleons and /- 
particles, which will be discussed in the next 
Section. 


8. METASTABLE SYSTEMS COMPOSED OF ORDINARY 
AND HEAVY NUCLEONS 
In the recent literature” there have appeared re- 


ports of a very interesting phenomenon in high- 
energy nuclear interactions. In photographic 


* Similar schemes have been proposed independently 
by several-other authors. See, for example, Pais”. 


7 
J. Astbury et al, Phil. Mag. 44, 242 (1953) 
° A. Pais, Phys, Rev. 86, 663 (1952) 


9 
M. Danysz and J. Pniewski, Phil, Mag. 44, 348 
(1953);D, Tidman et al, Phil. Mag. 44, 350 (1953); J. 
Crussard and D. Morellet, Comptes Rendus 236, 64 (1953) 
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emulsions three cases have been observed of stars 
which contained, in addition to normal tracks, a 
single track of a particle which came to rest in the 
emulsion and gave rise to a secondary star at the 
point where it stopped. Such a track, in the opinion 
of the authors, is caused by a “nucleus containing 
a Vy - particle’’, and the secondary star is caused 
by the decayofthe particle within the nucleus. 
This proposal deserves attention. As we shall 
see, the existence of metastable systems composed 
of nucleons and V-particles is definitely to be 
expected, if the scheme (13) is correct. 

We consider the interaction between a particle of 
the class V ( for simplicity, we shall speak about 
the V‘ -particle ) and a nucleon, assuming that the 
rules (12) apply. Since in (12) a class 7Tmeson is 
responsible for a strong interaction between 
nucleons and V\ - particles, the collision cross 


section between a V} -particle and a nucleon must 
be relatively large. When the relative energy of 

a V , - particle and nucleon is small, only elastic 
collisions are possible *, while at sufficiently 

high energies there will also be inelastic collisions 
accompanied by the creation of a class 7 meson. 

If the forces between nucleon and V; -particle are 
attractive, then the Vy particle under favorable 
conditions may be bound with nucleons into a 
quasi-nuclear system. 

We now estimate the degree of stability of such 
a quasi-nuclear system. The mean energy of a 
particle bound within the sytem is determined by 
the temperature of the quasi-nucleus, and is there- 
fore small in comparison with the energy required 
according to (12) for an inelastic collision of a 
nucleon and a V‘ -particle, i.e., a collision in 
which a class Tmeson is produced. Thus, a ie - 
particle in the quasi-nucleus does not lose its in- 
dividuality, and decays essentially as if it were 
free. 

We consider now the observed events’ in more 
detail. In our scheme a Vs -particle is produced 
together with a class Tmeson. The track of the 
meson is probably one of the relativistic tracks in 
the shower. The V°-particle is rapidly slowed 
down by multiple elastic scattering in nuclear 
matter until further inelastic processes are impos- 


sible. This phase of the phenomenon is similar to 


* The long lifetime of the V} particle implies that it 
cannot decay into a nucleon and a class 7 meson. If 
(12) is correct, this decay is forbidden only by energy 
conservation. In other words, the mass of a class T 
meson occurring in (12) must be greater than (m y? 
ne mm, eles m > 400 m,. L 
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the well-known process of the nucleonic cascade in 
nuclear matter. Afterwards, a light quasi-nucleus 


is emitted containing the V3 -particle. At this 
stage the phenomenon is similar to the emission of 
nuclear fragments (He, Li, B, etc.) from excited 
nuclei. Next, the quasi-nucleus is slowed down 
by ionization energy-loss. The slowing-down time 
is short compared with the lifetime of the y) - 
particle, which therefore decays within a station- 
ary quasi-nucleus. 

It is worth noting that process of the type (N) 

4 ae, + (7) cannot be consistent with the 
stability of systems composed of nucleons and Vs - 
particles. We already found that the existence of 
such a process would lead to difficulties in ex- 
plaining the long lifetime of the free V4 -particle. 
If we admit such a process, it seems completely 
impossible to imagine a mechanism which would 
allow the Vy -particle to survive for a long time 

in nuclear matter. 

Consequently, if the existence of metastable 
systems composed of nucleons and V -particles is 
confirmed, it provides a powerful argument in sup- 
port of the scheme (13). 


CONCLUSIONS 


1) Starting from the fact that in high-energy col- 
lisions there is abundant production of mesons ( of 
the class 7) which have a long lifetime and decay 
into pions, one can deduce that the production of 
these mesons cannot proceed by the scheme 


139 
(N)—(N) + (<) (V= nucleon). 


2. Similarly, starting from the fact that in high- 
energy collisions there is abundant production of 
heavy nucleons of the class V which have a long 
lifetime and decay into nucleons and pions, one can 
deduce that the production process for these 
particles is not 


(N)—>(V) + (). 


3. It is proposed that class 7 mesons and 
heavy nucleons of the class V are produced to- 
gether by the scheme 


(N)—>(V) + (t). 


Then the difficulties arising fromthe long lifetimes 
of V-particles and of class 7 mesons are simul- 
taneously resolved. In addition, this scheme pre- 


dicts a strong interaction, mediated by class T 
mesons, between nucleons and V-particles. 

4, If the scheme (NV) > (V) +7) is correct, one 
must expect under favorable conditions the forma- 
tion of metastable systems composed of nucleons 
and V-particles. 

In conclusion, I wish to thank I. la. Pomeran- 
chuk for several valuable discussions. 


Translated by F. J. Dyson 
166 


SOVIET PHYSICS JETP 


VOLUME 2, NUMBER 1 


The Problem of the Interpretation of Dirac’s Equation for the Electron 


G. A. ZAITSEV 
(Submitted to JETP editor April 3, 1954) 
J. Exper. Theoret. Phys. USSR 29, 176-180 (August, 1955) 


It is shown that Dirac’s equation for the electron can be considered a system of equations 
for two real spinors. Gauge mvariance of the equations will correspond to invariance under 


spinor transformations of the second kind. Consequently, in Dirac theory, it is not the 


components of W which should be considered as basic quantities, but rather the definite 
tensors which allow one to find the corresponding real spinors to within the spinor trans- 
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formation. 


A ee properties of tensors characterized by two 
real spinors have been studied in a previous 

paper?. This allows one to investigate the Dirac 
equation from a new point of view. Although the 
question of which of the relativistically invariant 
electron equations is to be considered correct re- 
mains unanswered”, nevertheless such an investi- 
gation remains interesting in any case. For ex- 
ample, it will make possible the comparison of 
the Dirac equation with other types, thus allowing 
forabetter understanding of their specific proper- 
ties and differences. Since a great number of 
works have been devoted to the Dirac equation, 
comparison with themcanhelp in the investigation 
and solution of other equations. On the other 
hand, the question of the meaning and nature of the 
Dirac equation may also be posed, which necessi- 
tates a thorough investigation of particular situa- 
tions connected with it*. 

1. First, let us note the well-known fact that 
if two systems of four-by-four matrices are given 
which satisfy the relations 


(RR + ROR) = B8", a) 
(0 = go =g0 =— gH=1, gi*=0 for a8), 
SRR + RR) = 28", e 


then these matrices are equivalent, i.e., 


* For example, it necessitates consideration from a 
new point of view of the generalization of the Dirac 
equation to the case of the general theory of relativity. 
The author intends to devote a future paper to the in- 
vestigation of real spinors in curvilinear coordinates and 
pseudo-Riemanian spaces, which may lead to the solu- 
tion of this problem. 


1 3 
G. A. Zaitsev, J. Exper. Theoret. Phys. U 
Tee oes x ore ys. USSR 29, 


2 : 
G. A. Zaitsev, J. Exper. Theoret. Phys. USSR 28 
530 (1955); Soviet Phys. 1, 491 (1958) ‘ 
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R* = O'R*O. (3) 


(The proof can be found, for example, in references 
3 to 5,) The R%, here, can of course have complex 
elenents. 

Weemphasize particularly the meaning of 
transformations of the form of Eq. (3). In previous 
works®°’” we treated the quantities R™ as matrices, 
corresponding to normalized basis vectors in four- 
dimensional pseudo-Euclidean space. Instead of 
the R™, however, we can just as well use the 
matrices R%, since in the theory of matrix tensors 
the existence only of relations such as (1) is im- 
portant. Here we shall deal with a different law 
of correspondence: to the same basis vectors will 
correspond matrices of a different form, though the 
basis vectors themselves remain invariant. We 
note in particular that one must not confuse a trans- 
formation from one coordinate system to another 
with atransformation from one isomorphic corres- 
pondence between matrices and four-vectors to 
another. These are altogether different things, 
though in both cases the formulas for expressing 
the new R% in terms of the old can have the same 
form [e.g., Eq. (3) J. 

2. In Dirac theory, mc/h is considered a 
scalar. It follows from this that the equation 
0 


a Moc 
Roe 1@) = Vie) — acess (4) 


3 
H. Weyl, Gruppentheorie und Quantenmechanik, 2nd 
ed., Leipzig, 19313 2 


4 B. L. Van der Waerden, Group Theoretical Methods 
in Quantum Mechanics 


° W. Pauli, General Principles of Wave Mechanics 


6 
G. A. Zaitsev, J. Exper. Theoret. Phys. 
667 (1953) nape 


7 
G. A. Zaitsev, J. Exper. Theoret. Phys. USSR 2 
524 (1955); Soviet Phys. 1, 411 (1955) 
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(where the matrices R™ are real and wv ( ) is areal 
spinor ) is relativistically invariant. i 

The Dirac equation for the electron in the pres- 
ence of an electromagnetic field can be written in 


the form a 
; eh k 
G Oxt | ae a 


(5) 


leet (x* = ct, a* = a) 


(see Pauli®, Sokolov®, etc. ). We will show that 
this reduces to two equations of type (4) -To do 
this, let 


8 = R= RRR’, — ipa = JR"; (6) 
J=RRRR, k =1,2,3), 
so that Eq. (5) becomes 


=~, oY Moc ¥ (7) 
ca A 
R oe ee 


Transforming to real matrices R™ according to Eq. 
(3), and putting 


OY = Yay + LY) (8) 


(ha) and Wg) are column vectors of real ele- 


ments ), we get 


Re (bq) + i) =I Yy tie). (9) 
OS te kh 
The matrices «, and f, and therefore R* and 
ik 4, are usually chosen Hermitian (see, for ex- 
ample, Pauli®). If R* and iR* are chosen accord- 
ing to Table 1 of reference 6, they will also be 
Hermitian. Making use of the fact that any matrix 
which commutes with all the R* is a multiple of the 
unit matrix, and taking the Hermitian conjugate of 
both sides of Eq. (3), we get 00* = 0*0 =kE. 
Choosing an appropriate multiplier for 0, we get 


OS Oe (10) 
By way of an example of transition to real 


quantities, we consider the case of R* = 1B(0)S,, 
R* =/1B(0), J = I, R = B(0), and use the usual 


forms, 


(11) 


: A. A. Sokolov and D. D. Ivanenko, Quantum Theory 
of Matter, GITTL, 1952 


2 W. Pauli, Relativistic Theory of Elementary 
Particles 
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/9010 1000 
Roce ie 0 00-1 jee ONO 
Be mt Ae OWOiON? UES) O.0—4.0 
0—10 0 0 00-4 
It is easy then to prove that (12) 
,» t£—-i-—1—i 1—i 143i 
ure: hha 1 ey rte 
oa Vale ere Bivcsivaiaacs 
—1+i-—1—i 1—i-—1-i 
OO 
ta 


1—i —1+i—1—i 
4 f—14+i 143 ich ge dee 
V3 14+i-—t1+i-—1+4i 

i 


[— ea 
4d Sh ei 


so that a, = Oo .0; is= R = 0-1 B(O)O. 

We shall show that 1) and W2) can be con- 
sidered real spinors such as those considered in 
reference 6. It is first necessary to show that if 
Yo) and Wo) transfom like real spinors, and w 
likea Dirac-theory spinor, then both sides of Eq. 
(8) transform in the same way. We shall make use, 
for the proof, of the notation used by Sokolov®, so 
that 


hk 
B= Xo = Pay R = Xp, 


(13) 
R' =ip,, J =ip,. 


We shall also borrow from that reference certain 
formulas involving w. We first consider a spatial 
rotation. Rotation about the z-axis is character- 
ized in Dirac theory by the matrix cos ¢/2 

~io, sin ¢/2 = cos ¢/2-RR, sin $/2 [here ¢ 
is the angle of rotation about the z-axis in the posi- 
tive direction; we have used Eq. (18.11) on p. 96 of 
Sokolov® , taking into account Eq. (13)]. Real 
spinors transform in the same way (see the re- 
marks in reference 6 before Eq. (9); only R* must 
be changed to R®). Analogous considerations hold 
true for Lorentz transformations [this follows from 
a comparison of Eqs. (9)-(13) of reference 6 with 
those on pp. 93-95 of reference 8]. From this it 
follows that under a four-dimensional rotation, both 
sides of Eq. (8) transfom in the same way. This 
will be true also for four-dimensional reflections, 
if the law of reflection of space or time is defined 
according to one of the last two cases of Pauli’. 
In this way it becomes possible to consider Yor) 


and Yi) 


Equation (9) can be broken up into two parts by 
equating the real and imaginary parts. Since (1) 


as real spinors. 
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and ¥,,) do not transform into each other under 
any four-dimensional rotations or reflections, Eq. 
(9) determines two equations for two unrelated real 
spinors Way and WY 9) which can be written in the 
form 

OV) __ Moe 


5 = —JViy), w= 1,2. 
K Ox* inate 


(14) 


In this way it is seen that the Dirac equation for 
empty space is a combination of two independent 
equations containing separate real spinors, joined 
into one equation in a purely formal way. 

3. Let us go on to a consideration of the general 
Dirac equation in the presence of an arbitrary ex- 
ternal electromagnetic field. As is well-known, 
this equation (or, more accurately, system of 
equations) can be written in the form 


me 0 » Moc ¥ 
: ~ A,)o= Jy, (15) 
R Ges tat: lic h ? 
Here e is the electronic charge and A=— ¢. 


Taking into account Eqs. (3) and (8), we can re- 
write Eq. (15) in the form of a system of equations 
containing real spinors : 


29%) e a Moe (16) 
R Ox% to: en Ack V2) aed ro J¥q), 

a IVa) é 3 Moe 
R ee ce ek by) = 3 JV). (17) 


This system of equations is clearly exactly equiva- 
lent to the Dirac equation. 

Equation (14) is a gauge invariant. Thus, Eqs. 
(16) and (17) do not change their form under a 
spinor transformation of the second kind (¥,) is 
replaced by eTh,)), so long as A, is replaced by 

hed 


ex 

ponents which are bilinear forms in Yay and Yi5) 
that have physical meaning are those which are in- 
variant under a spinor transformation of the second 
kind. Therefore, according to the preceding arti- 
cle’, we can explain this situation by noting that 
the initial primary quantities are Q,, Q, and the 
components P,), N, and F(,)*. Making use of the 
general theory of tensors, we can derive relations 
between the quantities under consideration (see 


— 


A+ =: In Dirac theory, the only tensor com: 


* Also, the components of the external electromag- 
netic field and tensors which are invariant under spinor 
transformation of the second type and expressed in 
terms of the A,, are components of real spinors and their 
derivatives. 
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reference 1), which, in particular, allow us to ex- 
press roy in terms of P(4)> N, Q, and Q,. Some of 
these relations were previousl y known (see, for 
example, DeBroglie —), but their true meaning re- 
mained unclear. 


Equations developed in the preceding article 
which allow one to find the real spinors W,, and 


Wg) in terms of the primary quantities, can be 
written in the form 


Pryde) = Pty (Yay + ie) = 2ENY4) (18) 
and, consequently, 
Fray h(4) = — 2¢(Qy — QJ) Ye). (19) 


We can, of course, go back from W,) to w, which 
corresponds to a transformation to a new isomorphic 
correspondence between matrices and tensors. Then, 
for example, instead of Eq. (19), we have 0-*K 0 17 
=~-21(Q, -Q, J), where 0-*F (0 is very 

simply expressed in terms of the matrices «,, B 

and the components of the tensor F(,). 


In accordance with the above, the spinors which 
occur in the Dirac equation must be considered as 
secondary quantities. Therefore, we arrive at the 
conclusion that the Dirac equation must be con- 
sidered a system of equations for definite four- 
dimensional tensors. 

We must note that the notation we ar2 using for 
writing the Dirac equation only with matrices and 
real elements is not new. The same notation was 
used, for example, by Majorana’? (see also Pauli®, 
Kramers ‘”, Markov?®, etc. ). What is new is that 
the real spinors in this equation are considered 
secondary quantities, a system of parameters char- 
acterizing definite four-dimensional tensors. Ac- 
cordingly, in the Dirac equation written in any 
form, the components of w must be considered 
secondary quantities defined by certain four- 
dimensional tensors. 

4. In conclusion, we make some remarks con- 
cerning the difference between the Dirac equation 


and relativistically invariant differential equations 
of the first degree, containing two real spinors, 


which were discussed in reference 2. 
The basic difference lies in the fact that these 


10 c : 
- Louis de Broglie, The Magnetic Electron, 1936 
es E, Majorana, Nuvo Cimento 14, 171 (1937) 
H. A. Kramers, Proc. Amst. A i 
foes mst. Acad. Sci. 40, 814 


13 
M. A. Markov, J. Exper. Th t. P 
761 (1951) . eoret. Phys. USSR 21, 
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equations are invariant under different kinds of 
ginor transformations. In connection with this, in 
each case different tensors are considered primary. 
This difference is closely connected with the fact 
that, in the earlier work *,# is considered a pseudo- 
scalar, not merely a scalar, as in Dirac theory, and 
that the operators of four-‘‘momentum”’ have en- 
tirey different forms. 

The different character of the two systems of 
differential equations is especially explicit in the 
transition to the nonrelativistic limit. - From the 
point of view of the earlier work, we deal only 
with one real spinor, ¥(,). It is very character- 
istic that the current vector used in nonrelativistic 
quantum mechanics turns out to be not part of a 
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vector, but of a tensor. Its components are propor- 
tional to Te [see reference 1, Eq. (54) and 
Zaitsev‘ *, Eq. (59) 1. 

As for the Dirac equation, in the transition to the 
equations of nonrelativistic mechanics, the situa- 
tim is entirely different. In the nonrelativistic 
limit, w is still expressed in terms of two real 
spinors Hay and (9): The components of the 
current vector are found from the components of 
P(,) after making use of the Dirac equation and 


eliminating some of the terms (see Pauli°) 
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Translated by E. J. Saletan 
Lal 


JANUARY, 1956 


The Statistics of Charge-Conserving Systems and Its Application 
to the Theory of Multiple Production 


V. B. MAGALINSKII AND JA. P. TERLETSKU 
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Submitted to JETP editor November 9, 1954 
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The quantum statistics of systems with a variable number of non-interacting particles is 
generalized to the case of an aggregate of oppositely charged particles, which obey the law 
of charge conservation. Formulas which differ from the corresponding formulas of ordinary 
quantum statistics are derived for the total number of particles and the total energy. The 
results obtained are applied to the theory of multiple production of mesons. The following 
questions are studied: the dependence of the energy on the relative proportions of neutral 
and charged mesons, the formation of nucleon-antinucleon pairs, and the relation between 
the yield and the primary energy. The theory is compared with the available experimental 


data. 


1. INTRODUCTION 


N the statistical treatment of the phenomenon of 


multiple production of particles at high energies, 


proposed by Fermi?, the total number of particles, 


the total energy of the system, and also the relation 


between the numbers of particles of different sorts 
in the ‘‘thermodynamic’’ approximation are calcula- 
ted by the usual quantum statistical formulas for 
an ideal Bose or Fermi gas with a variable number 
of particles. However, in this case, it is more 
appropriate to use formulas which take into account 


the conservation of charge(electronic, nuclear, etc). 


This is particularly important when we consider 
processes with a low yield. Thus, after general- 


izing ordinary quantum statistics to the case of 


1 &. Fermi, Elementary Particles, New Haven, 1951 


charge-conserving systems, a more detailed 
examination of processes of multiple production in 
the framework of the ‘‘thermodynamic”’ approxima- 
tion is possible. 

We make this generalization in the present paper, 
and as a result obtain new formulas for the total 
number of particles and the total energy, which we 
relate to the corresponding formulas of ordinary 
statistics. The results obtained are used to 
explain several matters pertaining to the theory of 
multiple production of particles. 


2. CALCULATION OF THE PARTITION FUNCTION, 
THE AVERAGE NUMBER OF PARTICLES, 
AND THE AVERAGE ENERGY 
OF CHARGE CONSERVING 
SYSTEMS 


We shali consider an ideal gas, consisting of 
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like but oppositely charged particles. The number 
of positive and negative particles can change as a 
result of pair production, but the difference between 
n*, the number of positive particles, and n™, the 
number of negative particles, i.e., the total charge 
v of the system, remains constant as a result of 
charge conservation 


Vea) — 7) == CONST: (1) 


If the system has non-degenerate energy levels £1, 
then, designating by ny and ny, the corresponding 
occupation numbers, we can write the partition 
function of the system in the form? 


II gr tng E ps (iy m)| ; 2 
k 


where d= e EK/F @=kT, and 5[a,b] is the 
Kronecker symbol 


a0: (3) 


a-# b, 
The product (i) and the summation > extend 


Loerie 


pant 


over all & from 1 to 0; the summation over ny and 
7, extends from 0 to « in the case of Bose . 
statistics, and from 0 to ] in the case of Fermi 
statistics. 

As is well-known, the Kronecker symbol can be 
represented in the form 


2m 
8 [a,b] = x \ eee do, (4) 
0 


In this way the partition function can be written 
as the following integral: 


(5) 
{ 2m + manish 8 — 
Z=x \ e-ive 3} ). at Ilo.2*” eth —"h”? go 
0 Bee (G k 


2m 
+,.—- 3+ .— 
= \ e-to T] Digg 7% een”? do, 
0 k 


2 
M. A. Leontovich, Statistical Physics, GTTI, 
Moscow, 1944 


The sums in the integrand are easily calculated 
for both Bose and Fermi statistics. Indeed 


Salle et 


nt ap Nivke 
pe CON Che 
k nt ne 


6 
= (1 +qre*)* (1 + q,e—%)** o 


Here, as in what follows, the upper sign (+ in the 
example given) applies to the case of Fermi 
statistics, and the lower sign (— in the example 
given) to the case of Bose statistics. 
Using Eq. (6), we can write the partition 
function (5) in the form 
an 
Z= ae | e~PO10) ds, (7) 
0 


D(¢) = + Dj In(1 + qre’*) 
k 
+ Dyln(] + qne*). 
k 
Having determined Z, we can calculate the 


average occupation numbers by the well-known 
formula 


where 


(7’) 


es — Fi) 
Nh = Ny, + ny, = Qk fqn (in Zaye (8) 
Using Eqs. (7), (7’), and (8), we obtain 
or 
aa a ae i (9) 
Nk = FnZ \ Egos Bal 
0 tt ex{ z+ io} 
wate 


e tT O@) do. 
1 + exp = — io} 


Knowing Z and7%,, we can calculate all the more 
important thermodynamic quantities. 

To calculate Z and 7,, we must find an 
approximate expression for ®( ¢). If in the energy 
interval dE there are, on the average, dG(E) energy 
levels, ® (~) can be approximated as 


Pra \ [in (1 + exp \-> + ih) (10) 


+ In (1 exp {- 2 — igh] dG (£). 


Since the difference between the statistics we 
are considering and statistics with a fixed number 
of particles can be appreciable only for energies 
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large enough to produce pairs, we restrict our- 
selves to considering a relativistic gas. For an 
ideal relativistic gas, 


where Q is the volume in which the gas is 
contained, and b the number of possible states 
of different polarization. Substituting Eq. (11) in 
Eq. (10) and integrating, we obtain 


bQ OO 
® (9) = aya 4 0° > iy 2) 
fi 


In view of the very rapid convergence of the 
series obtained, we take only its first term, and 
obtain as an approximation for ®(¢) the expression 


(0) (¢) = ACOS 9, where 9 == add Q68 / x2c8K3, (13) 


This approximation corresponds to the transition 
to Boltzmann statistics. 

Substituting Eq. (13) in Eq. (7), we obtain 
finally 


QT 
il fe ; 
Wie oa e—ive-+e cos ?do = fy (2), (14) 
0 


where 1 (p) is the Bessel function of order v with 
imaginary argument. 

The average number of particles N and the 
average energy W of the system can be calculated 
by the formula 
N= (i (E)dG (E), W = | En(E)dG(E), (15) 

0 


0 


where n(E) is the average number of particles 
occupying levels with energy E, i.e., 7 in the 
notation of Eq. (9). 

To calculate N, we substitute Eq. (9) in Eq. (15) 
use the expression (12), and integrate first over E£, 
whence we obtain 


OT co 
@ nat = k 
Nis al Dace Ly = : ue 
6 k= 
: < NR COSMO 
X exp [-aete D (ely i } ae. 


Just as in the calculation of Eq. (14), we restrict 
ourselves to the first terms of the series in the 


integrand, and obtain 
Pee (17) 


By analogous calculations, we also obtain an ex- 
pression for the average energy 


W = 30N. (18) 


For conciseness, the formulas obtained above for 
an ideal gas, consisting of positive and negative 
particles, will be hereafter referred to as the 
formulas of charge statistics. 


3. AN ANALYSIS OF THE FORMULAS OF 
CHARGE STATISTICS 


The dimensionless parameter p appearing in 
Eq. (17) has a simple physical interpretation. Ac- 
cording to Eq. (13) p is (except for a multiplier 
near unity) the average number of particles of 
relativistic gas with 2b internal degrees of freedom, 
calculated by the rules of the usual quantum 
statistics of systems with a variable number of 
particles. Therefore p is a parameter suitable for 
comparing formulas (17) and (18) of charge 
statistics with the corresponding formulas of the 
usual quantum statistics. 

From the theory of Bessel functions, we know 
that 


dl, (e) 
as vy (0) = ely4i () (19) 
whence, by Eq. (17) 
Try (2) 
N=yv+ -) ; a 


Thus N is the sum of two terms: v, the minimum 
number of particles for the given system, equal to 
the number of excess charges of whatever sign, 
and the mean number of produced particles 


tome e) 
Ni =p i-6) = phy (9). (21) 


The quantity A, (9) denotes the ratio of the number 


of produced particles, calculated by charge 
statistics, to the number of particles produced 
according to the usual statistics. From the 
asymptotic behavior of the Bessel functions, it 


follows that Ta ~] as pc. Thus Ap) 71 for suf- 


yP 

ficiently high temperatures (but bounded values of 
vy), i.e., charge statistics reduces asymptotically 
to ordinary quantum statistics. On the other hand, 
for p — 0, i.e., for low temperatures, A ?) — 0, 
and the formulas of charge statistics are 
considerably different from the formulas of ordinary 
statistics. 

The quantity A,,(p) can be approximated with 
good accuracy (especially in regions of small p) by 
the expression 


I (9) =a (Gr (0) I I, (0) (22) 


146 


exp (0) 2c ly. 


From this formula it is clear that the number of 
particles produced at a given temperature ( i.e., for 
given p) drops sharply as the charge v is increased, 
in other words, the charge v acts as a kind of 
anticatalyst in the process of particle production. 
For sufficiently large values of v, practically no 
particles are produced, the average number of 
particles remains constant, and charge statistics 
reduces to the ordinary statistics of systems with 
a constant number of particles. 

Of particular interest is the case vy =0. Accord- 
ing to (22), for temperatures that are not too high 


(p <1) 


ho (p) = 1 —e-9? =p /2. (23) 
Thus, for relativistic but not too high temperatures, 
the average number of charged particles produced 
is equal to p*/2, while the average number of 
neutral particles produced is equal to p/2. This 
leads to different temperature dependences for the 
average energy of radiation for a gas of neutral 
particles ( W ~ @4) and for a gas of particles with 
some kind of charge (W ~ 0”). 


4.APPLICATIONS TO THE FERMI THEORY OF 
MULTIPLE PRODUCTION OF MESONS AND 
NUCLEON-ANTINUCLEON PAIRS 


According to Fermi’s hypothesis!, 7-mesons 


and nucleon-antinucleon pairs are produced as a 
result of nucleon-nucleon collisions in some sinall 
volume Q. The number of these particles is 
calculated by formulas valid for systems in thermo- 
dynamic equilibrium, using the expressions of 
ordinary quantum statistics, and not those of 
charge statistics, which, as we have seen, give 
quite different results for the case of low yield. 
For very large energies, the charge v is small 
compared to the number of particles produced, 
A,(p) — 1, and the formulas of charge statistics 
coincide with the formulas of ordinary statistics; 
thus, in this region of energies, the application of 
charge statistics in the framework of the Fermi 
hypothesis can not lead to new results. Signifi- 
cantly different results are obtained when charge 
Statistics are applied in the low energy region, 
where the average number of particles produced is 
comparable to the charge v of the system. 

In Fermi’s calculation of the average number of 
charged 7- mesons, the same formulas are used as 
in the calculation of the number of neutral mesons. 
However, the charged 7- mesons, unlike the 
neutral 7-mesons, obey charge statistics, and 
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therefore to calculate their average number it is 
necessary to use the formulas(21) and (22), and not 
the formula N = p, valid only for #- mesons. 
According to Eq. (22), we obtain for the ratio of the 
number of neutral 7- mesons to the number of 
charged 7- mesons, produced as a result of 
nucleon-nucleon collisions 


1 


31 ey , (24) 


(04 == 


since the number of neutral 7- mesons produced 
is equal to p/2. This ratto coincides with that 
obtained by Fermi only for p—> oo. For small values 
of p, it is clear that «increases, which agrees 
with the experimental evidence®’4 

Because of the conservation of nuclear charge, 
it is also necessary to use the formulas of charge 
statistics to calculate the number of nucleons and 
antinucleons produced by nucleon-nucleon colli- 
sions. Thus, it follows from Eqs. (21) and (22) 


that the number of nucleons and antinucleons 


produced (within the framework of the Fermi 


hypothesis) by the collision of two nucleons, is 
given by the formula 

Ai ON eek) (25) 
and not by the formula V,= p, used by Fermi. Ac- 
cording to Eq. (25), the number of nucleon-anti- 
nucleon pairs produced must be considerably smaller 
than that given by the Fermi formulas. This 
number becomes even smaller if the Fermi 
hypothesis is applied to the collisions of nucleons 
with nuclei, and it is assumed that the energy is 
distributed among several nucleons of the nucleus. 
If we neglect the production of particles in 
subsequent nucleon-nucleon and meson-nucleon 
collisions, the number of nucleons and antinucleons 
produced must be calculated by the formula 
Nita = p[1—exp{—e/2(A + 2)}], (26) 
where A is the number of colliding nucleons. In 
this case, the ratio of the number of nucleon- 
antinucleon pairs to the number of mesons can be 
expressed by the formula 


* In the case where the average number of particles 
produced N = 1, p /2 is small, and we may consider that 


W= (p/2)+(p*/2), =1/p. Eliminating p» we find 


that w= 1. 


3 A. G. Carlson, I. E. Hooper, and D. T. King, Phil. 
Mag. 41, 701 (1950) 


4 U. Camerini, P. H. Fowler, W. O. Lock, and 
H. Muirhead, Phil Mag. 41, 413 (1950) 


5 E. P. Wigner, Proc. Nat. Acad. Sci. 38, 449 (1952) 
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= ®/s[1—exp {—p/2(4 + 2)}], (27) 
where p is taken for a gas of nucleons and 
antinucleons ( 6 = 4, since the polarization states 
of both the neutrons and protons are considered). 
For high energies and small A , this ratio reduces 
to Fermi’s, namely, B=8/3, as was to be expected; 
however, for not too high energies and large A, it 
is considerably smaller. To calculate 8 in terms 
of the given primary energy W, it suffices to 
know p as a function of W. For this, we must use 
Eq. (18), generalized to the case of the system 
considered, in analogy to the way we treat the 
case of nucleon-nucleon collisions below. 

We shall derive the dependence on the primary 
energy \V, , the average number of charged mesons 
produced in the process of nucleon-nucleon col- 
lisions without charge exchange. We designate by 
y the total energy of the primary nucleon in the 
center of mass system, expressed in units of the 
nucleon rest mass, by eee 2y* - 1 the same 
energy in the laboratory system, and by y, the 
energy, incident on the nucleon in the center of 
mass system and corresponding to the threshold 
of meson production. The medium energy region 
is pertinent to charge statistics, where yo 10 
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and, correspondingly, y < 2.4. In this case, as 
experiment shows, the probability of producing 
nucleon-antinucleon pairs is very small, and we 
shall neglect it. The production of secondary 
particles will also be neglected. 

Using Eqs. (17) and (18), where v = 0, 


W =2(4— 1): 9 = 0.1y'/p":s [see (13 | 
we obtain 
‘ 1B rs a. (28) 
p Iy [%> (0) =e x sai 6.7 vile ) 
Nu = Pho (p). (29) 


Eliminating p from Eqs. (28) and (29) (using 
graphs) we get the dependence of the number of 
charge mesons produced on the primary energy. In 
the energy region considered, this dependence can 
be written 


Ni = R(X (var (30) 
where k = 2.67. If we put y,= 1.1, Eq. (30) gives 


satisfactory agreement with experiment. 


6 J. G. Wilson editor, Progress in Cosmic Ray Physics 
Vol. 1, New York, 1952 


Translated by R. Siverman 
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; ; 1 
A simple derivation is carried out of the equations proposed by Schwinger . 


The resultant 


equations are discussed and renormalization is obtained in the original integral equations*. 


INTRODUCTION 


| fe connection with the inapplicability of the 
usual excitation theory for large energies of 
interacting particles, and also for the calculation 
of the characteristic properties of the existing 
theories of quantum fields (the presence of infini- 
ties, the asymptotic character of a series of ex- 
citation theories, the asymptotic character of the 
Green’s function for high momenta, etc. ), the de- 
velopment of more precise methods of solution of 
the quantum mechanical! equations presents great 
interest. In this connection, equations of the form 
suggested by Schwinger possess fundamental inter- 
est. Inasmuch as we want to solve these equations 
not only by the methods of ordinary excitation 
theory, it becomes essential to carry out the re- 
normalization (not according to the excitation 
theory ) in the original equations. Moreover, even 
within the framework of ordinary excitation theory, 
it is of interest to obtain a system of equations 
which does not preserve the infinities. On the 
other hand, to clarify the physical meaning of 
quantities which enter into the equations, obtained 
by Schwinger from a variational principle, and to 
establish the boundary conditions which must be 
imposed on the solutions of these equations, it is 
important to obtain these equations from the ordin- 
ary scheme of the theory of quantum fields, with- 
out resorting to a variational principle. Such a 
derivation of the desired equations is given in the 
present work, and the renormalization is carried 
out in the integral equations that are obtained. 

1. We consider a quantum mechanical system 
which is a generalization of the ordinary system. 
Let the Lagrangian L of the system consist of the 


* The renormalization was obtained by us in reference 
2; in the present paper, a more appropriate derivation of 
the renormalized system of equations is given. 


J = - s a 
° Schw inger > I Toc. Nat Bs \cad Sci U S. 3 7 4 


2 
f E. S. Fradkin, J. Exper. Th t. P 
(1954) a eoret, Phys. USSR 26, 751 
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ordinary Lagrangian L°* and the Lagrangian of the 
interaction with external sources L”. 

For definiteness, we consider the case of 
quantum electrodynamics (the results are simply 
carried over to the general case of quantum mech- 
anicaltheory ). The initial Lagrangian in this case 
has the form: 


ies ye 113, (1) 
L* = — Yul, Y(— iO, —eAy) 9 + mb] (1a) 
ae 1I4 Jes aa ae {Fuy, OnAy i vA} 
-++ Hermitian conjugate; 
L™ =4,/[9, q] + 4/2 [a ] + JpAy, (1b) 


where J is the external source of the photon field; 
nis the anti-commutating external source of the 
spinor field; 


TeTy Se YvYp =e 200g, 


(1c) 
9 i) iny 
O11 = Og9 = 033 = 1; 04, — 1. 


The Hamiltonian of the system can be written in 
the form 


tg oie 
where H*™ has the form 


A™ = — | C/o ibn]+1).0a) + J.Ay} dex. (3) 


(2) 


Conditionally we write Hi™ in the form 


pie a Te (x, t) fn(X, A) a2 x, a 


where f, is the source of an nth type field 
Cian): 

if the Heisenberg representation, where the 
wave function of the system is independent of 
time, (z) = const, the equations of motion for the 
operators of the field have the form 


te (— id, — eA,)o+mb= N; (5) 
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Fyy = OA, =e OVA; 


(6) 
= {1 Ay O,0\Ay = Ju -b fas 
(OA, / 0x.) = ¥ =0, (7) 
where 
ju = V2 e[d, tu? ]. (8) 


We transform to a new representation, where the 
operators of the field do not depend on the external 
sources (analogous to the representation of the 


interaction in external interaction) and have the 
form 


(9) 
(10) 


Vw. — eA, )b a i my = 0; 
ay ‘i Ay + Ou0Ay = ju. 


The wave function in the new representation 
changes with time and can be written in the form: 


t 


3S (t, — oo) 


df (&) 


| 0, when t< &. 


Multiplying Eq. (14) by i te (GS (<5, =e) on 
the left, and setting t’ = €, we get 


iS (t, %) 4, (60) S Go, — 09) (16) 


= Uny, (8) S (&, -— 00) 


t 
+ i\ A(t) S(t, 8) try, (bo) SG, — 00) dts. 
bo 


Comparing Eqs. (15) and (16), we obtain 


8S (t, — oo) 
a7 uf 
a ee E) ty, (6) S(&, — 00), £>%; 
0, Peery, 


~ 
But, as is well-known, an arbitrary operator 7 
is connected with the corresponding operator in the 
Heisenberg representation by the relation 


S71 (¢, — 00) nS (t, —%) = 7 (/)- (18) 
We get, finally, 35(¢ ’ 
+ =1C2) 

5, (@) (19) 


iS (t, — 00) my, (6), +> %o5 
=| 0, Fate: 


| i%,(@) SG, — 00) +4 | H(t) 
—- ie 
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D== Sit, — oo) V,, (11) 
where Wy is the value of the wave function for 
t =—oo, and S satisfies the equation 
. 0S (t, oo) ain 
Se a 
We construct the matrix $(t,, ¢,) 
S(é, U)=S(¢, — 0) S(t, — 00). (13) 


In accordance with Eqs. (12) and (13), we get the 
equation for S(t,, t.) in integral form: 
t 
SC ee (t,) S(t, 2") dt, 
: 


t 


(14) 


lee ANAC 4) fa (4 ty) S(t, t) d4xy. 


#t 
i 


We take the functional derivative of both parts of 


Eq. (14) with respect to any external source f (€) 


at the point €, first setting t°=-— «*, 


DO eT when t >&, 


af, ©) > 


It is easy to show that the following general 
formula exists for functional differentiation with 
respect to the external source f,(¢): 


8S (co) F (x) (20) 
5y, (&) 
8 =I 
= Pi glS)S OF SOI 
= 1S (00) Pye, [F (x) 4, 1 
where 
Pe, F (x) tn 6) (21) 
F(x), 6) eit eo 
=| O FO, ee 


The plus sign is used in Eq. (21) when the 
source f commutes with the operator F (x), and the 
minus sign in the opposite case [e.g., ip =n, 


F(x) =). 


* This method was applied in reference 3 for the case 
of a photon field, and Eq. (15) was obtained, although 
the S matrix in reference 3 is different from ours (it 
considers interactions not only with external sources ). 


81 (1953) ; 
R. Utiyma et al, Progr. in Theor. Phys. a 
Ky Ponaratis Progr. in Theor. Phys. 7, 449 (1952) 
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In particular, we get from Eqs. (19) and (20) the 
formulas 
8S(co) 


Bac) = ES (00) 9 (4); (22) 
8S . 
ay = + S (0) POX) A x’) 
SS(&) _ 7§ (00) (x); 
dy (+) 
EMSS cl oo)P (v(x Ny 42S) 
Ww) a) S (oo)P (9 (x) A (x’)); 
8S (CO) _ se : 
Bye) wy (co) Ay (x); 
3 (x) 8n (x) S (00) P’(Y(x) 9 (x); 
ax Sea oo) (24) 


NY ae 


21 


A(Xp) 9 (x)| ao 


With the aid of the formulas obtained for the 
function derivatives of S(o), we can write down the 
operator equations (5) to (8) in compact form and 
get the same functional equation for the determina- 
tion of the operators S(~). For this purpose we 
multiply Eqs. (5) - (8) on the left by iS (co): from 
Eq. (23), we get 


[te (#8 + fe ara) 


= in(x) S (oe); 


| 8S (co) 


3S (co) 
(- U Sd, 


plawe es) 


Ox, Ox, BJ, (26) 


52 
Sn (x) dn (x +e) 


|S(~); e—>0; 


an > Tr Yp | 
82 
8 (x) 89 (x —e) 


0 8S (co) 
OX, dJ,, (x) 


= (0). (27) 
The system of operator equations (25) - (27) 
must be solved for the following boundary condi- 
tions: 
dS (co) 
> Ing O) 


[ 3S (co) 


3, (x, bt) (28) 


+J=0, n=0 
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—s {o%ap9 (x ~a xO: 


8S (co) 8S (co) 
E (x, 2)’ 8 (x’, Z) 


+J=0, n=0 
ee | 8S (co) 8S =O: 


Sn(x,t)” d(x’, all: 


[ dS (co) 0 $8S(c) 


EUR E RE gets OU Cnt (29) 


J=0, n=0 
= 649 (x — x’); 


SS (co) SSia) 
ee (xt)? SnD 5_ 


3S (co) 8S 


lawn’ | =o 


8y (x’, t) I 
W*S* (00) S (90) UV = 1. 

From Figs.(22) - (24) it is easy to prove that if 
the matrix element of transition fromS (cc) is found 
in the vacuum state for t = —o and for y = + 0%, 
then we find the matrix elementsof the transitions 
in the successive functional differentiations with 
respect to the external sources. Therefore, instead 
of solving the operator equations (25) - (28), it 
suffices to solve the system of equations obtained 
from these equations for the matrix element of 
transition vacuum-vacuum* : 


(@p (+ 00) By (— ov)) 
= (Wo (= 00) S (20) Yo (— 
From Eqs. (25) - (27) and (30), we obtain 


(30) 


20) =Z 


as naz 
[w(- id, + ie ae + m| Foo 7 (4) Zs (BD 
(+ idy + le =) Yu (31a) 
+ m= = — in (x) Z; 
8Z f) (32) 
TOR, a Ox, or =I, (x) Z 
+ lim + Tr al os 


8n (x) 89 (x —6) 
27 : 


5n (* —e) 8q (x) 1? 


* By functional differentiation with respect to ex- 
ternal sources [ see Eqs. (22) - (24)], and by then set- 
ting 7 = J =0, we can obtain all the matrix elements for 
the effects, with consideration of all radiative cor- 
rections, from Kq, (30), 
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0 8Z 
From Eqs. (30) - (33) it is easy to obtain the 
system of equations suggested by Schwinger . For 
this purpose, we consider that the matrix element of 
an arbitrary operator F(x) (in the notation of 


Schwinger ) is 
FAS 
<F(x)> = sash BOTS 
By S (co) uA 


where Y, describes the vacuum state. In view of 
this equation, Eqs. (31) - (34) take on the form 


(34) 


tu(10, — 664, + tegh) 22 09 
§Z 


39 (x) 


+m < > = 19 (x); 


. 8: 
(@,—e< A, >+ée an) (eS >1, Go 
8Z ia 


pie. oe 


= A 


, Thee, 
— iJ), (x) s+ eee Tr vb 


(J ——__ + __* ___]z), 
(Saree mie” 


tas wr 5 =0 (38) 
with boundary conditions 
8Z 
Bn(e) 


when 


sZ Oe 


3 | 
I 
° 


vies 7 ==. 0; 

and with the condition that 
&Z 

57 (x) Sy (x’) 


eZ 
3S, («) 8, (4%) |y0,n=0 


; 
n=0 J=0 


take on only positive frequencies xo > %q and 
only negative frequencies for x) <% 9: 
Following Schwinger, we introduce the follow- 
ing definitions: 
_ 8 sZ 
yf aan (eos 
89 (x) * Sy (x) 


Ey Pa U(X), 2 (X03 


> a =G(x, x’) 
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P ny 8 
Ca arate) ry > = Dy (x, x’) 
= t[P< Ay (x) Ay (x')¥ — ¢ Au (x) > < Ay (x') 9). 


G and D are the Green’s functions of the electron 
and photon fields, respectively, From Eqs. (35) - 
(38) we obtain the following system of equations : 


. . ; 8 
[te (— #8, — ¢¢A,>) + ie, ar] @9) 


x G (x, x')+ mG (x, xX) = a(x 2); 


ah 1 ; b) 
[ide — eX An(x)> + feapey| (40) 
x G(x, x')1,— mG (% *’) 
= —3(x—2') 
(41), 


O50 s 
Bea faced Diy} < an » 
=JSi,+ lim § bs, [+ (G(x, x’) +G (x',x))| ; 


. d 9a (42) 
(— LJeyy + ae cael Dyy (x, X;) 


—on 0 (x — X,) 
: 8 [ ' SPA 
Him 7G.) TF tn [F Oe, x) +6, x)|; 
0 


Ox, Dev =0. 


Here G(x, x’) and D (x, x”) contain only posi- 


tive frequencies for x, > x6 and only negative fre- 
quencies for x, <x 93 at the point where x9 = x9; 


these functions are defined as the half sum of the 
quantities for x9-= % + €- 
We transform to the momentum representation, ob- 


taining 


B (X14, X25 +++» Xn) (43) 


\ eXp {£P\X1 — 1peX2—... 


1 
= (2n)8°—) 
as ips B(p,, Py» cee 
(BA, Gop). 


From Eqs. (39) - (43), we obtain the following 
system of equations 


(p + m) G(p, pr) 
—e<lA(p—h)>G (kp, ate 


Dane ep: 


(44) 
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sG(p +k, py) d*k =3(p— p,); 
© WE 


+ oor |, 


3J,, (2) 
<A, (8)> = (8) oe 
+ Gn Tr (S 1,4 (p + , p) dp}; 
(46) 


(#84, — Ruhr) Day (R, Bx) 


dG (p al 


= 6,,9(R — ky) + Qn) Tr {\ Ta By (2) 
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In what follows, it is advantageous to go over to 
another form of the equations obtained for the 
Green’s function: 


(p -+ m)G(p, Pr) 


(47) 
—e| <A(p—k)>G(k, pi)a*e 
+ \ yes k)G(k, ps) d*k = 8(p — py); 
(48) 


(RS. — RyRy) Ay (R) 


=Ju(k)+ gar Te {\ 1, (P+ 2, Paty}; 


(Rn, — Ruka) Dry (Ry By) = Pd (b — Rs) — | Pro (Ry P) Dov (Ps fx) a*Bs (49) 
where 
re 3G k,kR = 
SO. =—geq ley OF Pe eee — 
: 
= — pap \ 1G (P+ Pa) ES (Pr Bas he) Dap (hay ) dad tals; 0) 
PAcRee dG(p +k, R) = 
Puy (Ps fi) = Gapyeg Tt pen Se< A, (h,)> i a5 
2 
= Sar Te {] 1G + hy ha) Ts (has has ha) G (Rs, f) dtkd'hyd'hs oe 
ie > k, k —- ee (2; Hf) = 7 6 a an ae a SSE 
(p 1) de < A, (R,) S eae (p k Ry) be < Ay (R,) > c ©2) 
From this set of equations we can, in particular a 
obtain an infinite set of coupled equations b k _ 
ip» Si Cec eae i JEN potas! 
means of successive differentiation of Eqs. a = ae oat ce 
(52) with respect to A (k y / n 
In the frequent case when the external sources x C ae — Si,» k, Simtpiy c++ > si) a*ks 


are absent (J =0; 7 =0), this sytem of coupled 
equations has the form: 


{p + m+ (p)} G(p) = 1; 


(53) 
(RS. — Ruke) + Pro (k)} Dev (k)=1; (54) 
(n) Se 
Sus eee yg Pn ( j= ») Smy Si, cee es (55) 
m=1 
ue S * Gm 
(Qnji es g 
Xx (+e, p+k— Djs: Jet? 
r— 
(k) : 
x Open Ae a5 b— DSi Pp — 2s 


4 
B. L. Ioffe, Compt. Rend., Acad. Sci., USSR 95, 761 
(1954) 


(n : 
IS ety, (> a TI yi eo .) (56) 


m=1 
ahs (n-+1) 
Tu no ep, Pye 
Rk 
Xx (p+k, p— > Sia hess > Sm); 
m=1 


(1 : 
GP ee (>, | Via SS Sr, S,.-.- s (57) 


T=1 
=e 
2 Piel m Px Xs, Shy 2 Sin ) 
m 
(n—m—1) =e ; 
“imta*in (p a oP 


n n 
2 Di See 5, Cy (p— >» s] : 


<p 
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n 
(n) 
Desi Mn (> i ene: » Sr, Sy... s| ; (58) 
r=1 
* m 
= (my \\ 
= — > De (P, y » Sips Si, ++ Sig] 


Sep 


™m n 
= 

Se aries 5 i => Si, p—»> Sry Simyyss+ 
=I r=1 


Sete (p, dU Diss Si. 


n=1 
si Dp” [> — s] : 


si,) = (59) 


= some Tr {hr DD Gu rita (Pa ee Os te Sig 


71 


x Tee Pimth (> ate y Sips k+ > So 3 Uae Sel 
r=1 


x Gy, m-+-k+1 (2 + 3 Si,» k, Simtr+i 


r=m-+k-+1 


where aS f(s, ) denotes that all the variables i. 


= 1) 
take on value Sain r=1tor=m, but such that 


y=ip-~ a ee 


In drawing up such a program of caren 
we transform to new variables G’, Di, aS Ay: 


Jie ek ns ab’, n’ which are Pid to ne 
former variables in the following way: 
G ; 1B) 
GE an Ba S — Ly 
ae Ds oa (60) 
Ti. =Z,2); 
F GAS ; v 
Av = AT * el ae 
« ‘ » Zhe ) b Zs ’ 
i vy) ’ 1/, =a a eae l 1/, 
SS 2. = 25H; J Za J). 


The renormalization reduces to a choice of 
definite values for the constants Z,, Z,, Z, and 
to the substitution for m and e the experimentally 
observed values for these quantities. This leads 


to the impositon of the following conditions on the 


solution of the renormalized equations in the ab- 
sence of external sources (J =0, 7 = 0). 

1) The Green’s function for the electron must 
have a first order pole at the momentum p=~—m 
where m,__ is the experimental value of the elec- 
tronic mass. The constant Z, must be so chosen 
that it would follow from the equation for G’ that 


’ 
exp 


s} ak, 


Gy Qa when pent (61) 


2) The Green’s function of the photon has a 
pole for momentum k* =0. The constant Z3 is so 
chosen that it would follow from the equation for 
G’ that 


De (2) 1 / k® for (Rk?) =='(); (62) 
3) It follows from the relativistic invariance of 
the theory that for p =Po =-—m__ the quantity 


exp 
he: p°, 0) is proportional to Yu: 
We choose the constant Z , so that it would fol- 
low from the equation for I that 
lv (p, yige 0) = ifs (63) 
For these conditions it is not difficult to prove 
that e“ = Z~ Li, Ze e is equal to the experimental 
charge € ¢x5- Hever. let us consider any ex- 
periment with whose help the value of the electric 
charge is determined (for example, the scattering 
of eléctrons of small momenta). This process is 
described, to a first approximation, by the excita- 
tion theory diagram cited. The matrix element in 
this approximation can be written in the form 


re aD Gy ese): (64) 


Calculaion of the radiation corrections reduces 
to the replacement of the zeroth approximation 


p°, Ya Diy by the values 
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Dm of these quantities with 
account taken of the radia- 
tion corrections to them, 
e., W, Ty, and Dinp re- 
spectively. However, as follows from Eqs. (60) - 
(63), for such momenta of the electrons, when they 
are almost free (- p ~ eee, and quanta of low 
energy are exchanged ( the momentum of the pho- 
tons k ~ 0), consideration of the radiation correc- 


LZ; (p + m)G'(p, pi) — Cexp Z 
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tions does not change the type of matrix element of 
the zeroth Bpproximation; but pooky. leads toa re- 
placingof e by e’=Zj Lae Ze 3 ¢ in Eq. (64) in the exact 
matrix element @ % eae the predictions of 
the theory with experiment, we determine the ex- 
perimental value of the charge which appears in’ 
front of the brackets of the form (64) inthe exact 
matrix element, and this constant is e 4-as we have shown *. 


From Eqs. (47) - (52) and (60), we obtain the 


following system of equations: 


i\<A(p— hk) G' (hk, pi ath 


+{ > 2)G'(k, path = 3(p— pi); (65) 
, ' ie, 2 F 
Z3 {R°Ony — RyRy} <Ay (R)> = Ju(R) + One “2, Tr {\ ~uG@' (p+ k, p)a*p}; (66) 
Se ene ae (67) 
Pry (p, fa) = GBB Zr Te (4G! (p + hy ba) Ts (By Bay fa) 
se G' (ks, k) d*k, dk, dk; (68) 
DG, k)= oe ey 21\1.G" (p+ ky Pr) Ty (Pry Ras Be) Diy (Rok) ata pk; (69) 
5 52" (2, &) 
(0; Kk) =e — k -- k;) — ——~,—_.. 
v(P, R, Ri) =Zo%.0 (p esos = LAE (70) 
The constantsZ,, Z,, Z, are determined from the where (1) sl’ 
conditions (61) - (63). To find them, it is appropri- >: = eS ia for J=0O. (76) 
ate to write down the set (65) - (70) for the case ites 
7=0, J = 0% From Eq. {71) we have 
Z(pim)+ SPQ (~)=1; Ww Cp) = (77) 
2\p PA (p) Zip Lapa) 
h?oy¢ — Rye) + Poo (B)] Dov (B) = By (72) 
see 0) + Pre (H)] Om When -p > Mm.» expanding >’(p) in a series in p 
s (p) = aa 6) pe Mexp We get . 
. G' (P)|-bm exp (78) 
x Z,\4,G' (P+ R)TV (p+ By Py b) Dru () bth ; : 
. 0d! (p%) a. 
(74) Pog ere 


22 
(Qnji 4 


Pep) — 
X Tr/ ee G'(p+k)Iv(pt+, R, p)G (k) dati ; 
Dy (p sok ape) (75) 


(1) 
— Dy (p + k, p, k) and so on, 


* It is a reflection of this fact that in the renormal- 
ized equations (see below ) for the almost free elec- 
trons (- [= m,__) in the interaction with low energy 
quanta ( momentum k ~ 0), there is no radiation cor- 
rection. Asa coupling constant in these equations, we 
have not e but e’; to which, consequently, it is neces- 
sary to add the value of the experimental charge. 
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On the other hand, in accord with Eq. (61) this 
same quantity must equal 1/(p +m, xp > Whence 
we obtain 


2 _ 2 (po), _ ,__ 0%! (pe) 
M(t M exp Ze ; Lo = ] ES eps” (79) 


Analogously, it follows from Eqs. (62) and (72) 
that* 


1 OPP, (29) 


Ze —— 1 = 
: 80 
2 oRcar® a, (80) 
_ 1 oP an) 
aa fo) (Ro)? 
(k°)?=0 


Here we have considered the circumstance that 1) 
(g elie) is equal to zero (the proper mass of the 
photon) from the gradient invariance of the theory ; 
2) from the law of conservation of the Dirac cur- 
rent and the gradient invariance, Puy (k) = B (k?) 


x (R75, - kk), where B(k”) is some function of 
the square of the momentum and therefore the first 
term of the expansion in powers of k is equal to 


zero for k =0. 
Finally, from Eqs. (75) and (63), we get 


Zirh, = tet Dy (P% Ps 0); (81a) 


(81b) 
Zee SOPs, 0). 


Substituting Eqs. (79) - (81) in the infinite set 
of coupled equations (53) - (59), we. get the fol- 
lowing set of renormalized coupled equations 
(we omit the primes ): 


[p + mex + 2&1? (p)] G(p) = 1; (82) 

[R°On9 — Ryko + Pion | Dy = 1; (83) 

(p) = 2 (p)—2(p2) 

depo) A 
— =k (p = Ulex) Sinks ’ 
OP, (#°) 
Pipe () = Pov (#) — Pew (0) — ba ~ 5 po (85) 
es OP 5, 


* In Eq. (78) the summation is not carried out over the 
repeated indices p. 


— sO (p +k, p, k) +20 (p9, po, 0); 


) un ( Ps P= 3) Sigs 82+ -5,) (87) 


msl 
Codn # * * 
=~ ar Z1\t, SO (p+k pth 
m, k=0 
— a Stp> Si,.+- Sin) x ate m+1 
imp P Si >) Sis 
r=1 r=0 


n 


oe Sy esis Sie ae - Simsn) X pi-mh) 


r=m-+k-+1 


x (A+ >, SiR, Sty kda * - «Si, ) Ak; 


rm-+n+1 
Thain (Ps P— DY Sm hy Sa-Su) (88) 
m=1 


= p80, — a) a (p ey: 


Shy, $1... Sx] + s) (p°, p?, 0); 


m>l1 


Gee a (P» p-— y SraSieees n) (89) 


r=1 


n n 
. ) 
— Gai Pig (Po B= Dy Sts Sune Sipe} 
m=0 


r=] 


m 
(n—m-+1) 
X Tea “Vin (P is > Sips 


r=] 


p-> Si Sia ayuemssf) Conny) Sr) 5 


it r=1 


Deas a (2 D— y Sense Sa) (90) 


T=1 


m 
* 
= -- >, Dy... (p, p= ys Sins Sipe Sim) 


rl 


(2—m—1) 
xX Povey ain (2 > Sips 


p-> Spot Sistas 5 Si,) DY (p—>: Sr); 


Tr=I1 r=1 
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n 
Pines ae p-— ») Si,cSamt Sn) (91) 
m=1 
=a Z.8p{\y Dae eet 
ay, Sins Six» ++ Sig ) 
r=1 
a ane impr (P ee a ts 
dea > Si,» PD — » Sr Siggy s+ Sin) 
r=m-+-k+1 r—1 
x Gee cestte (& 
zie Sins k, Simi kta meme Sin) atk}. 
r=m-+k+1 


From Eqs. (81) - (91), we optain the following 
equation for Z,* 


Ris Oe: S| Pi, 8) = 


x [G(p, R)TV(R, pi, k 


< [G(p, k)Ty (ky Ry, B 
Kyr(p, p— R, Rk) = — 


+ oa \(G (P) To (Pp, —hx) G (p + 


X Dy (k) Kup (p + hi — Rk, ky, p — 


Yuu (p at k, k) = 


Oa (es ak ee 


eae [G (p)T. (p, &) Dy (R)] 


ag, (G (p+ k)T (p+ &, &)] 
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(92) 
x (yr, [6 (B+ W)Te (pe + bs p+ &, 0) 


x G (By + k9)T3(p? + k, p®, k) DY (2) 
+ G°(p? + k) 
x Ti (po + k, p%, k, O)DY) (k)] d4e. 


Substituting the quantities La Leia Eqs. (65) - 
(70), we obtain the set of renormalized equations 
produced in reference 2. 

For the effective exclusion of overlapping in- 
finities of Z,, it is necessary to express Dy 


dG7*/ dp yand 9D" 1/dk_ by the corresponding 


(uncited) graph (the role of the cited graphs is 
that they reduce the Mp which enter in the uncited 


graph to Ts the very automaticity also effectively 


leads to the exclusion of the overlapping infini- 
ties. In this case we introduce the following 
quantities * 


ot \ saz 


8 
= 


com cs 8 exp Ap (— &s) 


2) Dyn (Re, $1)) RES (Ri, Bal Pr 8) A4k dh, dh, d*ks; 


e2 


(94) 


ki) Ty (p + ky, &) + G(p)I2 (p, &,—R,)] 
k); 


(95) 


—\[G(p+ &)To(p +h ey) G(ptk+h)Ty (p+ b+ hy &) 


+G(p+k)TS (pth, k, 


The set of renormalized equations then takes the 
following form: (96) 


0G! (p) 
Te St ale (0, (Dp, —k) Kay (p “ks k, Pp) 


* Formally, in the brackets in Eq. (92), we must 
ee nas one term 6° (5° zk icine op Ae +k, p,, k) 
) (& k, 0); however, as was ieee in the Ap- 
cone this term is equal to zero. 


—k,)} Dy (k) Youle = D; k,) ake 
Ce 


— Pi (Por —k) Kay (Po +, R, Po)} dk; 


OD-}(k) 


Ok, 


= 2Ri (97) 


oll ee 


= any (Ua (2) — Ty (to) — Boe =) 


* Here and below the symbol J denotes that the given 
quantity is taken for the presence of external photon 
sources ; if this symbol is absent, this means that J =0. 
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(J % 
Ds (Pus Pas Ps) = 13 (Pp, — py — Ps) 


(98) 
— JP? (pis, 31) R (s, silpe, Ps) 
—T (Po, $, —S2) Rur(S, $1|P2, 0)} d4s d4s,; 
4 lad 


Xx Yiu (p + k, k) d*p\ 
where 


Dyy (2) =e (8, ies 


R=0, p= m,, 


Here Gp) and D7 (k) satisfy the following 
boundary conditions: 


(Po — m) G (po) = 1, 


Choosing the set of equations (73) - (76) along un- 
cited graphs if of the same order in charge ) for 
Dy » Ht, dG) (p)/ Op we obtain a complete set of 


k2D(k2)=1. (101) 


Pepsislized equations. 
APPENDIX 


a) By way of an example of reduction with func- 
tional derivatives, we consider thesolution of the 
set of Eqs. (25), (26) in the absence of interaction. 
Averaging these equations over all states and 
transforming to the momentum representation, we 
get 
8 < S(co)> 


(p + m) Spyro) <> (09) 3 (AT) 
S (co “ — 
aE) + m) = — iH (P)< S (co) > 
OS = eS (00). 


The boundary conditions for / =0, 7 = 0 have the 


form 
8 < S(ca)> 


ar =i<d(p)>; (A2) 
SIR = — C4 (0) >s 
SSSR = KANO). 
It follows from Eqs. (Al) and (A2) that 
<S(e0)> = exp[i[ 2 1) (as 


h, kk, 
Hr) D (ke) + “Bee di (A2), (100) 


+5 Ie = SelP)+IlD)Ad(D) 
+ <d(p)>0(p) + 1(7)<4(p)>\a'p| : 


In particular, when an average is taken over the 
vacuum-vacuum states, in accordance with Eq. 
(38a) we get 


(¥o, S(c0) Fo) = exp [i | {7 (@) = — (0) (ag 


+ 54, (—) 5 oe le )hdtp |. 


Finding a solution for S does not present much dif 
ficulty, even in the case of the presence of inter- 
action. The solution is carried out by means of the 
theory of excitation, assuming a solution in a 


power series in the charge. In this case, Eq. (A4) 
plays the role of the zeroth approximation. 

b) The Theory of Ferry. In terms of the func- 
tional derivatives with respect to <A, >, the 
theorem of Ferry can be formulated in the following 
manner: in the absence of external sources 
(J =0, 7 =0), the odd functional derivatives with 
respect to <A, > from the Green’s function of the 
photons Duy are equal to zero. In fact, taking into 
account the charge symmetry of the theory, as is 
not difficult to show, the polarization operator 
Py [see Eq. (51)]can be written in the form: 


eo (Pp; ky) 


Sp {in| se Ber (Ai) 


—G(p+k, mee 


(A5) 
[G (p + k, k) 


2 


> (2n)* i 


where G is the Green’s fync tion of the charge- 
coupled equation. Here G is defined by an equa- 
tion analogous to the equation for G [see Eq. (47) ] 
only with this difference, that the charges e are 
taken with opposite sign. If we take the solution 
for G in the form of a functional series in <A Tea 


y \e"G Ge vn (> ®, S1- - Sn) 
Ay, (Sa) > @*Si~. 2 *Sn, 


G(p, k) = GU 
n=0 
X¢ Aj (S1)>-- 


then the sean for G (p, &) will have the form 


G (p, k) = y | (—e)"Ger. en (DR pStae esa) (A7) 
n=0 
WecAN (Si) ee, (Sn) > 2 Spee @ Sas 
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From Eqs. {A5), (A6) and (A7) (and taking into are equal to zero for J = 0. 
account that for J =0, 7 =0), we find that the odd 
functional derivatives of Puy with respect to <A > ee ee by R. T. Beyer 
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Bremsstrahlung from the Collisions of 7 
Mesons with Nucleons * 


V. G. SOLOV’EV 
Institute for Nuclear Studies, 
Academy of Sciences, USSR 
(Submitted to JETP editor April 18, 1955) 
J. Exper. Theoret. Phys. USSR 29, 242-245 
(August, 1955) 


1 BREMSSTRAHLUNG from the scattering of 
¢ mesons by nucleons, arising as a result of the 
coulomb interaction, was investigated in reference 
2; yet, because of the strong interaction of mesons 
with nucleons, the principal role is played by 
bremsstrahlung from the nuclear force. Conse- 
quently, in the present work the cross section is 
calculated for the process of radiation of a y- 
quantum in the scattering of a pseudoscalar 7- 
meson from a nucleon by the nuclear force, both 
for pseudoscalar and for pseudovector coupling of 
the meson to the nucleon. The calculation is 
carried out to the third order in perturbation 
theory with the nonrelativistic approximation for 
the nucleon. Resulting formulas for the cross 
section of the process 7 +p+xm7 +p +yare ob- 
tained separately for the cases of pseudoscalar and 
pseudovector coupling. 

2 Thedifferential cross section in the coordin- 
ate system where the nucleon is originally at 
rest, for the case of pseudoscalar coupling, has 
the following form (the quantity % is everywhere 
designated by h): 


/ p \2e (h g?\2 
2m | he a & 


dE, 1 
Si tg CAO = 78 Sm j ne) 
: ; 


(Gn, 
(1 —6,)" 


BS xs (Bon, vie 
x Be Ey = (1 — Bon.,)* 


, Bir — (Bom) (Bin BG 
Cen: Wi Banhy ) 


dQ, 


Vo __ chko . Uy 
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and where hk, Ey; hk, £, are the momen- 
tum and total energy of the meson before and 
after the collision; Ak ,/, are the momentum and 
energy of the y-quantum, m the mass of the 
nucleon and p the mass of the 7-meson. 

For the investigation of the angular distribution 
of the y-quanta, Eq. (1) can be rewritten in the 
form 


dE 4 np 
ds = o, — dQ,adQ = sala) zy(4 2 (2 
Bo a Gearon lie uc) he (2) 


x hy dE, Bo By 2, 
Ro E.. => See | Re 8dQ,dQ,, 
o i Bon 1 — Bin 


where @ is the angle between the vector 


8 By 
( 2 2. and k,,. In the nonrelativistic 
1— Bony, i Bin, 
approximation for the meson this formula has the 


form dE, 
AG = Co wa am 
0 ED 1 Y 


= wa(ae) (EVE (4) 2G. — ay 


dE. 
X sin? 6 ae dQ,dQ,. 
Y 


(2°) 


The angular distribution of the radiation is 
similar to that of a dipole vibrating along an axis 
which coincides with the vector Vy - V}- 

The angular distribution of the y-quanta, dis- 
regarding the angle of the scattered 7-meson, is 
given by the formula 


dE 4 2e? 2/ h \2 
xian, \oott= (F) (fa) (ae) 


dE. 2 sin? 9 4 
x Be Oe aa an pte ol, 
ko Ey, |(4—Bocos 9)? © By By 


where $ is the angle between the vectors k, and 
k,. In nonrelativistic approximation for the 
meson this formula takes the form 


dE. 2e2 / p2\2 
Y uw \e (gs 
Br ty \oetOs = (im) he) 


Y 
h \2 ky : 2 i. 
(REE om et ge 


In this case of nonrelativistic energy for the meson, 
the majority of the y-quanta emerge perpendicular 
to the direction of the incident mesons and with 
increasing energy up to this maximum deviation 
from the direction of the incident meson. The 


(3”) 
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energy distribution of the y-quanta has the char- 
acteristic formula 


dE, 
ie \ 6odQ dQ, (4) 


yy 1)? /g*\2 2 i 

- (6 (Z) mat ky E, 
I eee (Pek 
Bo oe oe; 1— fy 


In the nonrelativistic approximation for the meson 
this expression takes the simpler form 


dE. 
7 | oot, (4’) 
£ 


= 3 (a) (5) lal = (62 + 62). 


The total cross section is obtained by integrat- 
ing over a very small energy interval 6, about 
the Shei energy of the percent meson [=E, 


- pc’. For the case E, > pe 2 the total cross 
ene takes the es 
dE 
C= \ Fr 30d 1d2,, (5) 
Y 
2 / o?\2 e h \2 n 2£0 Ey, 
=e Sule 
y (5) (Z) (a) cath Ons 


in the case of nonrelativistic energy for the meson 


des 
o.= \e od QydQ,, (5’) 


2eS 2 /g?\2 e° Vas |in 3] 
oa he) he uc Se Onihe 


where 7') = (hky)?/2 p, that is, the energy which 
the meson under consideration would have non- 
relativistically. The total cross section increases 
as the first power of this kinetic energy,and at 
extreme relativistic energies the total cross sec- 
tion increases as the square of the logarithm of 
this energy. 

3. In the case of pseudovector coupling the 
differential cross section takes the following form 


dso=o 


dE. 
: a dQ, dQ, (6) 


_ 1e/f h\2 k; Ex EAE, 
Tt ne (he) (jc) Be Coanye 


X {(Bo ra 4 (Bo6, —(Bon,,)(Bin,,)) 


= Gin) Ea 
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ee —(Bon a Ey 
ee (Gn, — Ete 


i= Bon, 
pe — (Bon ‘siege 
+ 2 fet (Bey + at <2 
(i Sar Pony)” nee is 
Et (ch)?(kyKo aed k,) Fy ) 
Ee (2mc2)2 merE., 


Vi Bn 2 
ree (¢3 Gal + ap + 22 
as 


(1 es Bin,)? 
Ey 9 (eh)? (Ko, ka +ky) 6) 
ES (2mc?)? ame? Ey ; 
2 BoBy re (Bon,,)(B:m,,) 2 2 Fok, 
= es oF 1 
(1 —Bon,) (1 — Byn,) Ey 
ayy tape ae ce 
Ly? (2me?)? © amc Ey, amc, 
2. BE + EF 
a a 0 
ate (erties) (te ImcE, ae os (+S) 
oink if Boe E3 
+ (Bot) (4 
2mc* E2 


With further analysis this formula, carried out 
in the range of energies which satisfy the in- 
equality Ll pc’ <L, «K=me’, takes the form 


(6’) 


dE. 
do = oy —— AQ dQ, 
per 


=f aa(e) elt) EE, dQ,aQ,, 
ss —S 1 


hc} he (Hie=)2 
. ee elena or Ee 
x {(6o — fy)? + (ee pep lt (8:n,)*) 
+(g2— Oa 2 (B.Br— (Bon,,)(G.n,)) 


eae = [8 (Pon,)? — 85 (B.n,)°]}. 


The angular distribution of the y- quanta, dis- 
regarding the angle of the scattered 7-meson, has 
the characteristic form 


dE, 
Te AQ, \ e040 (7) 


4 e DANS Pee: 
zie) le) Rao 
0 Ro (uc)? Rs 
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pp? G2 sin? 94 
( 


eee | Dr 
(B2 — g2)2 L(1 By cos 82 T 3. ei 


PP (a4 4)). 


0 x 


x {85 + BE-+4 


The energy distribution of the y-quanta is ob- 
tained after integrating over angles : 


dE, 
a \ ood Q,, dQ, (8) 


2 (EAE 
he 


he\he} \ue} ky (yc®? 
x {62+ 62+ 2 622 _1 bY? 2 
oF Pir > Boky ee 1)” + (chRo)*] |. 
EF 
The total cross section for the case pc” « je 
mc” takes the form 
dE, 


BN lee Ses 
\ pia eames? 


=2= (ZV (AVS (4 el 
he =) i 3 \ pc? 


Note that the cross section for the process 


(9) 


n £0 jn Fo F 
uct oe 


7+ +p+a++p+y differs somewhat from the 
cross section for the process 7 +p>7 +pt+y 
in the case of pseudovector coupling. 

4. The cross section obtained by us, do, for 
bremsstrahlung from a nonrelativistic energy meson 
and with E, <E,, together with the cross section 
for elastic scattering of 7-mesons by nucleons 
derived in reference 5, gives the most general 
relationship 
a ca (Vo = Vi)? pa do 
3m Ac Cc? - 


dor ead T- el. (10) 
An analogous relation has been obtained earlier in 
references 3-5. 

The total cross section for the process of 
bremsstrahlung from the scattering of 7- mesons 
by nucleons for both types of coupling of the meson 
to the nucleon has the order of magnitue of ieee 
cm? forE, ~2yec?,for fF vw @_t 

1s Nato 5) 

and for the energy interval 5, = 1 mev. 

In conclusion, I wish to thank Professors I. I 
Pomeranchuk andI. M. Shmushkevich for assistance 


and guidance in this work. 


* This communication is based on work coinpleted in 
1952 at the Institute for Nuclear Problems of the 
Academy of Sciences, USSR. 
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The Role of Isobaric States of Nucleons in 
Meson Creation 


A. I. NIKISHOV 
(Submitted to JETP editor April 18, 1955) 
J. Exper. Theoret. Phys. USSR 29, 246 ( August, 1955 ) 


S is known?, there is experimental evidence 

that the isobaric states of the nucleons play an 
important role in the process of meson production 
in nucleon-nucleon collisions. A series of authors 
have taken the point of view that the production of 
pions proceeds entirely through an isobaric 
state 7-4 However, it has not been excluded that 
direct production plays a significant role in such 
processes, 

Let us examine the experiments on production of 
charged pions in the reaction Be? +p 2. In these 
experiments the ratio p = at+/a—(n* and 7~ 
indicatingthe number of 7+ and 7~ mesons formed) 
is equal to 6 at an energy of 1 bev, and to 1.8 at 
2.3 bev. In the paper of Peaslee? there is a dis- 
cussion of the possibility of explaining such a 
dependence of p on energy by assuming that the 
production of pions proceeds only through an iso- 
baric state. At an energy of 2.3 bev, in order to 
calculate p, one must evaluate matrix elements or 
else make definite assumptions about them”. At 1 
bev, however, there is not enough energy to pro- 
duce real excitation of two isobaric states and one 
must therefore assume that the production of pions 
goes only by the excitation of one isobaric state. 
Then, assuming only the hypothesis of charge 
independence, it is easy to calculate p. The result 
obtained by Peaslee” for p is equal to 6, agreeing 
well with experiment. However, in this work an 
error was made, as pointed out by the author him- 
self in a following paper®. The corrected value 
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of p at 1 bev is equal to 9, no longer agreeing with 
the experiment. 

We have carried out a calculation of p on a 
statistical theory *. In the calculation we have 
included both the production of pions via the 
isobaric state and direct production. The relative 
importance of the two processes is determined only 
by statistical weights. It is assumed that at these 
energies in the reaction Be + Pp, the incoming 
proton interacts with each of the nucleons of the 
nucleus as if it were free. 

Let us examine first the situation when the 
energy of the incoming protons is equal to 1 bev. 
Then only the following processes are important: 
NN, NN’, NNr(N — nucleon, N’— isobaric state). 
These correspond to elastic scattering, excitation 
of one isobar and direct production of one meson . 
These processes are easily calculated by the 


formulas given by Belinfante*. Simple calculations 
yield 5 for the value of p. Ata proton energy of 


2.3 bev, besides processes producing 1 or 2 mesons, 
3meson production has some importance. This corresponds 
to the processes N Vz, NN ‘rand NNam. Evaluation 
indicates, however, that these reactions occur in 
only 4 to 5% of all collisions. The calculation of 
p at 2.3 bev yields 1.8, agreeing exactly with the 
experimental result. 

We have calculated, likewise, values of p for 
intermediate energies. These are as follows: 


E p 
1 5 
1.46 2.7 
1.75 2 
23 1.8 


Thus, both the value of p and its dependence on 
energy agree with the calculation according to the 
statistical theory, in which is included both direct 
production of 7 mesons and their creation via iso - 
baric states. Inclusion in the statistical theory 
only of direct production of mesons given at 1 bev, 
p =3.5 and at 2.3 bev, p = 2.7. 

In conclusion, I am grateful to Professor C. E. 
Belen’kii for cricticism of this work and for valuable 
suggestions. 


; W. B. Fowler, Phys. Rev. 95, 1026 (1954) 

Z D. C. Peaslee, Phys. Rev. 94, 1085 (1954) 
3D. C. Peaslee, Phys. Rev. 95, 1580 (1954) 
4, J. Belinfante, Phys. Rev. 92, 145 (1953) 


° C. E. Belenkii and A. I. Nikishov, J. Exper. Theoret. 
Phys. USSR 28, 744 (1955) 
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Numerical Values of the Constant of the Triplet 
Beta-Interaction 


D. A. FRANK-KAMENETSKII 
(Submitted to JETP editor November 22, 1954) 
J. Exper. Theoret. Phys. USSR 29, 135-136 (July, 1955) 


HE ratio of the constants of the two ele- 
mentary interactions leading to allowed beta- 


transitions can be estimated from experimental 
data ’~ which have appeared in recent times. We 


shall employ nonrelativistic terminology and call 
these interactions singlet (Fermi selection rules) 
and triplet (Gamow-Teller rules ). 

In the general case of a mixed transition the 
ft value found from experimental data is connec- 
ted with the interaction constants by the equation 


2 2 

sell sec ae (1) 
0 1 

where M, and M, are the nuclear matrix elements 

for the singlet and triplet interactions; the uni- 

versal times A, and A, are inversely proportional 

to the squares of the interaction constants G: 


hae am? In2h7  1.2.10794 (2) 


me c4G2 G2 


For a pure process A = ftil”. 

The nuclear matrix elements M) for the singlet 
interaction are found theoretically. For this, no 
other assumptions are required besides that of 
charge invariance. The latter is violated only at 
the expense ofa distortion of the nucleon wave 
functions by the Coulomb field. For the triplet 
interaction the nuclear matrix elements M_ can be 
found theoretically only for pure states. 

Because of the indicated reasons only the 
singlet constant can be found directly from the ft 
value for a pure process. For the singlet interac- 
tion it was found directly from the decay of 0}4 
that A, = ftM> = 6550 + 150 sec. 

For processes going by a pure triplet interaction 
the matrix elements are unknown. Therefore, one 
has to turn to mixed transitions for an estimate 
of the triplet constant. An exact value of the 
matrix element M_ is known only for the free 
neutron, whose Hien has been measured with 
very low accuracy. But we can give an accurate 
upper limit of the quantity A, in those transitions 
for which an upper limit of M2 is known. The 
beta decay of triton yields the extreme of such 
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estimates. On the basis of detailed calculations? 
one can assume that here M, cannot be greater 
than three. The value ft = 1014 +20 sec has been 
obtained from very precise measurements ~. 

From this we obtain that A 1 £3600 sec. This 


upper limit practically coincides with the very 
lower limit which can be derived from the lifetime 
of the free neutron measured by Robson‘ with a 
quoted error of +18%. Evidently, the errors of 
measurement specified by Robson’ are to be re- 
garded as probable errors in the statistical sense, 
but not as outer limits of the error of measurement. 
Apparently, the actual error of these measurments* 
is larger, inasmuch as M? for triton must be less 
than three. 

Thus, it turns out that the lifetime of the free 
neutron, at the precision with which it is known at 
present, yields practically nothing for the de- 
termination of the constant of beta-decay. 

A lower limit for A, can at present be obtained 


only from astrophysical data. Amongall the possible 
models of the sun, the pure hydrogen-helium model 
gives the lowest rate of heat production. In ad- 
dition to this, the total heat production is pro- 
vided by the hydrogen cycle, whose rate is de- 
termined by the triplet beta-process H)4H? =H? +e" +0. 

This is the only beta-transition for which the 
matrix element can be calculated accurately from 
theory, which has been done by Frieman and Motz® 
and also by Salpeter®. The observed energy pro- 
duction of the sun is provided by the hydrogen 
cycle alone with A 1 = 2060 sec, which can be re- 
garded as a lower limit of the quantity 4). 

Thus, the value of A , must lie inside the 
limits 


3600 > A, > 2060 sec, 


and the ratio of the constants R = G7/ GAYA, 
is between the limits 3.18 > R > 1.82. 

All theories that require equality of the con- 
stants ’*® are thus completely eliminated. 

It should be emphasized that the present discus- 
sion is not about statistical errors but about up- 
per and lower limits. Hence, the half-life of the 
free neutron must lie within the limits 600 >¢>370 
sec. 

We can likewise estimate limits within which the 
values of M? for the simplest beta-transitions must 


lie. By substituting the experimental ft values,the 


known values of Ms and A), and the limiting values 
of A, into (1), we obtain 


tig Me 
He®—Li® = 815 
H® —He® 1014 
N38 —C13 4700 
O% —N15 3750 
Fl7__ O17 2420 
Be? —Li? 2547 
Be? — Li 3590 


4,4 >M?>2,5 (6) 
3.0 >Mi>1,7 (3) 
0,22 > Mi > 0,12 (/s) 
0,41 > Mi > 0.25 (/s) 
ASO MS 0527(7),) 
0,87 > M? > 0.49 (°/s) 
1,00 > Mi > 0.56 (4/s) 


oF FP FP Fe FE OO 


For comparison, the reduced values of M. for the 
nearest pure states are given in parentheses. 

The cited limits do not include the experimental 
error, which, however, is small for these transitions 
in all cases the error in ft does not exceed 3 %. 

For N13 and F! our estimates of M3 differ 
markedly from the estimates cited in the litera- 
ture°’°, which were derived from magnetic 
moments. 

I am grateful to Ia. B. Zel’dovich and Iu. A. 


Romanov for valuable comments. 


1G. B. Gerhart, Phys. Rev. 95, 288 (1954) 


21. M. Langer and R. J. D. Moffat, Phys. Rev. 88, 
689 (1952) 


3 J. M. Blatt, Phys. Rev. 89, 86 (1953) 

4 J. M. Robson, Phys. Rev. 83, 349 (1951) 

5 &. A. Frieman and L. Motz, Phys. Rev. 89, 648 (1953) 
© &. E. Salpeter, Phys. Rev. 88, 547 (1952) 

7G. Wentzel, Z. Phys. 104, 34 (1936); 105, 738 (1937) 


8 Ia. B. Zel’dovich, Dokl. Akad. Nauk SSSR 89, 33 
(1953) 
° G. L. Trigg, Phys. Rev. 86, 506 (1952) 


10 A. Winther and O. Kofoed-Hansen, Kgl. Danske 
Videnskab. Selskab, Mat.-Fys. Medd. 27, No. 14 (1953) 
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Consideration of the Nuclear Quadrupole 
Moment in Electron Scattering 


V. A. MIAMLIN 
Moscow Engineering-Physical Institute 
(Submitted to JETP editor December 4, 1954) 


J. Exper. Theoret. Phys. USSR-28, 756-758 ( June, 1955) 


T the present time many experiments have been 
carried out on the elastic scattering of electrons 


by nuclei. In this connection, it is of interest to 
estimate the influence on this effect of the nuclear 
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quadrupole moment. The latter is taken into ac- 
count in the present paper with the aid of the Born 
approximation according to the following considera- 
tions. 

It was shown by Vachaspati ’ that, if account is 
taken of the first and second Sorn approximation, 
the results are in satisfactory agreement with ex- 
act scattering theory. Since the quadrupole moment 
forms only a correction to the interaction, it is 
appropriate to consider it in first approximation 
only. 

Baranger2 has given scattering curves obtained 
form the exact theory and from the Born approxima- 
tion. It is evident from a comparison of these that, 
although they coincide only at certain points, they 
are close together, in order of magnitude, over a 
wide range of angles. 

The discussion just given justifies the calcula- 
tion that has been carried out. The effective 
cross section of the elastic scattering of an elec- 
tron by a nucleus is written 


Hota tl E? 
An? h4c4 
where F is the energy of the scattered electron, 


V_, is the matrix element of interaction, which 
has the form 


ee dO, (1) 


3 
oe a oC RY yy 
6 an 

k= POAT 


here ¢ is the scalar potential ® 
p= —AmeC ge g0gitrr | qg=P—Po ,; 
q° h 
a’*, a° are spinors which characterize the state 


of the electron before and after the scattering, D 
is the quadrupole moment tensor, given by* 


(3) 


ik 


Dy is the constant known as the nuclear quadru- 
pole moment (dimensions = cm”), I, are the oper- 
ators of the nuclear spin, , is the quantum number 
of the total nuclear spin. 

If ga <1, where a is the nuclear radius, then 
the scattering cross section, summed over the 
.original states, has the form 


4n2 
dg= jis Ag DOC 


30(21+ 1) (2L-1)2Z2 (5) 
ao. (L+1)2~3 $17) | dow 
3 0 


Here do,, is the effective cross section of elastic 
electron scattering by a point nucleus, and is 
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given by Mott’s formula. The second term in the 
brackets gives the contribution brought about by 
the presence of the quadrupole moment. We esti- 
mate the order of magnitude of this contribution. 
For unit spin, L =1, 
4J)2 

q°D 
ef ee (6) 

18Z? 
If we select a scattering angle of 30°, and elec- 
tronic energy 60 mev, then q ~ 1012 cm"! in such 


do = 


a case the condition ga <1 is satisfied. If D, is 
considered to be of the order of 10°*4 cm”, which 
is correct for heavy nuclei, then the Correction 
amounts to 


q’D2/18Z? = 1/18Z?. 


For the deuteron, D, = 10°77 cm”, and the 
second term is considerably smaller: 


q4D2/ 18 = 1/(18 x 10°). 


Since there are at present some indications of 
the possibility of the creation of polarized nuclei, 
we give results of the calculation of some effective 
cross sections in this case. We assume that the 
nucleus, which has a spin L, is completely polar- 
ized, and that the projection of its spin moment 
in the direction of the polarizing field is also equal 
to L. The effective differential scattering cross 
section of the electron, when the projection of the 
nuclear spin does not change its value (transition 
L —L), has the form 


Doq? Pz (cos 9) \2 
doy _y == (1 = tae) doy. (7) 


Here P,(cos @) is the Legendre polynomial, 6 is the 
angle between the direction of the spin vector of 
the nucleus and the vector q. It is evident that 

the effect of the nuclear quadrupole moment is 
determined by the term Dy q°/6Z. If again q 

= 101? em}, Dy = 10°?4 cm ?, then we have Dy? 6Z 


= 1/6Z. For deuterons in this case, D,q7/6=1/( 6 
x 103). 

To take into account imcomplete polarization of 
the nucleus, we introduce formulas which corres- 
pond to the following possible transitions. Let 
the spin L have a projection M in the direction of 
the field. The effective scattering cross section 
of the electron for the case of the same final state 
of nuclear spin (transition M — M) is given by 


do = { 
a 6L CL= Zz 


(8) 


LETTERS TO THE EDITOR 165 


xX Pe (cos ay doy. 


For the effective cross section, averaged over 
all directions of the vector q, we have 


[3v2—1 (L + 4)P 


d me ee ee tt) 
Sum =) * + 1307 OL ez 


q*D5} doy. (9) 
For the transition (M, M +1) (initial spin state of 
the nucleus M, final, M +1) we have 

q*De (2M 4-1)(L + M+ 1) (L— M) 


do ——— 
eae 16L? (20 — 1)? Z2 (10) 


— doy, (1 —cos*6) cos? 6, 


The effective cross section, averaged over all 
directions of the vector q, is given in the form 


doy ymiy 
ve q'D? (2M + 1)? (L + M+ 1) (L—M) my) 
- PE 0) OE ea 
Finally, transitions (M, M +2) are possible: 
q@'Didoy 
as 4,M+2 = EEE OL iy? (L+M-+ 2) (12) 


X (L —M—1) (L+M +1) (L—M) (1—cos?6)2, 
The expression, averaged over the directions q, 
has the following form: 
‘ _ GDe(L + M + 2) 
°M,M+2 = 101? OL — 1p Ze (13) 


x (L—M—1)(L+M+1)(L—M)do, . 
In this case, when there is a certain distribution 
of the directions of the nuclear spin relative to the 


field, the effective differential cross section, 
averaged over the initial states and summed over 


the final, will have the form 
raloy Lat > a,(M)[do yy + 
M 


x doy mia + 4oy, mel: 


where a, (M) is the probability of finding the 
nuclear spin L with projection M before scattering, 
aCe > do MM4V? doy y 42 are given by the 
corresponding formulas (9), (11) and (13). The 
transitions (M, M - 2) (M, M- 1) are not con- 
sidered here, since they correspond to inelastic 
scattering in the case of polarized nuclei. 

In conclusion, I thank Professor Ia. A. Smorodin- 
skii for his valued comments. 


1 Vachaspati, Phys. Rev. 93, 503 (1954) 
2 &. U. Baranger, Phys. Rev. 93, 1127 (1954) 
3 C. Moller, Z. Phys. 70, 786 (1931) 
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L. D. Landau and E. M. Lifshit 
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Nuclear Capture of a Negative Heavy Meson 


EK. A. ZAMCHALOVA, V. I. KARPOVA AND 
M. I. TRET’IAKOVA 


The P. N. Lebedev Institute of Physics, 


Academy of Sciences, USSR 
(Submitted to JETP editor April 18, 1955) 


J. Exper. Theoret. Phys. USSR 29, 245 ( August, 1955) 


§ heey has been found in type R photographic 
plates with an emulsion thickness of 300 p ex- 
posed in the stratosphere, an event, the micro- 
photograph of which is represented in the drawing. 


The visible track of particle 1 consists of 495 p 
From the change in ionization and scattering along 
the track it is obvious that particle 1 stopped at 
point A. From this point there start two tracks: 
one gray and one very short black track (~1,;). 
The presence of the short black track is evidence 
for nuclear capture of the first particle, which, 
therefore, can be either a negative 7 meson ora 
heavier negative particle. 

Particle 2 leaves the emulsion after traveling 
674. Its ionization is 3.2 +0.3 times minimum. 
From this it follows that particle 1 is heavier than 
a mmeson since, even if it is assumed that particle 
2 is a proton, then its energy must be ~ 200 mev. 
A proton of such energy cannot be formed upon 
nuclear capture of a 7 meson. 

A direct determination of the mass of the second- 
ary particle from its ionization and multiple scatter- 
ing leads to a value of (350 +200)m,. It is more 
realistic to consider this particle as a 7 meson. 
Thenits energy is ~ 30 mev. 

Comparison of the multiple scattering and gap 
count along the track of the first particle with the 
range indicates that its mass lies between that of 
the 7 meson and the proton. 

All this is interpretable as the nuclear capture of 
a stopped negative heavy meson. Rather striking 
is the exceptionally small energy release and the 
production of a 7 meson with energy ~ 30 mev, the 
same as upon decay ofa A° particle. 

In conclusion, the authors express their deep 
gratitude to I. M. Gramenitzky and M. I. Podgor- 


etzky for discussions. 


Translated by A. Turkevich 
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Calculation of the Ultimate Thickness of the 
Emulsion Layer in the Investigation 
of Nuclear Processes with the Aid of the 
Photographic Method 


M. M. AGREST 
(Submitted to JETP editor March 24, 1955) 


J. Exper. Theoret. Phys. USSR 29, 249-251 
(August, 1955) 


I N a previous study! we obtained an analytical 

expression for the relation of the general number 
of those secondary particles which were formed 
during a nuclear reaction in the photoemulsion to 
the number of those secondary particles whose 
traces are to be found in their entirety within the 
emulsion layer. It was assumed thereby that the 
primary particles fall parallel to the emulsion 
layer. Below are presented analogous formulas 
for the more general case where the primary 
particles fall ata given angle « toward the 
surface of the emulsion layer. 

In the following diagram is shown the reciprocal 
arrangement of the emulsion layer and its lateral 
surfaces P,, P, of the surface S = S (# ) repre- 
senting the geometrical! locus of the ends of the 
traces of secondary particles which flew out at an 
angle & toward the axis OZ’, equal to the direc- 
tion of incidence of the primary particles and of 
the cone K with its apex at the point where the 
secondary particles are formed, and its axis di- 
rected along the projection of the OZ *- axis on the 
plane Py). The apex angle 26, of the cone as 
well as the incline oof its axis, are given by the 
conditions of the experiment. 

We designate, as before’, by o and o” the mag- 
nitudes which are proportional, respectively, to the 
full number of the secondary particles diffusing or 
scattering within cone K, and to the number of 
secondary particles whose traces, remaining within 
cone K, terminate outside the emulsion layer. The 
sought-for magnitude of the correction w is then 
determined by the formula! » =] - o’/o. Ifwe 
designate by f(g) the distribution of the intensity 
diffusion (scattering) of the secondary particles, 
then we obtain an expression for o shown by the 
following formula: 


or 0, 
ox | ao | £(9) sinoae, (1) 
0 0 


where 
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Reciprocal arrangement of the surface S = S(O, ®) and 


of the cone K in the emulsion layer. 


cos 9 =cos 6 cos « + sinOsina cos M. (2) 


We now formulate the expressions for o’ appli- 
cable to the following three cases: 

I. |The thickness d of the emulsion layer is 
minute and satisfies the condition: d <6 =min S$ 


x (6), ®) sin 9, 


Te zt 

die | 

me = \ Je (Oo, @) ao— | Fy (9p, @)d@® 
0 T/s 


(3) 


be wT 
— | FG, ©) ad + \ Fy (8), ©) d@ 
0 Vs 


Ve 
+ \ F,€6, ©) aw —\ Fs; (8’, D) d®, 
0 vs 
where the following designations are introduced: 
F, (8, ©) = cos  [M (8), DB) — M (0, ®)]; 
Fy (0, D) = {cos @-M (0, D) — d A (0,0)}; 


F3 (0, D) = {cos M (0, ©) + d N(0, ®)}. 


In this case , the magnitudes Wor4,9,0" are determined, 
respectively, from the following equations: 


d ai 

cos => —— A 
Oe RIOR ETE Gow) = iy Js) sin,’ 

sin 0 = é 7 sini6) = —d 


S(0, D) cos S(0’, D)cos® ° 
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II. The thickness d of the emulsion layer satis- 
fies the condition: 


d> A = max S (8, D) sin %. 


In this case, Y, =0 and WJ, = 7 and the expression 
for 0” has the aspect presented by the next 
formula: 

A T/2 T/2 (4) 
So= \ F, (0, ©) d® + \ F, (0, ©) d®. 
0 


Tw 


III. If the thickness d of the emulsion layer 
satisfies the condition 6 <d< A, then we have 
either W. =0; w, <7, or ¥, =mand W, > 0; con- 
sequently, the corresponding integrations ( quadra- 
tures ) in Eq. (3) disappear. 

In all the enumerated formulas, the functions 
M(6@, ®) and N (6, ®) denote, respectively, the 
following equations: 


2 


M (0, ©) = \ £ (9) S(8) sin? 6.40; 


N(0, ©) = \ f(9) sind. 


If we approximate f(%) and S() with polynomials 
with regard to cos §°°3, then the calculation of the 
first four integrations (quadratures) in Eq. (3) can 
be performed easily and exactly. The last two in- 
tegrations (quadratures), however, can be cal- 
culated by means of any formula of mechanical 
quadratures. 

In this way formula (3) [accordingly, Eq. (4) in 
the case II], together with formula (1), fully solve 
the problem of finding the correction w =1 -(0%/o). 

From the cited formulas it is easy to obtain the 
correction w for the case which was examined earl- 
ier’. For this purpose we posit 1=0, then 
d= @and S (3) =S (6). The expressions for 0’ 
assume, therefore, the following aspect. In case I: 


@ gt M (0) — M (0) +d ba N (8) (5) 


4 v 
~-M (0) sin dot\ F(@)d®. 
0 
Accordingly, in case II, we obtain: 


9! =< [M (0) — M (0)]. (6) 


Formulas (5) and(6) are simpler for practical cal- 
culations than the formulas cited earlier’. 
Let us remark that the choice of the layer thick- 


ness d and of the angle 85 permits us to reduce the 


majority of practical problems to case Il. If, at the 


same time, f (2) and 5 (#) are given in the form of 
polynomials with regard to cos ?, then the computa- 
tion of the correction w according to formulas (1) 
and (4) does not present any difficulties whatever. 

I wish, to express here my appreciation to Dr. 
Westmeier for his formulation of the problem and to 
A.Benet for a certain preliminary analysis. 


1 4. Benet and M. Agrest, J. Exper. Theoret. Phys. 
USSR 27, 557 (1954) 
” L. E. Darlington et al, Phys. Rev. 90, 1049 (1953) 


3 W. M. Gibson and D. L. Livesy, Proc. Phys. Soc. 
(London ) 60, 530 (1948) 


Translated by M. I. Weinreich 
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An Elementary Derivation of the Formula for 
the Electromagnetic Energy in a Dispersive 
edium 


M. L. LEVIN 
Tiumen P edagogical Institute 
(Submitted to JETP editor February 9, 1955) 
J. Exper. Theoret. Phys. USSR 29, 252 (August, 1955) 


Le us suppose that a substance of dielectric 
and magnetic susceptibility «€(w) and p(o), 
respectively, fills a parallel plate condenser of 
capacity C(w) =€(a) C, and a thin solenoid of 
inductance L (@) = p(@) Lo, thus forming an 
oscillatory circuit. The free space values Cy and 
L , are so chosen that the frequency @ is the 
natural frequency of the system given by: @” 
=[L(@)C(w)]-*. Let us suppose that at t <0 
undamped oscillations take place in the circuit. 
The current through the solenoid, Je*@*, and the 
potential across the condenser, Ve'®*, due to these 
oscillations satisfy the well-known condition 

=-iVL/C I. 

At ¢ =0 let us insert into the circuit a vanish- 
ingly small resistance R; then, at ¢ > 0, the oscil- 
lations will have a complex frequency @ , de- 
termined by the relation: 


wL (@) — 1/@C (@) = iR. 


It is easy to see that for the case of R +0, the 
~~ 
solution of the above equation is @ = » +76, where 
6 and R are related by the equation: 
i 


d 
= =o) + Gage (°O (1) 
ik Gal 
Tao Oe eee 
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Clearly, the initial energy of the circuit, W, is 
equal to the total dissipated heat energy. 
co 


4 aa R 
W=|SRIM[% Mat = Te | 12. 


0 

Substituting Eq. (1) into the above relation, and 
oting that |/|2_)\|2 rik 
noting C = |V|°, we obtain: 


W= FIP OD+IVEA (oo) (2) 


4 d 4 d 


However, Gol = 4. |H|? Fs | A 

= + |E re. where H is the amplitude of the 
magnetic vector, 7,, is the volume of the solenoid, 
E is the amplitude of the electric vector, and 7, 

is the volume of the capacitor. Hence, Eq. (2) can 
be written as follows: 


[Ep d (3) 
SiGe) 2 tera de Oe 


From this we can conclude immediately, that the 
average electric and magnetic energy densities of 
a sinusoidal field in a dispersive medium are 


given by: 
| E |? ; H|? a 
We Tee dos 9) m= TE ge (vo), (4) 


These relatigns were obtained in references 1 and 
2 by means of the Fourier integral method. 


1s. M. Rytov and F. S. Iudkevich, J. Exper. Theoret. 
Phys. USSR 10, 887 (1940) 


2S. M. Rytov, J. Exper. Theoret. Phys. USSR 17, 930 
(1947) 
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The Second Viscosity of Monatomic Gases 


I, M. KHALATNIKOV 
Institute for Physical Problems 
Academy of Sciences,USSR 
(Submitted to JETP editor March, 1955) 
J. Exper. Theoret. Phys. USSR 29, 253-254 
(August, 1955) 


T is well-known that monatomic gases, which 
obey Boltzmann statistics and which possess an 
energy spectrum of the form 


(Se p?/2m, (1) 


F ery : 
do not have a second viscosity - We show here 
that this result also takes place if the monatomic 
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gas* obeys quantum statistics( Fermi or Bose), 
provided that the energy is a power function of the 
momentum of the particle. 


We write the kinetic equation for the distribution 
function n of the gas under consideration: 
On | On OH _ On OH _ 1(n) (2) 
ot Or op Op or ; 
Here H(p, r) is the Hamiltonian of the particle, 
i(n) is the collision integral. Let there be macro- 
scopic motion of the gas with velocity u, for which 
div u+0. In this case the unexcited distribution 
function is equal to 


she 3 has ce (3) 
exp {(¢ — —pu)/T} + 4 

(the sign is négative in the case of Bose statis- 
tics, positive for Fermi statistics, € (p) is the 
energy of the particle in the quiescent gas, p is 
the chemical potential. In the absence of an ex- 
ternal field the equality H =«(p) holds. We sub- 
stitute the n of Eq. (3) in the left side of the kin- 
etic equation; for simplicity we shall consider the 
case here for which u =0 (but divu #0). More- 
over, inasmuch as we are interested only in the 
second viscosity, i.e., in terms in the momentum 
flux which are porportional to div u, it is reason- 
able that temperature gradients can be considered 
absent. For such a case we obtain for the left 
side of the kinetic equation 
eT Be WTR O ATO. 
We now consider the equation of continuity for the 
entropy o and the density p at u =0, which have 


the following forms: 
9 sp divu = 0, ooh (5) 
ot 
( adiabatic condition ). 

In this case, Eq. (4) transforms to 


Al been ete fe ($2) (6) 
n'|e 5(t)tR Op Jo® 
4 se |aivu— ar (ss ts Oe 
— 3T ” op DT NO peek We3 moe?) 


Ou; Ou, 2 Ou, 
x Ge + OX; © 5 ing, )t = 1. 
The second viscosity is absent in this case if the 
expression in square brackets on the left side of 
Eq. (6) vanishes. We show that this takes.place 
if the energy € is proportional to some power of. the 


momentum 
e=ap". (7) 


* By a monatomic gas we understand a set of particles 
each of which is characterized by three degrees of free- 
dom (the three component vector momentum p). 
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The potential © is defined by the following rela- 
are 
tion 
= ( An? pdp é %—e\ 
Substituting Eq. (7) for the energy in Eq. (8), and 
carrying out the substitution of variables 


"we obtain 


QO = — pV = VIF" ¢ (u/7), (9) 


perp hos 


where f is some function of a single argument. We 
take advantage now of a thermodynamic identity 
for Q and compute the entropy og. Inasmuch as Q) 
is a homogeneous function of p and T of order 

1 + 3/n, we have 


(0Q/0T) yy ( u ) (10) 
6= 35> =9(—)- 
Thus, for adiabatic processes (o = const) the 
relation p/T is a constant quantity”, i.e., 
Gia ss ll 
x(+),=° (11) 


Furthermore, from the relation N = — (90/dp),. Vv 
it follows that for adiabatic processes, VT °/” 
= const, and, consequently, 


(53) oe 
de oo 3 e 


By considering Eqs. (11) and (12), we can con- 
vince ourselves that the following expression 


holds: 
OMAU: tk fe OIL 1 de = 
: srt FF soe a ap?) oe 


Thus, in the case under consideration, ( ¢=ap” ) 
the second viscosity vanishes. Thus, for example, 
the second viscosity is equal to zero in a photon 
gas (€=cp), and also in a monatomic gas in the 
ultra-relativistic case.Evidently, the second vis- 
cosity will vanish in the liquid isotope of helium 
with mass 3(He°), which represents a set of Fermi 
particles. It is easy to see that condition (7) is 
necessary.in order that the second viscosity equal 
zero. Actually, according to Eq. (6), if the second 
viscosity vanishes, then it is necessary that for 
all values of momenta, the following expression 
vanishes: 


(12) 


(13) 


ON 4 Oe 
(ak Eon = 0, (14) 
or also, 
4 dine ee 
30lnp Ae (15) 


Consequently, the energy is proportional to a 
power of the momentum, for which the power nis 
given by 


n= 3(01n T/0Inp),. (16) 
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Continuous Media, Moscow, 1944 
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The Surface Energy Associated with a 


Tangential Velocity Discontinuity 
in Helium II 


V. L. GINZBURG 
P. N. Lebedev Institute of Physics, 
Academy of Sciences, USSR 
(Submitted to JETP editor April 21, 1955) 
J. Exper. Theoret. Phys. USSR 29, 244-246 
( August, 1955) 


NE of the mostessential problems of the theory 
O.: superfluidity is, as we have already had 
occasion to point out!’?, the question concerning 
the character of the tangential discontinuity in the 
velocity v, of the superfluid component of 
helium, at the boundary between the fluid and a 
wall. The existence of such a discontinuity fol- 
lows from the fact that the helium atoms adhere 
to the wall (a solid body), while at the same time,, 
from the macroscopic viewpoint, i.e., in the im- 
mediate vicinity of the wall, the tangential com- 
ponent of v, at the wall is not equal to zero®. The well- 
known proof ® for the possibility of superfluidity 
consists in this case of the establishment of the 
conditions for stability of the discontinuity at the 
wall. The discontinuity and the superfluid flow 
are completely stable, provided the flow velocity 
DS OPO 

U, = le (p)/ Pleas (1) 
where ¢ (p) and p are the energy and the momentum 
of the ‘‘excitations”’ which may appear in the 
liquid (both quantities are measured in the co- 
ordinate system associated with the liquid). 

Within the framework of the microscopic representa- 
tion, the thickness of the discontinuity is clearly 
not equal to zero, but is in order of magnitude equiva- 
lent to the atomic distance a ~N”* ¥ 3.5 

x 1078 (N =2.2 x 10?” is the concentration of 
atoms in liquid helium). Analogous discontinui- 
ties, in accordance with references 4 and 5, may 
also exist within the bulk helium II, in which case 
the situation is even simpler, since the question 

of the possible influence of the wall material upon 
the character of the discontinuity does not arise*. 
A certain surface energy o must be associated 
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with the velocity discontinuity, since this discon- 
tinuity represents a local disturbance of the super- 
flow, requiring the expenditure of energy®. As it 
seems to us, such a conclusion is even more 
natural from the quantum viewpoint, inasmuch as 
the W- function for the He atoms changes at the 
discontinuity within a distance ~ a; whence the 
average additional kinetic energy associated with 
unit surface area of the discontinuity**, 

#2 


6 ~~ 5—— a ~ x 
2 4 
2M 14.4 2M yy. 


~5x1072 28 (2) 
cm 


The expression (2) for o was derived in reference 
4 on dimensional grounds; in reference 5 there 
was obtained from similar considerations the 
formula 


o~ p, (kT ,U*/ 0)", (3) 


in which p. and p are, respectively, the density of 
the superfluid component of the helium and the 
total density of the helium, 7) = 2.19°, and U is 
the second sound velocity. Setting p, ~p~ 90.15 
and U =2 x 10° cm/sec, we obtain ao ~5 x 1077; 
i.e., the approximations (2) and (3) are essentially 
in agreement, as was to be expected. The nature 
of the approximations is such that even a value of 
o~5x10°° is compatible with them [this value 
is obtained from (2) when the thickness of the 
transition layer ~ 10a ~ 3 x 10°’ cm]. Calculation 
of the surface energy @ at the velocity discontinui- 
ties within the bulk helium II is essential to an 
understanding of the peculiarities arising for 
velocities greater than the critical velocity v_, 
and, in particular, for rotation of helium ina 
beaker*’®. As was pointed out long ago by 
Landau, the formula ae Vo/p, d, where d is the 
width of the slit (or capillary) through which 
helium II flows, may be derived on dimensional 
grounds. 

If we consider Eq. (2), it becomes clear that the 
formula C (%i/m,,,) Vl/ad derived in reference 
4 agrees in essence with the preceeding. It is not, 
perhaps, superfluous to point out that an analogous 
result is obtained by application of the funda- 
mental criterion (1). We assume, actually, that 
within helium II there may form a region of volume 
V and surface area S, isolated from the remainder of 
the liquid. Then p = Mu and €(p) = %Mu* + oS, 
where M = p. V is the corresponding mass and u is 
the velocity of motion of the region in the co- 
ordinate system associated with the liquid. In this 
case, in accordance with Eq. (1) 


i tydi| 


5} + oS 


0.4 4 cm 


Yat peat tans Jyh 
2 eras el Ar pate aa 
where d is the width of the slit or capillary, so that 
(S/V) ~ 1/d. Here Unin ~ Y, 3 ie., the region 
formed (playing the role of the “elementary excita- 
tion”’ of reference 3) is at rest relative to the 
capillary walls. The minimal energy €, = Mu? | 
+oS =208. The relation (4), within the limits of the 
very low accuracy achieved, agrees with experi- 
ment 3 In any event, it agrees better than the rela- 
tion v, ~#/m,, d (cf. reference 2). 

In view of all that has just been said, it now 
appears to us that the most natural explanation for 
the properties of the critical processes in helium is 
to be sought, neither through consideration of the 
quantum character of the excitations’ ’’ nor through 
investigation of the surface excitations”, but 
rather in the results of a study of the possibilities 
for formation of discontinuities *’®. 

The principle reason for the present letter, how- 
ever, is the wish to emphasize another circum- 
stance --- the necessity for calculating the surface 
energy 0’ associated with the velocity discontinu- 
ity in the vicinity of the boundary between the 
helium II and a solid wall. According to all of the 
data, as has been said, such a discontinuity must 
necessarily exist, and therefore, the existence of a 
surface energy 0’ ~ @ is difficult to doubt. In order 
that the discontinuity should not leave the wall 
(which, apparently, is the case for v < v, ), it is 
necessary for the inequality 0’ <a to be fulfilled 
(o being the surface energy for a discontinuity 
within the bulk helium II)***. The value of o” 
may to a certain extent depend upon the material 
of the wall, which is of interest from the standpoint 
of the possibility, considered below, of determin- 
ing the influence of the surface energy 0” upon the 
flow of helium II. This influence should, first of 
all, manifest itself by the existence of a certain 
minimum energy o’S required for the setting in 
motion of a solid body of surface area S in helium 
IL Itis obvious thata similar expenditure of energy should 
occur as well in the establishment of flow 
through slits and capillaries. Here, clearly, we are 
concerned with an effect analogous to that seen in 
the presence of so-called dry friction between solid 
surfaces. The situation is more complicated in the 


a7 BE DAVE RSet 
case of non-steady motion, since the disappearance 
of the surface energy 0’ (the same applies as well 
to a) cannot follow instantaneously upon the 
stopping of the body, and, apparently, metastable 
“discontinuities’’ can exist corresponding to zero 
velocity of relative motion between the wall and 
the helium II. The problem of the mechanism and 
the relaxation time 7, and also of the nature of 
such “‘discontinuities’’ (these appear to be strata 
in which the W- function is perturbed relative to 
the corresponding lowest state ), remains unclear 
Thus, as regards the influence of the energy on 
upon nonsteady flow, it is difficult to make any 
but purely qualitatiye statements. For example, in 
determining the viscosity of helium II from the 
damping of the oscillations of a disk, this damping 
may for v < v, be explained partially by the forma- 
tion of discontinuities at the surface of the disk. 
Here, in the quasistationary case, an energy 40°S 
must be expended on the formation of discontinuities 
during the period @ of the oscillations, S being the 
surface area of the disk. Actually, however, in 
the experiments °”” the damping corresponding to 

o ~ 10°" is 4 to 5 orders of magnitude smaller 

than the indicated quasistationary value, which 
demonstrates that the inequality T> 0 ~ 10 sec is 
fulfilled. Nevertheless, it is not impossible that 
the contribution to the damping associated with the 
formation of discontinuities is substantial, and 
that with it is to be connected the disparity between 
the results of the experiments®’” with oscillating 
disks and the measurements of the viscosity from 
the moment developed in rotating two coaxial 
cylinders relative to one another ° (in the latter 
case the process is stationary, and the damping 
must be due solely to the viscosity ); in reference 
10 lower values are obtained for the damping at 

a low temperature, than in references 8 and 9, which 
accords with what has been said. The effect of 
the discontinuities may also be responsible for 


the peculiarities in the damping of a disk at large 
amplitudes ~- In virtue of what has been stated, 


it seems to us that discontinuites in the flow 
velocity of helium II in the vicinity of walls de- 
serve close attention. 

The author is obliged to Academician L. D. 
Landau and to Professor E. M. Lifshitz for their 


discussion of this problem. 


f At the same time, the hypothesis of the possible 
existence of velocity discontinuities within the bulk 
helium II becomes especially likely when it is considered 


that such discontinuities are known to exist in the 
Vicinity of the wall. 
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** We note that in the theory of superconductivity® the 
surface energy 0, at the boundary between the super- 


conducting and normal phases can be successfully 
evaluated from similar considerations. Thus, assuming 
that the thickness of the transition layer between the 
phases 6,/ k (cf reference 6), we obtain 


hn, (80 / x) 


_ Hi, Bo 
“2m (39 /*)_ 


ons nn 


which agrees with more exact calculations © ( for the 
symbols, reference 6, noting that n, = mc*/ 47e 


and K? =(2e7/%7e7)H? 84). 
*** Tf go’ and o yan on v, [ for example, if o’ 
=o'(v. >0)+ bv? 


for critical processes to develop, in conjunction with 
the fact that for v >v,, @ > 0. We note further that 


, then, in principle, it is possible 


Sf we set 0 = oye (cf. reference 4), then v, =0. This 


circumstance, together with a number of others, indi- 
cates that (provided that all of the ideas under con-, 
sideration are correct ) the surface energies 0 and 0 
tend to a limit different from zero as v, > 0 
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The Effective Density of Rotating Liquid 
Helium II 


I. M LirsHirz AND M. I. KAGANOV 
Physico-Technical Institute, Academy of Sciences, 
Ukrainian SSR, Kharkov 
(Submitted to JETP editor March 31, 1955) 
J. Exper. Theoret. Phys. USSR 29, 257-258 
(August, 1955) 


ANDAU and Lifshitz have shown’ that in the 
rotation of a vessel containing He II, the 
normal part of the helium rotates as a whole, while 
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Fic. 1. 


Dependence of p 
e 


rg/ P On the angular velocity () for various temperatures 


(the numbers on the curves are in degrees K), 


for the superfluid, the cylindrical volume is 
divided into a series of coaxial cylindrical layers, 
in each of which superfluid motion takes place 
with a velocity distribution according to the law 


b; Q r- anes (1) 


eee gk 
Os eum ; 2 In(r; /7; 


i+4) 


We make use of the notation of the research just 
mentioned. The values of the radius of the 
boundaries of a section r, are defined in reference 
1 for two limiting cases: 


a) slow rotation (A =p, 0?R?/8a<1): 
eyene (2) 
eB ln —— Ve 
Vo i+1 v= » 
Aj aa 
eter a ns! 
b) fast rotation (A > 1): 
Be Fi ih an (3) 
en (2 


The latter formula is correct for layers located 
not too close to the axis of the cylinder. 

The fact that the superfluid component takes part 
in the rotation leads to the unusual dependence of 
the momentum of the helium on the angular velocity 
(we recall that it was first believed that only the 


normal component rotated). This dependence is ob- 


tained by substituting, in the expression for the 
momentum per unit length of the vessel containing 
the helium, R 
M = 2n | (0,0, + DOM he (4) 
0 
the values v, = Qr and om in accord with Kgs. (1): 


(x3 — +4,,) (5) 
Pat Dini) Sante 


eae 


If we make use of the yes expression, it is 
natural to define the effective density of the ro- 
tating helium in the following manner: 


M a TOR (6) 


(43-754) 
= ete eee 
n 2 ln (X;/ 4541) 
In the limiting cases, we have 
a) slow rotation [in accord with Eq. (2) ]: 
. ae (6’) 
oe — Pa F Ps in 7m) 

1 Vix 
V x10 Va = =i 


1 


A< 1); 


b) fast rotation [in accord with Eq. (2) ]: 


LQ] aan 6 


Peep = Pn + Ps [1— 
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The dependence of the isotherms p,,,/ p on the 
angular velocity is shown in the Figure. The 
values of p,/p are taken from the review of 
Lifshitz? (Fig. 210, p. 404). 

Experimental investigation of the dependence of 
P .¢, (Q) provides, it seems to us, a definite pos- 
sibility of finding the stratification of He II pre- 
dicted by Landau and Lifshitz. In this case, in 
order that the meniscus effect does not distort the 


results, it is necessary that the liquid fill the 
vessel completely. 


11. D. Landau and E. M. Lifshitz, Dokl. Akad. Nauk 
SSSR 100, 669 (1955) 


2 
E. M. Lifshitz, Superfluidity ( Theory ). ( Appendix 
to the monograph of V. Keesom, Heliuin, 1949) 
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ERRATUM 


Khartman, Leont’eva, Siniaviskii and Vasil’ev, Soviet Phys. 1, 537-545 (1955). The two halves of the 
circuit diagram have been transposed. The half that appears on page 54] should be at the left; the half 


on page 540 should be at the right. 
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